OPERATIONAL STABILITY OF RUBIDIUM AND CESIUM
FREQUENCY STANDARDS

John E. Lavery
Goddard Space Flight Center

INTRODUCTION

In the course of testing various rubidium and cesium frequency standards under operation-
al conditions for usc in NASA tracking stations, about 55 unit-years of relative frequency
measurements for averaging times from 10 to 107s have been accumulated at Goddard
Space Flight Center (GSFC). Statistics on the behavior of rubidium and cesium standards
under controlled laboratory conditions have been published by many institutions (scc
example, Ref. 1), but it was not known to what'extent the lesser controlled environments
of NASA tracking stations affccted the performance of the standards. The purpose of this
report is to present estimates of the frequency stability of rubidium and cesium frequency
standards under operational conditions bascd on the data accumulated at GSFC.

Table 1.
Atomic Frequency Standards Used
in Experiments.

Serial no. or
. . Manufacturer
designation
Rb 107 _ Varian Associates
Rb 136 Varian Associates
Rb 138 Varian Associates
Cs 110 Hewlett-Packard Co.
Cs 136 Hewlett-Packard Co.
Cs 137 Hewlett-Packard Co.
Cs 138 Hewlett-Packard Co.
Cs 139 Hewlett-Packard Co.
Cs 152 Hewlett-Packard Co.
Cs 182 Hewlett-Packard Co.
Cs 185 Hewlett-Packard Co.
Cs 186 Hewlett-Packard Co.
HM:
H-10 no. 2 Varian Associates
NX-1 (a)

aAn experimental hydrogen maser developed at GSFC. See Ref. 2.
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DATA DESCRIPTION

The three rubidium gas cells (designated Rb) and nine cesium beam frequency standards
(Cs) on which the measurements were made, as well as the two hydrogen masers (HM)
used as references for many of the tests, are listed in Table 1 along with their serial
numbers or designations and their munufucturers. During the tests the standards were
kept in a laboratory at GSFC. Lixcept for the shiclding built into the standards them-
selves, there was no special control of the ambicnt magnetic, clecetric, vibration, and
temperature conditions. The ambient magnetic and electric conditions were typically
noisy. The standards were driven by ac power and were in no way isolated by trans-
formers. Vibration from ncarby air-conditioning cquipment and (rom trucks at a ncarby
loading platform was not shiclded in any way, The ambicnt temperature was typically
between 298 and 303 K. There were, however, several brief excursions to temperaturcs
as low as 291 K and as high as 213 K, duc to equipment problems. These conditions are
less controlled than those in the NASA tracking stations, Hence the stabilitics of the
standards when operating in the tracking stations should be at least as good as the
stabilities calculated in this paper.

The measurcments made on the standards consisted of average relative frequency measure-
ments for varying averaging times. In some of the data sets, average relative frequency
measurements were missing or were bad because of a¢ power failure or recorder failure.
All such points were a posteriori linearly interpolated from the ncarest earlier (in epoch
time) good average relative frequency measurement and the nearest later (in epoch time)
good average relative frequency measurement.

The total number of measurements made for all types of data used in this report is given
in Table 2. Data scts are said to be of the same type when the following parameters are
the same for cach set: test unit,! reference unit, duration or averaging time 7, of each
average rclative frequency measurement, and dead time d between successive measure-
ments (that is, the time during which no measurement was taken). The servo time con-
stants arc indicated only for the cesium standards and only when 7y = 1000 s. The dif-
ference in effect of a 10- and a 60-s time constant for 7, = 3600 s can be neglected be-
cause the time constants in such cases are too small with respect to standards to have an
appreciable cffect. The rubidium standards tested all have a fixed servo time constant
which is on the order of 1 ms.

Neither temperature effects nor long-term frequency drift was removed from the data
before analysis because the object of the tests was to measure the stability of the
frequency standards under operational conditions, where both temperature flucuations
and long-term frequency drift are present,

1Although there are sometimes significant differences in the frequency stabilities of various rubidium standards, the
three rubidium standards listed in Table 1 all had mutually close stabilitics. For this reason, these rubidium standards

will be considered to be identical. Because the nine cesium standards listed in Table 1 all had mutually close stabifitics,
they too will be considered to be identical.
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STATISTICAL ANALYSIS

Let there be given a sct of m identical test frequency standards and a set of m identical
reference frequency standards. Let ¢, (1), 1 < n = m, denote the instantancous
fluctuations (measured in time units) of the ¢poch time output of the nth reference
standard. lety, (t) be the instantaneous (fractional) frequency fluctuation of the nth
test standard compared with the mth reference standard; ic.,

- de, (1)
(= —- (N
dt
Let v, (t) be the average relative (fractional) frequency fluctuation of the nth test
standard comparcd with the nth reference standard:

] thr ¢ (t+1)-¢ (D
F (1) = “[ ln(f) dt = ()
f

T

The constant 7 is called the averaging time of y(t). The Allan standard deviation (2, T, 1)
of the frequency fluctuations of the set of test standards compared with the set of
reference standards is defined to be (Ref. 3)

T
"=

. l m .
o(2, T, 7)= \/--- z {var 7,0+ 3, (Nl (3)
¥
where the symbol{ ) denotes infinite epoch time average. The analysis of all data listed
in Table 2 consisted in the calculation of an estimate, which is denoted by (2, T, 7) in the
following manner.

Taking any type of data from Table 2, let the number of average relative frequency
measurements in the ath data set, 1 ss 4 = n'z,nllae m,, . Denote this nth set of average
relative frequency measurements by y (i) =1 . Fori=1,2,... ,m, -1, denote the
variance of the two average relative frequency measurements v, (i) and y
7 (i+1)-7F (D)?
v, (i) = (4)

2

The square root of the average over both i ( 1 < i< m, -Dand n (1 < n <m) of these v,
(/) is the desired estimate of o(2, 7y +d. 14):

s(2, Ty td, 1) =
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From the original data sets Y 1"_1'} , U st i m, new data sets with averaging time
71 = 279 and dead time d (assumed small with respect to 7,) can be approximated by
defining
F i+ 1D+ ()
v 1) = (6)
2

i=1,2,..., m, ~ 1 andrn=1,2,...,m Denote the variance of)»‘" (i; 1) and Y
(i+2;1)byvn(i;l):
[y, G+2;1)- 7,3 D]?
v (i51) = (N
2

i=1,2,...,m, -3andn=1,2,...,m Estimate (2, 7 +d, 1) by?

m m,~3
% 5D
n=1 i=]
s2,7, +d, 1)) = - (8)
(m, - 3)
n=zl

Let £ be the exponent of the largest power of 2 contained in any of the m,, lsn<sm
Forj=2,3,..., k- I, the dataset {3 _(i;/)} ;’:»11“2'” with averaging time 7, = 2 1, and
dead time d is successively calculated from the data set (g (/;j - 1)}:74"‘” by pair-
wise averaging:
yo+2-Y - D+y, G- D
¥, 050 = (9)
2

i=1,2,...,m, - 2+ 1;n=1,2,...,m;jfixed. Denote the variance of y,(i;)) and
v i+ 2 by v ()

7,6+ 25 ) - 7,017
v, (i) = (10)
2

2’I‘hroughout this paper the convention is adopted that whenever a summand, c.g., m, - 3in EZLI (m,, ~ 3), is less than
zero, it is treated as zero; and whenever a summation, e.g., Z;:'f_3 v, (; 1), has an upper limit that is less than the lower

limit, it also is treated as zero,
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- YU+ landn=1,2,...,m Estimate o(2, 7, +d, 7'/) by

A YA
noon, -2 +1

v, (i])

n ol i=1

s, +d, 1) =
(2,7, +d, 1) n

Y (m, 21+
1

n=

An cxample of this procedure for zero dead time is presented in Figure 1. The quantity v
represents the variance between the ordinates of the two lines to which the dotted line
near v points.

v (7}

v(8  v(9

_‘ f___} Il'____'Y
1)

I

(i; 1
512,27, 27 - | 5

5(2, 4, drp) =

Figure 1. Calculation of s(2,7,7).




RESULTS .

For each type of data listed in Table 2 and for each averaging time 7; = 2f10, O0<j<sk-1
(1, and k change with the type of data), the estimate s(2, 'rj) of u(2, 7 +d, -rl.) was

calculated.? The results are presented in Table 3 and Figure 2 for all data involving a
rubidium standard as either the test or the reference unit and in Table 4 and Figure 3 for
the cesium versus cesium and cesium versus hydrogen maser data.

In order to use the data in Tables 3 and 4 to estimate the frequency stability of the
rubidium and cesium standards tested, rather than the relative frequency stability of a
comparison of two of these standards or of a comparison of one of these standards to a
hydrogen maser, the following procedure is used. Denote the Allan standard deviations
of the test standard versus a hypothetical perfect standard, the reference standard by
o, (2,7+d, 7),0,(2,7+d, 1), andoy (2,7 +d, 7) respectively. Because the
variances 02(2, 7 +d, 1) and 0, (2,7 +d, 7) are linear functions (in fact, weighted
integrals) of the respective power spectral densities of the test and reference standards
(Ref. 3); and because the power spectral density of the comparison of two frequency
standards is the sum of the power spectral densitics of each of the standards, the
following relation occurs:

0l o2, 7+d, 7)= 022, T+d, TV + 05 (2, T+d, T) (12)

For comparisons of two identical standards (rubidium standard versus rubidium standard
and cesium standard versus cesium standard), 0, (2,7 +d, 7) = 0,(2,7 +d, 7). Hence, .
from relation (12),

Org(2, 7+d,7)

op(2, 7+d, 1) = (13)
V32

For all data for which a hydrogen maser was used as a reference, it is assumed that the
instabilities of the maser were sufficiently small so as to have

0p(2,74d, 1)~ 0,52, 7+d, T) (14)

The normalized standard deviation 0,.(2, 7, 7 ) can be calculated from 0,.(2,7 +d, 7 ) by

the relation
0,2, 7+d, 1)

0,27, 7)== ———— (15)
VB, (r, 1)
where B, (T, u) is a bias function (defined in ref. 4);7 = (7 + d)/1;and u, representing the
type of noise of the standard for the fixed averaging time 7 and fixed dead time d, is
determined from
0,2, 7+d, 1) T4 (16)

3The analysis was carried out by programs E00016 and E00036 of the GSFC Computer Program Library. Program
E00016 is for input relative phase data; program E00036 is for input relative frequency data. Although program
E00016 reads relative phase data as input, its output is the Allan Standard deviation of relative frequency $(2, T+ d, 'rj)
defined in egs. (5), (8), and (11). These two programs are based on a program written by David W. Allan of the
National Bureau of Standards, Boulder, Colo.
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. It is of interest to note that for the 7 and u of the data analyzed in this report, B, (7, u)
differs from unity by less than 0.1 percent and can be ignored. Hence, for the data in this

report,
0,2, 7.1y 0,(2, 74 d, 1) (17)

Of course, relation (17) is an exact cquality whenever d = 0.

Using the estimates s(2, 7 +d, 7) ofaT_R (2,7 +d. ) from bigures 2 and 3 in relations (13)
and (14) and using relation (17), the standard deviations oT(Z, 7, 7) of the rubidium and
cesium standards tested can be estimated. ‘These estimates of o,(2,7,7)are presented in
Figure 4 as the “operational environment™ curves. Also shown in Figure 4 are curves
taken from Reflerences | and 5 representing the performance of rubidium and cesium
standards in a “controlled environment.” By “controlled environment” is meant an
experimental environment shiclded from magnectic, electric, vibration, and temperature
effects much more than the “operational” environment in which the data presented in
Figures 2 and 3 were taken.* The upper curve for rubidium standards under a controlled
environment in Figure 4 is taken from Reference 5 and represents the measured perform-
ance of Varian rubidium standards under controlled conditions. The lower curve tor
rubidium standards under a controlled environment and the curve for ¢cesium standards
under a controlled environment in Figure 4 arc taken from Reference 1 and represent the
measured performance of Hewlett-Packard rubidium and cesium standards under
controlled conditions.

. CONCLUSIONS

From Figure 4 it 1s apparent that an operational environment degrades, the performance of
the rubidium standards (by up to onec order of magnitude) for frequency averaging times
between 10 and 10° s and that it degrades the performance of the cesium standards (by up
to one order of magnitudce) for frequency averaging times between 3 X 104 and 2 X 107 s.
For all other averaging times in the range covered by the data in Figure 4. the stabilities

of the standards are not degraded by the operational conditions,
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