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INTRODUCTION 

In the course of testing various rubidium and c e s i ~ ~ m  frequency standards under operation- 
al conditions for usc in NASA tracking stations, about 55 unit-ycars of relative frequency 
measurements for averaging tirnes from 10 t o  1 O7 s have been accumulated at Goddard 
Space Flight Center (GSFC). Statistics on the behavior of  rubidium and cesii~m standards 
under controlled laboratory conditions have bcen published by many institutions (scc 
example, Ref. l ) ,  but it was not known to what'extent the lcsser controlled environments 
of NASA tracking stations affected the performance of the standards. The purpose of  this 
report is t o  present cstimatcs of the frequerlcy stability of rubidium and cesium frecluency 
standards under operational conditions based on the data accumulated a t  GSFC. 

Table 1 .  
Atomic Frequency Standards Used 

in Expcrirnents. 

Serial no. or 
designation 

Manufacturer 

Rb 107 
Rb 136 
Rb 138 
Cs 110 
Cs 136 
Cs 137 
Cs 138 
Cs 139 
Cs 152 
Cs 182 
Cs 185 
Cs 186 
HM : 

H-10 no. 2 
NX- I 

Varian Associates 
Varian Associates 
Varian Associates 
Hewlett-Packard Co. 
Hewlett-Packard Co. 
Hewlett-Packard Co. 
Hewlett-Packard Co. 
kIewlett-Packard Co. 
I-iewlett-Packard Co. 
Hewlett-Packard Co. 
Hewlett-Packard Co. 
Hewlett-Packard Co. 

Varian Associates 

"An experimental hydrogen maser developed at CSFC. See Ref. 2. 



DATA DESCRIPTION 

'1'11c thrcc rubicliun~ gas cclls (dcsigl~atcd K h )  and nillc ccsilrrll bean1 I'recluoticy standards 
(('s) 011 wl~icli t l ~ c  ~ ~ i c ; ~ s ~ ~ r c r l i c n l s  wcrc made, as wcll as the two Ilydrogen masers ( l - iM)  
irscd as ~ C ~ ~ ~ L ' I I C C S  1'or Illany of  tlic tcsts, arc 1istc.d in Tablc 1 along with their scri;ll 
nirriibcrs or dcsigr~atior~s arid thcir rn ; l~ i~~f ;~c t i r~-c~ .s .  LI~~ritig t l ~ c  tcsts the standards wcrc 
ki,pt it1 a laboratory a1  (.-;SF('. 1:xccpt for the shiclcli~lg 1 ~ ~ 1 i l t  in to the sland:rrds thcrn- 
scllvcs, tlicrc was n o  spccial c o n ~ r o l  of tllc ariibicrlt magnclic, clcctric, vibration, ancl 
tcliipcraL\.~rc conditiolls. 'l'hc anlbiclit mapnctiu and  electric conditions wcrc I.ypically 
noisy. Tllc standards wrrc clrivc~ri by au powor and  wcrc in  no  way isolutccl by trans- 
f.orr1lt.r~. Vilu-n tion fro111 rlcart3y air-condit ion i11~ ccli~iprncn t 2nd from trucks a t  a ncarby 
loactillg platl'ornl was n o t  ~1iicldc.d in ally way. T l ~ c  ;1111bicnt tcrllpcraturc. was typically 
1)ctwc~:n 298 ant1 303 K .  'l'1icr.c wcrc.. Ilowcvcr, scvoral hrief cxcursions to  tc~npcralurcs 
as low as  191 K 2nd ;IS high as 3 13 K ,  d i ~ c  t o  cquiprncrlt problcnis. -1llcse conditions arc 
lcss contrnllcd than tliost. in Lhc NASA tracking stations. Hence tlic stabilities of ttw 
standards when opcr:~ting in thc tracking stations should be at Icast as good as the 
stabilities c.alculatcri i n  this papcr. 

'l'he mc;tsurct~it.nts 1113dt' 011 thc st;~nci;~rils ~ o i ~ s i s t c ~ l  of avcragc rclativc. f 'rcq~le~icy 111cnsi1rc- 
lncnts for varying uvrraging times. In so111c. of' the tlat;~ scts. uvcragc rrlativc I'rcclucrlcy 
t~~c ;~s~~r r r ? l e l i t s  were t~iissitlg 01. wt'rc' t);1~1 ~ > ~ ~ c ; ~ L I s c  of ; i ~  power. f';diltlrc 01- recorder t'ailurc. 
All such points were a postt.rior-i Ilncnrly intt.1-pol;~tcd from the ncarcst earlier ( i n  epoch 
tirnt.) good averagc rclativc ftcqucncy rncastrrcmcnt ancl tlic rlcart'st latcr ( in  epoch time) 
good averagc relative f r c q ~ ~ e n u y  n1casirremcnt. 

Thc total 11umtwr of ~nc~~su ren l cn t s  lnadc fur all typcs of data uscd in this report is glvcn 
in Tablc 3. Llata sets are said t o  be of thc sarnc type when tlic following pararnctcrs are 
t!lc same lor cilcli w t .  tc\t  L I I I I  t.' ~ C ~ C ~ C I I C C  unit. durat1011 o r  averaging liliic r D  oi. each 
avcragr r'clat~ve l rcq i rcn~~y nlcasurernc~it, ,ind dc,~il tlr~it' I /  Lwtwt'c11 S L I C C C S ~ I V C  I I I C ~ S L I I C -  

tnclits ( tha t  is, thc ~ I I I I ~  during wlirch rio rncas~rremrnt w,i\ tLiheri). The scrvo t ~ i n c  con- 
stants arc lnil~cateil only for thr. ccslurn st,~ndaril\ ,rnd o n l y  when r0  $ 1000 s. Tlic dif- 
fcrclice i . r ~  cffcct of a 10- 'ind a OOJs t~rrlc corlst,int f o r  r o  -: 3h00 s c;it~ be neglcctecl bc- 
caure the time con4tarlts In such c,iscs 'ire too small with respect t o  s t ;~r~dards t o  llavc an 
apprcciablc c fkc t .  T1ir r11 bidrunl st,lnciar.d\ trstetl .ill have ,I fixed servo tirl~e constant 
which is on  the orilrr of 1 Ins. 

Neither temperature effect\ nor. long-turm freclucncy drift w ~ ~ s  rernoved f'ro111 the data 
beforc analysis becausc the. o l~ jec t  of the tests wds t o  tneasurt. thc stability of the 
frequency standards under opcraiional c o n d ~ t ~ o n s ,  whcrc both tcmperaturc llucuations 
and long-tcrnl fiecl~rctlcy drift are present. 

' ~ l t h o u ~ h  there arc some t lncs s ipn i l ' i~n t  differetlc~s 111 the t.requenuy stabilities of various rubidium standards, thc 
thrce rubidium standards listcd i r ~  Table 1 all had mutual ly  c l o x  stabilities. For this reason, these rubidiunr standards 
will Iw considered to  tx: identical. Iiecausc the nine ccsjum standards listed in Table I all had mutually closc stabilities. 
they t o o  will be considereti tu be ider~lical. 





e STATISTICAL ANALYSIS 

Let there bc given ;1 sct of'rrl rclentical test frequency cta11d3rds and a sct ol'rrc identical 
scfcrence frc'cluenc'y standards. Lct cpn  (t) ,  I G ri < 112, denote the instantaneous 
tluctustions (measured in time units) of thc cpocli timc o ~ r t p u t  o f  the n t h  referutlce 
strtndard. I,ct y,, ( t )  bc the instantaneous (fractionill) freclucncy fluctuation of tllc lltlr 
test standard compared with the n th  rcfurencc standard; LC., 

Let Y ,  ( t )  bu the avcrage re1;rtivu (fractional) frcqi~c.ncy f l u c l u a t ~ o ~ i  of'thc 11th tc\t 
standarcl cornpsrcd with the 11th rcfcrence s tandard  

Thc constant T is called tllr avcr,lging t l~i lc  o l 'y ( t )  The Allan standard dcvialion a(?,  ' r ,  T )  

of tlie frequency fluctuation\ of the  qct of'tect sti~ndards cor-nparcd with the sct of' 
reference standard5 15 clefineel to bc (Rcf. 3) 

where the symbol( ) dcnotes infirrite epoch timc average. The analysis of all data listed 
in Table 2 coiisisted in the calculation ol' 311 estinlatc, which is de l~otcd  by $2, T, 7 )  in thc 
following manner. 

Taking any type o f  da ta  fro111 I able 2 ,  lct tlie numbcr of  average relative frctlucncy 
measurerncxits in thc 11 th i l L ~ t , ~  svt. 1 11 << / I / ,  be rrlll . Dunotc this n th  sct of average 

71 rclative frequency lrica5urc1iicnts hy y,) ( i )  ,= r . For  r - 1 ,  2 ,  . . . , l l l t l  -1. dc110te tlrlc 
variance of  thc two avcrage rcl;~tivc f'reql~cl~ck t i ~ c , ~ ~ ~ ~ r e n i c ~ l t s  yn i i )  and 

The square root of the avcrage ovcr both i ( 1 < is; tn,, -1) arld n ( 1  G n < nt) of  thcse v n  

(i) is the desircd estirnutr or u ( 2 ,  7 ,  i- (.I, r , ) .  



From the original data sets yn p; , I < 11 C tn, new data sets with averaging time 
r 1  = 2r0 and dead time d (assumcd s~nall  with respect t o  7,) can be approximated by 
defining 

i = 1 ,  2, . . . , mn - 1 and rl = 1 ,  2, . . . , m. Denotc the variancc of j q n  (i; I ) and yn 

(i + 2; I )  by t t n  (i; I j: 

[ y n ( i +  2; I )  - ?,,(i; 1)12 
un ( i ;  1 )  = 

2 

i = 1, 2, . . . , mn - 3 and n = I ,  2, . . . , rn. Estimate o(2, T + d ,  71 by2 

Let k be the exponent of the largest power of 2 contained in any of the rnn , 1 < G m. 
For ,  = 2, 3, . . . , k - 1, the data set { ~ , ( i ;  j ) J  ,!!1-21+1 with averaging time r j  = 2i q and 
dead time d is succcssivcly calculated from the data set {yn(i;  j - ) }  mn-2'-' + I  by pair- 

I= I 
wise averaging: 

7 ( i + 2 i m 1 ; j -  l )+ j j l l ( i ; j -  I )  - tl 

y,, ( i ;  i )  = (9) 
2 

i = 1 ,  2, . . . , mn - 2' + 1 ; n = 1 ,  2, . . . , m; j fixed. Denote the variance of -\(i: j) and 

.jjrl(i+ by un(i;j): 

h"I'roughout this paper the convention is adopted that whenever a summand, c.g., m,, - 3 in xy=, ((m, - 3), is less than 
zero, it is treated as zero; and wllenever a summation, e.g., Zmn-3 v,(i; 1 ), has an upper limit that is less than the lower 

I=  1 
limit, i t  also is treated as zero. 



A n  cxarnplc of this proccdiirc for tcro dead tir-ne is l~rescntcd in Figure 1. Thc quantity u 

rcprcscnts tlic vuriancc brtwee~i  the ordinates of tllc two lints to whicl~ thc dottrd line 
ncar u points. 

t t -  

.- ..., . . . - .. -. , . 
I 
I 

I I J 
L T ' " T . 7  i v ( b ; l ) ,  

I -. _ _ - - - _ _ - _ v (2: 11 v 14: 1) 
% T~ 

Figure 1. Calculation of 5(2,7,7). 



RESULTS 

For each type of data listed in Table 2 and for each averaging time r j  = 2Jr0, 0 < j < k - I 
(rO and k change with the type of data), the estimate s(2,7;.) of a ( 2 , 5  I- d, 5) was 

c a l ~ u l a t e d . ~  Thc results are presented in Table 3 and Figure 2 for all data involving a 
rubidium standard as either the test or the reference unit and in Table 4 and Figure 3 for 
the cesium versus cesium and cesium versus hydrogen maser data. 

In order to use the data in Tables 3 and 4 to esti~natc the frequency stability of the 
rubidium and cesium standards tested, rather than the relative frequency stability of a 
comparison of two of these standards or of a comparison of one of these standards to  a 
hydrogen maser, the following procedure is used. Denote the Allan standard deviations 
of the test standard versus a hypothetical perfect standard, the reference standard by 
uT (2, T + d, TI ,  uR (2, r + d, T ) ,  and uTLR (2, T + d, T) respectively. Because the 
variances 0;(2, T + d, 7 )  and 0, (2, T + d, T) are linear functions (in fact, weighted 
integrals) of the respective power spectral densities of the test and reference standards 
(Ref. 3); and because the power spectral density of the comparison of two frequency 
standards is the sum of the power spectral densities of each of the standards, the 
following relation occurs: 

2, 2,T + d, T ) +  o i ( 2 ,  T + d ,  7) a$* (2, T f d ,  T) = u ( (1 2) 

For comparisons of two identical standards (rubidium standard versus rubidium standard 
and cesium standard versus cesium standard), oR (2, T + d. T )  = oT(2 ,  T + d, r ). Hence, 
from relation (1 2), 

uT.R (2, 7 + d,  
uT(2, T f d,  T) = (13) 

1/2 
For all data for which a hydrogen maser was used as a reference, it is assumed that the 
instabilities of the maser were sufficiently small so as t o  have 

The normalized standard deviation uT(2, T , T ) can be calculated from uT(2, r f d, T ) by 
the relation 

where B2 (T, p )  is a bias function (defined in ref. 4); T = (T + d ) / r ;  and p ,  representing the 
type of noise of the standard for the fixed averaging time T and fixed dead time d, is 
determined from 

oT(2, r + d ,  T) a r p I 2  

3 ~ h e  analysis was wried out by programs E00016 and E00036 of  the GSPC Computer Program Library. Program 
E00016 is for input relative phase data; program E00036 is for input rclative frequency data. Although program 
E00016 reads relative phase data as input, its output is the Allan Standard deviation of relative frequency s(2, T~ + d ,  7,) 

defined in eqs. ( 5 ) ,  (8), and (11). These two programs are based on a program written by David W. Allan of the 
National Bureau of Standards, Boulder, Colo. 



,--. 
6: ~ ~ w ~ ~ ~ ~ N ~ D w o ~ ~ ~ ~ N ~ ~ w w v I o o w ~ - r -  ~ o o m - 4 m r n ~ - ~ v r e w m o r n ~ o ~ ~ 1 0 w o r - m  
+ b  s s ? m s ~ : s ? r n ? s m ? T ~ s ~ s s ~ w q m ~ q  
C 3 r i d  - t ~ ~ - ~ 3 - ~ m ~ - m w m d - ~ r n m r n ~  

x m m r n r n  Y 4  

Y1 





I t  is o f  ~ t ~ t e r c s t  to notc that for the T <lnd p of Lhc 3;itri analylcd in this rcport, B 2 ( r ,  1-0 
dil'fcrs from ~ ~ n i  ty by less than 0.1 perccn t 2nd can bc ignorcd. Hencc, for  thc data in I h ~ s  
rrport ,  

~ ~ ( 2 ,  7, 7 )  ( ~ ~ ( 2 ,  7. f 11, 7 )  ( 1  7 )  

0 1 '  coursc, rt.lalion ( 17)  is a n  cxuct cquali ty wllencvcr 11 = 0. 

Using thc estimates s ( 7 ,  r + d, r )  of crT ( 2 ,  r  -+ d,  T )  fro111 l~rgirres 1 ,111d 3 in rclations (13) 
and ( 14) a n d  usirig rclatlon (17) ,  tlic --,t~nri,~rd clt .v~at~ons uT(2 ,  T .  r )  of ' the r i ~ b ~ d ~ u m  ant1 
cesiurn stantlartls tcstccl can be csttnlstcd. Llicst. est~tnatcq of ~ ~ ( 2 ,  r .  T )  ~irt' prc.;cilteci in 
1;igilre 4 aq tllc "opc.rLitlot~,rl c r iv~rnnn~rn t"  curvc5 Also \how11 In Figurc 4 are curve\ 

takcn fro111 Kelercncc\ 1 anti 5 rcprcsc~ltlng t l l v  perfortll,~r~cc 0 1  rubidiurn and cesluni 
standards in 'I "cor~trollrd c n v ~ r o ~ ~ m r n t . "  By "controlled ctlvlronmcrlt" is meant a n  
experinlcnlal env~ronliicnt shlcldcd I ~ o m  rn,~gnctlc, clcotr~c, vibrat~on,  and ternpcrati~re 
effccts much rnorc than thc "opc.rutronal" cnvironmctmt In which tlic data prcscnted tn 
Figure\ 1 and 3 were t a k m 4  Thc upper cur-vc for  rubidium stanciards irndcr a controlled 
env~ronrnent in Flgilrc 4 is t ~ k c n  from Krl'crc~ice S anti rilprcscnt\ tlic incasurcd pcrform- 
, m e  of Vnnan ruhid~urn standartis u~idor  controlll~tl uondlt~ons The lower clirve tor  
r ub id~um standards undcr a controlled rnv~rot l~ncrl t  and tlic curve for ocs~um st,ind,rrds 
under a controlled envlrolltncnt In Frgirre 4 drc t'tkcn I ~ o r n  Kctcrcncc. 1 and rcprc.st.nt thc 
~ne~isurcd  pcrtorr-nancc of fii.wlett-P.rck,~rd I l ~ h ~ t l ~ ~ ~ r n  ; I I I ~  c.c,\lurn stanliLlrd5 uncicr 
controlled condlt~ons.  

CONCLUSIONS 

From 17igure 4 i t  is apparent that an opcrational environment dcgrllde:, tho pcrlorrna~icc o f  
the r ~ ~ b i d i u n i  standards (by  up to onc order of magpitilde) l'or freqilet~cy liveraging times 
between 10 ;1nc1 10" s ;irl:l that it clcgrndes the pcrfornmailct. o f  the ccsiut-n slanclarcls (by  u p  
t o  one ordcr of rnagr~itudcl for f'rtvc1~lc.nc.y ;ivcr;~gilig timi:s t7etwt.t.n 3 X lo4 and 2 X 10' s. 
For all other  averaging timcs in thc r;jllgt, iwvercd by  thi: da ta  i t )  1;igurc 4. thc. stabilities 
of the standards arc not  degraded by the opcrational c t ~ ~ ~ t l ~ t i o n s .  
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