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T h c  s?eciEication and performance of precision os- 
cillators is a very important topic to the owners 
and users of these oscillators. Thi - s  paper pre- 
sents at the tutorial level some convenient 
methods of measurinq the frequencies of precision 
oscillators -- giving advantages and disadvan- 
tages of these methods. 

Conducting such measurcmcnts, of co~lrse, g i v e s  
additional understanding into the performance of 
the qiven pair of oscillators involved. Further 
it is shown that by proccssinq the data from the 
frequency rneasurcments in certain ways, one may 
be able to state rnore general characteristics of 
the oscillators beinq measured. Thc goal in this 
reqard is to allow the comparisons of dirfcrcnt 
manufacturers ' specifications and morc importantly 
to help assess whether these oscillators will 
meet the standard of performance the uscr may have 
in a particular application. 

The methods ern~>loyed for measuri nq frequency a rc  
designed for state-of -the--art oscillators, and an 
effort has been made to allow for fairly simple, 
inexpensive, and/or commonly available componcntry 
to be used in the measurement systcms. The 
method for measurinq frequency stability is ba- 
sically that recommended ky the IEEE subcommittee 
which wrote the paper "Charac tcrization of 
Frequency Stability," LLEE Transactions on 
Instrumentation and :4casurcneiit, T Y - 2 0 ,  No. 2, 
pp. 105-129, (Yay 1971) . 

INTRODUCT IOTG 

Precisi-on oscillators p l a y  an important role, in hiqh speed 
communications, navi~atio;~, spacc trackinq, clcep spacc probes 



and in numerous other important applications. In this 
paper I will review some precision methods to measure the 
frequency and frequency stability of precision oscillators. 
The paper will be tutorial in nature and will concentrate 
on fairly well established methods; however, it will 
present one apparently unexploited and useful method. I 
will first define some terms and some basic concepts that 
will be useful later on and then discuss four different ways 
of measuring frequency and frequency stability. Finally, I 
will discuss briefly some useful methods of analyzing the 
results--to more nearly maximize on the information that 
may be deduced from the data. 

The typical precision oscillator,of course, has a v e r y  
stable sinusoidal voltage output with a frequency v and a 
period of oscillation -1 , which is the recj.proca1 of the 
frequency, v = l/z, as illustrated in Fig. I. The goal is 
to measure the frequency and/or the frequency stability 
(instability is actually measured, but is often called, with 
little confusion, stability in the literature) of the 
fluctuations of the sinusoid. The voltage out of the oscil- 
lator may be modeled by equation 1: 

V1 = V s i n  ( 2 . n V L t )  
P (1) 

Of course, one sees that the period of this oscillation is 
the number of seconds per cycle or the inverse of the 
frequency in cycles per second. Naturally, fluctuations in 
frequency correspond to fluctuations in the period. Almost. 
all frequency measurements, with very few exceptions, are 
measurements of phase or of the period fluctuations in an 
oscillator, not of frequency, even though the frequency may 
be the readout. As an example, most frequency counters 
sense the zero (or near zero) crossinq of the sinusoidal 
voltage, which is the point at which the voltage is the most 
sensitive to phase fluctuations. 

One must also realize that any frequency measurement always 
involves two oscillators. In some instances the oscillator 
is in the counter. One can never measure purely only one 
oscillator. In some instances one oscillator may be enough 
better than the other that the fluctuations measured may be 
considered essentially those of the latter. However, in 
general because frequency measurements are always dual, it 
is useful to define: 



as  t h e  f r a c t i o n a l  f r equency  d e v i a t i o n  of s a y  o s c i l l a t o r  one ,  
v l , , w i t h  r e s p e c t  t o  a r e f e r e n e e  o s c i l l a t o r  V, d i v i d e d  by t h e  
nomlnal f r equency  v o  . Now, y ( t )  i s  a d i m e n s i o n l e s s  q u a n t i -  
t y  and u s e f u l  i n  d e s c r i b i n g  o s c i l l a t o r  and c l o c k  p e r f o r -  
mance;  e . g .  t h e  t i m e  f l u c t u a t i o n s ,  x(t) , of a n  o s c i l l a t o r  
o v e r  a p e r i o d  of t ime  t a r e  s imply  g i v e n  by: 

x ( t )  = L~ y ( t )  d t  ( 3 )  

S i n c e  it i s  i m p o s s i b l e  t o  measure i n s t a n t a n e o u s  f r e q u e n c y ,  
any f requency  o r  f r a c t i o n a l  f r equency  measurement a lways  
i n v o l v e s  some sample t i m e , ? .  --some time window th rouqh  which 
t h e  o s c i l l a t o r s  are  observed;~\ rhcth .er  i t ' s  a p icosecond ,  a 
s e c o n d , o r  a day,  t h e r e  i s  always some sample t i ~ n e .  So when 
d e t e r m i n i n g  a f r a c t i o n a l  frequency, y ( t ) ,  i n  f a c t  what 
happens i n  t h e  d e v i c e  i s  t h a t  t h e  ti-me f l u c t u a t i o n  i.s be inq 
measured say s t a r t i n g  a t  some t ime  t and a g a i n  a t  a  l a t e r  
t i m e ,  t + 7 .  Thc d i f f e r e n c e  i n  t h e s e  two t i m e  f l u c t u a t i o n s ,  
d i v i d e d  by T g i v e s  t h e  average f r a c t i o n a l  f r equcncy  o v e r  
t h a t  p e r i o d  T : 

T a u ,  T ,  may be c a l l e d  t h e  sample t ime o r  a v c r a g i n y  t i m e ;  
e.g. it may be detcrrnined by t h e  gate t ime  of a  c o u n t e r .  

What happrrts i n  rndny c a s e s  i s  t h a t  onc  samples a number of 
c y c l e s  of an oscillation d u r i n g  t h e  p r e s e t  g a t e  t i n e  of a 
c o u n t e r ;  a f t e r  t h e  gatc t imc  has e l a p s e d  the c o u n t e r  l a t c h e s  
t h e  v a l u e  of t h e  number of c y c l e s  so  t h a t  i t  call be  r e a d  
o u t ,  p r i n t e d  o r  s t o r e d  i n  some o t h e r  way, and t h e n  t h e r e  i s  
a d e l a y  t i m c  f o r  such p r o c e s s i n q  of  t h e  d a t a  before t h e  
c o u n t e r  arms and s t a r t s  a g a i n  on t h e  n e x t  c y c l e  of  t h c  
o s c i l l a t i o n .  During t h e  d e l a y  time o r  p r o c e s s  t i m e  i n f o r -  
ma t ion  i s  l o s t .  We have chosen t o  c a l l  it dead t i m e  and i n  
some i n s t a n c e s  it bccomes a problcm. U n f o r t u n a t e l y  it 
seems t h a t  i n  t y p i c a l  o s c i l l a t o r s  t h e  e c f c c t s  of  dead t i m e  
h u r t  t h e  m o s t  where it i s  t h e  h a r d e s t  t o  a v o i d .  I n  o t h e r  
words, f o r  times t h a t  a r c  s h o r t  comparcd t o  a second ,  where 
it i s  v e r y  d i f f i c l ~ l t  t o  avo id  dead t i m e ,  t h a t  i s  u s u a l l y  
where whether  you do o r  do n o t  have dead t i m e  makes a 
d i f f e r c n c e  i n  t h e  d a t a .  T y p i c a l l y  f o r  cnmrrmon o s c i l l a t o r s ,  
i f  t h e  sample t ime  i s  long compared t o  a second ,  t h e  dcad 
t i m e  makes l i t t l e  d i f f e r c n c e  e x c e p t  i n  d a t a  a n a l y s i s  
unless it i s  excessive C31 . 



In reality of course, the sinusoidal output of an oscillator 
is not pure; but it contains noise fluctuations as well. 
This section deals with the measurement of these fluctua- 
tions to determine the quality of a precision signal source. 

1 will describe four different methods of measurinq the 
frequency fluctuations in precision oscillators. 

A. The first is illustrated in Fig. 2 .  The signal from an 
oscillator under test is fed into one port of a mixer. The 
signal from a reference oscillator is fed into the other 
port of this mixer. The signals arc in quadrature, that is, 
they are 90 degrees out of phase so  that the average vol-- 
tagc out of the mixer is nominally zero, and the instantan- 
eous voltage corresponds t o  phase fluctuation rather than 
to the amplitude fluctuations between the two signals. The 
mixer is a key element in the system. The advent of the 
Schottky barrier diode was a significant breakthrough in 
making low noise precisian stability measurements and in all 
four measurement methods described below the double balanced 
Schottky barrier diode mixer is employed. The output of 
this mixer is fed through a low pass filter and then 
amplified in a feedback loop, causing the voltage controlled 
oscillator (reference) to be phase locked to the test 
oscillator. The time constant and gain are adjusted such 
that a very loose phase lock condition exists. Caution: 
the attack time is not the time constant of the RC network 
shown . 
The attack time is the time it takes the servo system to 
make 70% of its ultimate correction after being slightly 
disturbed. The attack time is equal to the inverse of n 
times the servo bandwidth. If the attack of the loop is 
about a second then the voltage fluctuation will be 
proportional to the phase fluctuation for sample times 
shorter than the attack time or for Fourier frequencies 
greater than about 1 Hz. Depending on the quality of the 
oscillators involved, the amplification used may be from 
40 to 80 dB via a good low noise amplifier, and in turn 
this signal can be fed to a spectrum analyzer, for example, 
to measure the Fourier components of the phase fluctuation. 
This system of frequency-domain analysis has been well 
documented in the literature [ 1 , 2 , 3 ]  and has proven very 
useful at NBS; specifically, it is of use for sample times 
shorter than one second o r  f o r  Fourier frequencies greater 
than 1 Hz in analyzing the characteristics of an oscillator. 
It is also specifically very useful if you have discrete 



side bands such as 60 Hz or detailed structure in the spec- 
trum. 

B. The second system (shown in Fiy. 3) is essentially the 
same as in F i g .  2 c x c c p t  that in this case the loop is in a 
tight phase lock condition; i.c. thc attack time of the 
loop should be of the order of a few milliseconds. In such 
a case, the phase fluctuations are being integrated so that 
the voltage output is proportional to the frequency fluctu- 
ations between the two oscillators and is no longer propor- 
tional to the phase fluctuations for sample times lonqer 
than the attack time of the loop. The bias box is used to 
simply adjust the voltaqe on the varicap so that you arc at 
a tuning point that is fairly linear and of a reasonable 
value. Typically, thc oscillators we have used at NBS are 
about 1 part in 10' per vol~. Thc voltaye fluctuations 
prior to the bias box (biased slightly away from zero) arc 
fed to a voltage to Erequency converter which in turn is 
fed to a frequency cognter where one may read out the 
frequency fluctuations with great amplification of the 
instabilities between this pair oE oscillators. The fxe- 
quency counter data are logged with a printer or some other 
data logging device. The coefficient of the varicap and the 
coefficient of the voltage to frequency converter are used 
to determine the fractional Erequency fluctuations, yi, 
between the oscillators, where i dcnot-es thc i tl' measurement 
as shown in Pig. 3. The sensitivity of the systcm that we 
have set up at NBS is about a p a r t  in p e r  Ilz resolu- 
tion of the Erequency counter, so one has excellent preci- 
sion capabilities with this syste~n. 

The advantages and disadvantages of this type of tight 
phase lock system are as follows: 

ADVANTAGES: The component cost is not too expensive unless 
one does not havc a voltaye controllable oscillator. Vol- 
tage to frequency converters can now be purchased for about 
$150.00. Most people involved with time and frequency 
measurements already have counters an3 oscillators and so 
I have not entered these as expenses. In addition, good 
bandwidth control is obtainable with this system and the 
precision is adequate to measure essentially any of thc 
state-oE-the-art oscillators. The sample time can be of 
the order of a second or longer; it is difficult to CJO 

shorter than one second or an interaction will occur with 
the attack time of the tiqht phase lock loop. Thc dead 
time can be small; in fact, if you have a v e r y  fast counter, 
that is a counte r  which can scan the data more quickly than 
the attack time of the loop, the dcacl time h-ill be 



n e g l i g i b l e .  

DISADVANTAGES: An o s c i l l a t o r  t h a t  i s  c o n t r o l l a b l e  i s  ne- 
c e s s a r y .  For  t h e  p r i c e  of  i n c r e a s e d  p r e c i s i o n ,  one h a s  i n -  
c r e a s e d  complex i ty  over s imply  measur ing  w i t h  a d i r e c t  
f r equency  c o u n t e r .  The v a r i c a p  t u n i n g  c u r v e  i s  n o n l i n e a r  
and s o  t h a t  c u r v e  must  be  c a l i b r a t e d  and d o i n g  so i s  
sometimes a b i t  of a n u i s a n c e .  For t h a t  r e a s o n  and some 
o t h e r  r e a s o n s  it i s  n o t  u s e f u l  i n  measur ing  t h e  a b s o l u t e  
f r equency  d i f f e r e n c e  between t h e  p a i r  o f  o s c i l l a t o r s  i n v o l -  
ved i n  t h e  measurement.  The sys tem i s  b a s i c a l l y  conducive  
t o  measur ing  f requency  s t a b i l i t y .  

C. Beat  Frequency Method. The n e x t  sys tem I would l i k e  t o  
d e s c r i b e  i s  what i s  c a l l e d  a  he t rodyne  f requency  measur ing  
method o r  b e a t  f r equency  method. The s i g n a l  from two 
independen t  o s c i l l a t o r s  a r e  f e d  i n t o  t h e  two p o r t s  of a 
d o u b l e  ba lanced  mixer  as  i l l u s t r a t e d  i n  F i g .  4 .  The d i f f e r -  
ence  f requency  o r  t h e  b e a t  f r equency  o u t ,  v p ,  i s  o b t a i n e d  
a s  t h e  o u t p u t  of a low p a s s  f i l t e r  which £0 lows t h e  mixer .  
T h i s  b e a t  f r equency  i s  t h e n  a m p l i f i e d  and fed t o  a  f r equen-  
cy c o u n t e r  and p r i n t e r  o r  s o m e  r e c o r d i n g  device. The 
f r a c t i o n a l  f r equency  can  s imply  be  o b t a i n e d  by d i v i d i n g  vb ,  
by t h e  nominal  c a r r i e r  f r equency  vo. 

ADVANTAGES: T h i s  sys tem h a s  e x c e l l e n t  p r e c i s i o n ;  one  c a n  
measure e s s e n t i a l l y  a l l  s t a t e - o f - t h e - a r t  o s c i l l a t o r s .  The 
component cost i s  q u i t e  i n e x p e n s i v e .  

DISADVANTAGES: The sample t i m e  must be e q u a l  t o  o r  g r e a t e r  
t h a n  t h e  b e a t  p e r i o d ,  and f o r  good t u n a b l e  q u a r t z  o s c i l l a t o r s  
t h i s  w i l l  be  of t h e  o r d e r  of a  few seconds ;  i.e. t y p i c a l l y ,  
it i s  d i f f i c u l t  t o  have a  sample t i m e  s h o r t e r  t han  a few 
seconds .  The dead t i m e  c a n  be a problem f o r  t h i s  measure-  
ment sys tem because  it w i l l  be  e q u a l  t o  o r  g r e a t e r  t h a n  t h e  
b e a t  p e r i o d  u n l e s s ,  f o r  example,  one uses a  second c o u n t e r  
which s t a r t s  when t h e  f i r s t  one  s t o p s .  Observing t h e  beat 
f requency  o n l y  i s  i n s u f f i c i e n t  i n f o r m a t i o n  t o  t e l l  whether  
one  o s c i l l a t o r  i s  h i g h  o r  l o w  i n  f requency  w i t h  r e s p e c t  t o  
t h e  o t h e r  one--a s i g n i f i c a n t  d i s a d v a n t a g e  f o r  making abso-  
l u t e  f r equency  measurements.  However, it i s  o f t e n  n o t  
d i f f i c u l t  t o  g a i n  t h i s  a d d i t i o n a l  i n f o r m a t i o n  t o  d e t e r m i n e  
t h e  s i g n  (+ or  - )  o f  t h e  b e a t  f r equency .  The f r e q u e n c i e s  
of  t h e  two o s c i l l a t o r s  must be d i f f e r e n t .  

D. Dual Mixer T i m e  D i f f e r e n c e  System. The l a s t  system i s  
one t h a t  h a s  j u s t  r e c e n t l y  been developed a t  N S S *  t h a t  
--- 
*Dr. C o s t a i n  informed m e  t h a t  Herman Daans h a s  developed a 
s i m i l a r  system a t  NRC. 



shows some s i g n i f i c a n t  promise .  A b l o c k  d iagram i s  shown 
i n  F i g .  5. I n  p r e f a c e  it shou ld  be mentioned that i f  the 
t i m e  o r  t h e  t i m e  f l u c t u a t i o n s  c a n  be measured directly a n  
advan tage  i s  o b t a i n e d  o v e r  just measur ing  t h e  f requency .  
The r e a s o n  b e i n g  t h a t  you c a n  c a l c u l a t e  t h e  f requency  from 
t h e  t i m e  w i t h o u t  dead t i m e  a s  w e l l  a s  know t h e  t i m e  behav- 
i o r .  The r e a s o n  i n  t h e  past t h a t  f r equency  h a s  n o t  been 
i n f e r r e d  from t h e  t i m e  f o r  sample t i m e s  of t h e  o r d e r  of 
s e v e r a l  seconds  and s h o r t e r  i s  t h a t  t h e  t i m e  d i f f e r e n c e  
between a p a i r  of o s c i l l a t o r s  o p e r a t i n g  a s  c l o c k s  cou ld  n o t  
he measured w i t h  s u f f i c i e n t  ? r e c i s i o n  (commercia l ly  t h e  
b e s t  t h a t  i s  a v a i l a b l e  i s  1 0 -  O seconds )  . The sys tem de-  
s c r i b e d  i n  t h i s  s e c t i o n  demons t ra ted  a p r e c i s i o n  of  1 0 - l 3  
seconds  w i t h  t h e  p o t e n t i a l  of doinq a b o u t  1 0 - l 4  seconds .  
Such a  p r e c i s i o n  opens  t h e  door  t o  making t i m e  measurements 
as  wel l  a s  frequency and f requency  s t a b i l i t y  measurements 
f o r  sample t i m e s  a s  s h o r t  as  a few m i l l i s e c o n d s  a s  w e l l  a s  
f o r  l o n g e r  sample t i m e s  and a l l  w i t h o u t  dead t i m e .  I n  F i g .  
5 ,  o s c i l l a t o r  1 cou ld  bc c o n s i d e r e d  under t es t  and o s c i l l a -  
t o r  2 c o u l d  be c o n s i d e r e d  t h e  r e f e r e n c e  o s c i l l a t o r .  These 
s i g n a l s  go  t o  t h e  p o r t s  of a p a i r  of d o u b l e  ba lanced  mixers. 
Another  o s c i l l a t o r  w i t h  s e p a r a t e  symmetric b u f f e r e d  o u t p u t s  
i s  f e d  t o  t h e  remaining o t h e r  two p o r t s  of t h c  p a i r  of  
doub le  ba lanced  m i x e r s .  T h i s  comnzon o s c i l l a t o r ' s  f r equency  
i s  o f f s c t  by a  d e s i r e d  amount f r o m  t h e  o t h e r  t w o  o s c i l l a t o r s .  
I n  which c a s e  two d i f f e r e n t  b e a t  Erequenc ics  come o u t  of  
t h e  two m i x e r s  a s  sl~own. Thcsc two  h e a t  f r e q u e n c i e s  w i l l  
be o u t  of phase  by an  amount p r o p o r t i o n a l  t o  t h e  t i m e  d i f f e r -  
cncc between o s c i l l a t o r  1 and 2--excluding t h e  d i f f e r e n t i a l  
phase  s h i f t  t h a t  may be inserted; and w i l l  d i f f e r  i n  
f r equency  by a n  amount e q u a l  t o  the f requency  d i f f e r e n c e  
between o s c i l l a t o r s  1 and 2 .  Now t h i s  system i s  a l s o  very 
useful i n  t h e  s i t u a t i o n  where you have o s c i l l a t o r  1 and 
o s c i l l a t o r  2 on t h e  same f r c q u c n c y .  Tnc hc t rodyne  o r  b e a t  
f r equency  method, i n  c o n t r a s t ,  c a n n o t  be uscd i f  b o t h  
o s c i l l a t o r s  a r e  on t h e  same frecluency. Q u i t e  o f t e n  it i s  
t h e  c a s e  w i t h  Atomic s t a n d a r d s  ( C e s j u n ,  Rubidium and 
Hydrogen f r e q u e n c y  s t a n d a r d s )  that o s c i l l a t o r  1 and 2 w i l l  
nomina l ly  be on t h e  same f requency .  

I l l u s t r a t e d  a t  t h e  bottom of  F i g .  5 i s  what might  be 
r e p r e s e n t e d  as  t h e  beat  f r e q u e n c i e s  o u t  of t h e  two m i x e r s .  
A phase  s h i f t e r  may bc i n s e r t e d  a s  i l l u s t r a t e d  t o  a d j u s t  t h e  
phase  so t h a t  t h c  two beat r a t e s  a r e  nominal ly  i n  phase;  
t h i s  ad juc tment  s e t s  up the n i c e  c o n d i t i o n  that t h e  no i se  
of t h e  common o s c i l l a t o r  t e n d s  t o  c z n c e l  when t h e  t i m e  
d i f f e r e n c e  i s  dc tc rmincd  i n  t h e  n e x t  s tcp--depending on t h e  
l c v c l  and t h e  t y p e  of  z o i s e  as  w e l l  a s  t h e  sample t i m e  i n -  
volved.  A f t e r  ampl i fy iny  t h e s c  beat s i q n a l s ,  t h e  s t a r t  



p o r t  of a  t ime  i n t e r v a l  c o u n t e r  i s  t r i g g e r e d  w i t h  t h e  z e r o  
c r o s s i n g  of one beat and the s t o p  p o r t  w i t h  t h e  z e r o  c r o s s -  
i n q  of  t h e  o t h e r  b e a t .  I f  t h e  phase  f l u c t u a t i o n s  of  t h e  
common o s c i l l a t o r  a r e  s m a l l  d u r i n g  t h i s  i n t e r v a l  as  com- 
pa red  t o  t h e  phase  f l u c t u a t i o n s  between o s c i l l a t o r s  1 and 2 
o v e r  a f u l l  p e r i o d  of  t h e  b e a t  f r equency  t h e  n o i s e  of  t h e  
common o s c i l l a t o r  i s  i n s i g n i f i c a n t  i n  t h e  measurement noisc 
e r r o r  budge t ,  which means t h e  n o i s e  of  t h e  c o m o n  o s c i l l a t o r  
can  i n  g e n e r a l  be  worse t h a n  t h a t  o f  e i t h e r  o s c i l l a t o r  1 o r  
2 and s t i l l  n o t  c o n t r i b u t e  s i g n i f i c a n t l y .  By t a k i n g  t h e  
t i m e  d i f f e r e n c e  between t h e  z e r o  c r o s s i n g s  o f  t h e s e  b e a t  
f r e q u e n c i e s ,  what e f f e c t i v e l y  i s  be ing  measured i s  t h e  t i m e  
d i f f e r e n c e  between o s c i l l a t o r  1 and o s c i l l a t o r  2 ,  but w i t h  
a p r e c i s i o n  which has been a m p l i f i e d  by t h e  r a t i o  of t h e  
c a r r i e r  f r equency  t o  t h e  b e a t  f r equency  o v e r  t h a t  normal ly  
a c h i e v a b l e  w i t h  t h i s  same time i n t e r v a l  c o u n t e r .  The t i m e  
d i f f e r e n c e  x (i) , f o r  t h e  ith measurement between o s c i l l a t o r s  
1 and 2 i s  g i v e n  by e q u a t i o n  5 :  

where A t ( i )  i s  t h e  it" t i m e  d i f f e r e n c e  a s  r e a d  on t h e  
c o u n t e r ,  ,r i s  t h e  b e a t  p e r i o d ,  v i s  t h e  nominal c a r r i e r  
f r e q u e n c y ,  $ i s  t h e  phase  d e l a y  i n  r a d i a n s  added t o  t h e  
s i g n a l  of  o s c i l l a t o r  1, and n i s  an i n t e g e r  t o  be de te rmin-  
ed i n  order  t o  remove t h e  c y c l e  ambigu i ty .  I t  i s  o n l y  
i m p o r t a n t  t o  know n i f  t h e  a b s o l u t e  t i m e  d i f f e r e n c e  i s  de-  
s i r e d ;  f o r  f r equency  and f requency  s t a b i l i t y  measurements 
and f o r  t i m e  f l u c t u a t i o n  measurements ,  n  may be assumed 
zero u n l e s s  one  goes  th rough  a c y c l e  d u r i n g  a se t  of  
measurements.  The f r a c t i o n a l  f r equency  c a n  be  d e r i v e d  i n  
t h e  normal way from t h e  t i m e  f l u c t u a t i o n s .  

I n  e q u a t i o n s  ( 5 )  and ( S ) ,  t h e  assumpti .ons are  made t h a t  t h e  
t r a n s f e r  o r  common o s c i l l a t o r  i s  s e t  a t  a lower f requency  
t h a n  o s c i l l a t o r s  1 and 2 ,  and t h a t  t h e  b e a t  vL  - v 2  starts 



and v - v stops t h e  time interval counter. The sa.mplc 
0 

time gy appropriate calculation can be any i n t e g e r  multiple 
of T :  

x ( i  + m) - x(i) (i,  m T )  = -- 
y1,2 In 7 (7 

where m is any positive integer. If needed, T czn be made 
to bc very small by haviny very large beat frequencies. In 
the system set up at NBS the common or transfer oscillator 
was replaced with a low phase noise synthesizer, which 
derived its basic reference frequency from oscillator 2. 
In this set up the nominal beat frequencies are simply 
given by thc amount the output frequency of t h e  synthesizer 
is offset from v2. Sample times as short as a few rnilli- 
seconds were easlly obtained. Logqinq the data at such a 
rate can be a problem without special equipment, e.?. 
magnetic tape. In the NBS set up, a computing counter was 
used w i t h  a processing time of aboat 1.5 ms, and samplc 
time stabilities werc observed for 2 ms and longer (scc 
appendix for some computing counter program possibilities). 

ADVANTAGES: If the oscillators, including the transfer 
oscillator, and a time interval counter are available, the 
component cost is fairly inexpensive ($500, most of which 
is the cost of the phase shifter). The measarement system 
bandwidth is easily controlled (note, that this should bc 
done in tandum wi,th both low pass filters bei.nq symmetrical). 
The measurement precision is such that one can measure 
essentially all state-of-the-art oscil~lators. For cxanplc,  
if the oscillators are at 5 MHz, the beat frequencies a r e  
0.5 Iiz, and the time interval counter cr;lpl.oyed l-i~i!; a pre- 
cisionlaf 0.1 iis, then the potential mcasurcment precision 
is 10- s (10 feni.to seconds) for 'r = 2s; other things will. 
limit the precision such as noise in the amplifiers. As 
iias been stated above, there is no dead time which is quite 
convenient for very short sample times (OF the order of 
milliseconds). Dead time problems arc difficult to avoj-d 
in this reg ion .  One obtains as  lonq a sample time as is 
desired. This is determined essentially by the beat period 
or multiple of the same. Tf one replaces the common 
oscillator by a synthesizer then the beat period may he 
selected very conveniently. The synthesizer should have 
fairly low phase noise to obtain the maximum precision from 
the system. The systcm measures time difference rather than 
frequency and hence has that advantage. One may calculate 
from the data both thc magnitude and the sign of the 
frequency diffcrcnce. This system, therefore, allows the 
measurement of time fluctuations as well as time difference, 



and the calculation of frequency fluctuations as well as 
absolute frequency differences between the two oscillators 
in question. The system may he calibrated and the system 
noise be measured by simply feeding a signal from one 
oscillator symmetrically split two ways to replace oscilla- 
tors 1 and 2 .  

DISADVANTAGES: The system is somewhat more complex than the 
others. Because of the low frequency beats involved, pre- 
cautions must be taken to avoid ground loop problems; there 
are some straight forward solutions; e.g. in the NBS system 
a saturated amplifier followed by a differentiator and iso- 
lation transformer worked very well in avoiding ground 
loops. Buffer amplifiers are needed because the mixers 
present a dynamic load to the oscillator--allowing the 
possibility of cross-talk. The time difference reading is 
modulo the beat period. For example, at 5 MHz there is a 
200 nanosecond per cycle ambiquity that must be resolved if 
the absolute time difference is desired; this ambiguity is 
usually a minor problem to resolve for precision cscillators. 

As an example of the system's use, Fig. 6 illustrates a 
plot of a strip chart recording of a digital to analog 
output of the significant digits from the time interval 
counter between a quartz oscillator and a high performance 
commercial cesium oscillator. In other words this is a 
plot of the time fluctuations between these two oscillators 
as a function of time. The high  frequency fluctuations 
(over fractions of a second) would most probably be those 
between the quartz oscillator and the quartz oscillator in 
the cesium servo system. The low frequency fluctuations 
(over seconds) would most probably be those induced by the 
cesium servo in its effort to move the frequency of its 
quartz oscillator to the natural resonance of the cesium 
atom--causing a random walk of the time fluctuations for 
sample times longer than the servo attack time. 

SOME METHODS O F  DATA ANALYSIS 

Given a set of data of the fractional frequency or tine 
fluctuations between a pair of oscillators, it is useful to 
characterize these fluctuations with reasonable and tract- 
able models of performance. In so doing for many kinds of 
oscillators it is useful to consider the fluctuations as 
those that are random (may only be predicted statistically) 
and those that are non-random (e.g. systematics--those that 
are environmentally induced or those that have a causal 
effect that can be determined and in many cases can be pre- 
dicted). 



A. Non-random Fluctuations 

Non-random fluctuations are usually the main cause of depar- 
ture from "true" time or "truet' frequency. 

If for example one has t h e  values of the frequency over a 
period of time and a frequency offset from nominal is ob- 
served, one may calculate directly that the time fluctua- 
tions will depart as a ramp (see Fig. 7). If the frequency 
values show some linear drift then the time fluctuations 
will depart as a quadratic. I mention this because in 
almost all oscillators the systematics, as they are somc- 
times called, are the primary cause of time and/or fre- 
quency departure. A useful approach to determine the value 
of the frequency offset is to calculate thc simple mean of 
the set, or for determininq the value of the frequcncy drift 
by calculating a linear least squares fit to the frequency. 
A precaution is to not calculate a least squares quadratic 
fit to the phase or time departure--such is not as efficient 
an estimator of the frequency drift for most oscillators. 

5. Random Fluctuations: 

After calculating or estimating the systematic or non- 
random effects of a data set, these may be subtracted from 
the data leaving the residual random fluctuations. These 
can usual-ly be best charactcrizcd statistically. It is 
often the case for precision oscillators that these random 
fluctuations may hc well modeled with power law spectral 
densities, [ 4 , 5 , 6 , 7 1  : 

where S (f) is the one-sided spectral density of the frac- 
tional yrequency f luctuati.ons, f is the Fourier frequency 
at which the density is taken, h, is the intensity coeffi- 
cient, and a is a number modeling the most appropriate 
power law for the data. It has been shown [ 3 , 4 , 5 , 8 ] ,  that 
in the time domain one can nicely represent a power law 
spectral density process using a well defined time-domain 
stability measure, o (T), which I will explain later. For Y example, if you have a log a ( T )  versus loy 1 diagram and 
you observe a particular sloge--call it 7.1 --over certain 
regions of sample time, ' i  ; this slope has a correspondancc 
to a power law spectral density or a set of the same with 
some amplitude coef.fj .cient h, , i . e .  I! = - 0:-1 for - 3 . -  t r  <l 
and u -- -2 for 1 -  t x .  Further, a corresnondance exists 
between h,:x and the coefficient for cs ( T )  'These coefficients 
and relationships have been calculatgd and appear in the 



literature [ 2 , 3 , 4 ] .  The transformation for some of the more 
common power law spectral densities has been tabulated, 
[ 2 , 3 , 4 ]  --making it quite easy to transform the frequency 
stability as may have been modcled in the time-domain over 
to the f re quericy domain and vhe-vt?.rsa. Some: cxa!np.lps of some proc- 
esses  modeled t);y power law spect ra  ,Lhat have l-jc:cn :;'i.mul.aLed by co::r:~)u'cer 
are shown in Fig. 8. In descending order these have been 
named, white noise, flicker noise, random walk, and flicker 
walk (the (I! in Fig. 8 is angular Fourier frequency,:,, = 2.11f). 
In Pig. 9 are plotted the actual data of the Atomic Time 
Scale of the NaLional Bureau of Standards versus Interna- 
tional Atomic Time (TAI) over a four year period. A least 
squares fit to the frequency drift has heen subtracted from 
these data. The plot then is just the time fluctuations 
of the A T ( N B S )  scale with respect to TAI. There is a peak- 
to-peak deviation of about 6 microseconds. Figure 10 shov~s 
a plot of the same thing for the United States Naval 
Observatory atomic time scale versus TAI over the same four 
year period, and again a least squares fit to the frcqucncy 
?.rif -t has been subtracted from the data. The pea.k-to-peak 
flu.ctuations are again about 6 microseconds. Figure 11 is 
a plot of the residual time fluctuations between a high 
performance cesium standard and our primary frequency 
standard, NBS-5, over about one-half day. The peak-to-peaJ: 
f l u c t u a t i o n s  in this case are less t h a n  a nanosecond. Just 
by visual comparison of Figures 9, 10 and 11 with the 
simulated noises shown in Figure 8 indicates that these 
random processes are not white noise--hence the need for 
better frequency stability characterization. 

Suppose now that you are given the time or frequency fluc- 
tuations between a pair of precision oscillators measured, 
for exarriple, by one of the techniques outlined above, and 
you wish to perfom a stability analysis. Let this com- 
parison be depicted by Pig. 12. The minimum sample time is 
determined by the measurement system. If the time differ- 
ence or the time fluctuations are available then the frc- 
quency or the fractional frequency fluctustions may be 
calculated from one period of sampling to the next over the 
data length as indicated in Fig. 12, Suppose further there 
are M values of the fractional frequency, yi. Now there 
are many ways to analyze these data. Historically, people 
have typically used the standard deviation equation shown 
in Fig. 12, astd ( T ) ,  where is the average fractional . dev 
frequency over the data set and is subkracted from each 
value of yi before squaring, summing and dividing by the 
number of values minus one, (M-l), and taking the square 
root to get the standard deviation. At NBS, we have studied 



what happens to the standard deviation when the data set may be character- 
ized by power law spectra which are more dispcrhsivc than classical white 
noise frequency fluctuations. In other words, if you have flickcr. noise o r  
any other non white noise frequency cieviations, one may ask what happens 
to  the standard deviation for that data set .  In fact, one can show that the 
standard deviation is a function of thc numbcr of datn points in the se t ,  of 
the dead t ime,  and of the measurement system bandwidth (5 ,9) .  For  exam- 
ple, using as a model flickcr noise frecpcncy modulation, as the number of 
data points increase, the standard deviation monotonically increases without 
limit. Some statistical measures have been developed which do not tiepencl 
upon the data length and which a r e  readily usable for  characterizing the ran- 
dom fluctuations in precision oscillators (2-5,9). An IEF F: subcommittee on 
E'requency Stability has recommended a particular varinnce taken from the 
se t  of useful variances developecl, and an experimental estimation of the 
square root 01 this particular variance is shown a s  the bottom right ccluatjorl 
in Fig. 12. This equation is very easy to implement exTcrimcntally a s  you 
simply add up the squares oi the differences hetween ac1j:tcent values of y, , 
divide by the number of them and by two, take the square root and you 
then have the quantity which thc WEE: sul~committcc hxs rccommcndcd for  
specification of stability in thc time domain. 

O n e  would l i k e  t o  know how o (T) v a r i e s  with t h e  sample 
t i m e ,  r . A s i m p l e  t r i c k  t h x t  onc can u s e .  t h a t  i s  v e r y  
u s e f u l  i f  t h e r e  is  no dcad t i m e ,  i s  t o  a v e r a q e  y, and y 2  
and call t h a t  Y1 a-re-:;tqr,d oTj<:r 2 - r ,  t h e n  a v e r a y e  $ and yq 
and c a l l  t h a t  y 2  as  averaged o v e r  2 r  , etc., and 2 i n a l l y  
a p p l y  t h e  s ~ m e  e q u a t i o n  as  b e f o r e  to get u (2 1 ) .  One can  
r c p c a t  t h i s  p r o c e s s  f o r  o t h e r  d e s i r e d  i n t c z e r  m u l t i p l e s  o f  
T and from t h e  same data s e t  be a b l e  t o  g e n e r a t e  v a l u e s  f o r  
u y ( m  'i) as a  f u n c t i o n  o f  rnT  from w h i c h  one may be able t o  
i n f e r  a model fo r  t h e  p r o c e s s  t h a t  i s  c h a r a c t e r i s t i c  of  t h i s  
p a i r  of o s c i l l a t o r s .  I f  you have dead t i m e  i n  t h e  measure- 
ments  you canno t  ave rage  a d j a c e n t  p a i r s  i n  an  unambiguous 
way  t o  s imply  i n c r e a s e  t h e  sample t i ne .  You have t o  r e t a k e  
the da ta  f o r  cach new sample t lme- -o f t cn  a v e r y  t i m e  consum- 
i n g  task. T h i s  i s  a n o t h e r  i n s t a n c e  where dead t i m c  can be 
a problem. 

How t h e  classical v a r i a n c e  ( s t a n d a r d  d e v i a t i o n  s q u a r e d )  
depends on thc nurnber of samples i s  shown i n  P i q .  13 .  
P l o t t e d  i s  t h e  r a t i o  of t h e  standard d e v i a t i o n  squared €or 
N samples t o  the s t a n d a r d  d e v i a t i o n  squared  f o r  2 samples 
(02(2. T) i s  t h e  samc as  cr ( I )  ) .  One can  s e e  t h e  

Y 



dependence of t h e  s tandard  d e v i a t i o n  wi th  t h e  number of 
samples f o r  v a r i o u s  k inds  of power l a w  s p e c t r a l  densities 
commonly encountered a s  reasonable  models fo r  many impor- 
t a n t  p r e c i s i o n  o s c i l l a t o r s .  Note, o2 ( r )  has t h e  same 
va lue  as  t h e  c l a s s i c a l  v a r i a n c e  f o r  t g e  c l a s s i c a l  n o i s e  c a s e  
( v h i t e  n o i s e  F M ) .  One main p o i n t  of F i g .  13 is s i m p l y  t o  
show t h a t  w i t h  t h e  i n c r e a s i n g  d a t a  l e n g t h  t h e  s t anda rd  
d e v i a t i o n  cf t h e  common c l a s s i c a l  va r i ance  is n o t  w e l l  be- 
haved f o r  t h e  k inds  of n o i s e  p roces ses  t h a t  are very  o f t e n  
encountered i n  most of t h e  p r e c i s i o n  o s c i l l a t o r s  of i n t e r e s t .  

F igu re  1 4  i s  an a c t u a l  0 ( T )  v e r s u s  T p l o t  f o r  a rubidium 
s t anda rd  t h a t  was analyzgd a t  t h e  Bureau. One observes  
apparen t  whi te  no i se  FM wi th  t h e  s l o p e  of r - l i 2  and then  
f l i c k e r  n o i s e  f requency modulation,  T ;  and some random 
walk F M  for sample t i m e s  of t h e  o r d e r  of a t e n t h  of a day 
and longer .  Having t h i s  time-domain a n a l y s i s ,  one can use  
t h e  equa t ions  and t h e  t a b l e s  mentioned be fo re  t o  t ransform 
t o  t h e  frequency domain, S ( f )  v e r s u s  Four i e r  frequency f ,  

Y and t h i s  t r ans fo rma t ion  i s  p l o t t e d  i n  F i g .  15.  A n  equa t ion  
which shows d i r e c t l y  t h e  mapping f o r  a model t h a t  i s  o f t e n  
used for cesium dec ives  f o r  sample t i m e s  l onge r  than  1 
second i s  g iven  by t h e  fol lowing p a i r  of equa t ions :  

S ( f )  = ho + h m L f - l  
Y 

T h e  ho term i n  each c a s e  i s  due t o  t h e  whi te  no i se  F M  
fundamentally induced by t h e  s h o t  no i se  i n  t h e  cesium beam. 
The second tern is f l i c k e r  n o i s e  F M  ( f l i c k e r  f l o o r )  t h a t  
seems t o  always appear as a reasonable  model fo r  cesium a s  
w e l l  as o t h e r  s t a n d a r d s ,  I t  does  n o t  have a  w e l l  under- 
s tood cause .  A s  an example of equa t ion  ( 9 )  and ( 1 0 )  ! 
suppose from a c r 7 , ( ~ r )  v e r s u s  +r plot w e  determined t h a t  

1 

1/2 and J-= 1 x 1 0  - 1 4  = 2 x 1 0 - 1 2 [ ~ 1  as 

f o r  one comparison made between t h e  NBS primar frequency 
s t anda rds ,  NBS-I and NBS-5, t h e n  ho = 4 x loF2'  and 

-29 h - l = 7 . 2 x 1 0  - 
If t h e  frequency d r i f t  i s  n o t  s u b t r a c t e d  from t h e  d a t a  then  
t h e  U - - ( T )  versus  T p l o t  a s  shown i n  F ig .  15 ,  t a k e s  on a  

Y 
T + ~  behavior .  Often such i s  t h e  c a s e  wi th  q u a r t z  c r y s t a l  
o s c i l l a t o r s .  The equa t ion  r e l a t i n g  a Y ( 7 )  and the  d r i f t ,  D ,  



i s  as f o l l o w s :  

where D h a s  t h e  d imensions  of  f r a c t i o n a l  f r equency  p e r  u n i t  
of T , i . e .  i f  r i s  i n  days  t h e n  D could be ,  for example,  
1 0 - 1 0  p e r  day.  Suppose also t h a t  t h e  d a t a  c o n t a i n  d i s c r e t e  
s i d e  bands such a s  60 Hz t h e n  t h e  (7 ( I )  v e r s u s  I diagram 
may appear  a s  shown i n  F i g .  17 .  ~ h 8  model for t h i s  f i g u r e ,  
c a l c u l a t e d  by Sam S t e i n ,  was f o r  t h e  s i t u a t i o n  whcrc t h e  
w h i t e  phase  n o i s c  power i n  a 1 KHz bandwidth was e q u a l  t o  
t h e  power i n  t h e  6 0  Flz s i d e  bands.  

I n  F i g .  1 8  I have used t h e  d u a l  mixer t ime  d i f f e r e n c e  
measuring sys tcm i n  o r d c r  t o  o b s e r v e  t h e  ( 7  (T) v e r s u s  T 
behav io r  f o r  a high performance ce s ium s t a z d a r d  v e r s u s  a  
q u a r t z  c r y s t a l  o s c i l l a t o r .  The p l o t  c o n t a i n s  a l o t  of 
i n f o r m a t i o n .  The measurement n o i s e  of t h e  d u a l  mixer  sys -  
t e m  i s  i n d i c a t e d .  3ne can  s e e  t h e  s h o r t  t e r m  s t a b i l i t y  
performance o f  t h e  q u a r t z  o s c i l l a t o r  i n  t h e  cesium v e r s u s  
t h e  comparison q u a r t z  o s c i l l a t o r  ( D i a n a ) .  One can  s e e  a 
l i t t l e  b i t  of 6 0  IIz p r e s e n t  a s  i n d i c a t e d  by t h e  humps a t  
1/2 and 3/2 of r -- 1 / G O  112. Onc o b s c r v c s  t h e  a t t a c k  t lmc  
of t h e  s e r v o  i n  t h e  cesium e l e c t r o n i c s  p e r t u r b i n q  t h e  s h o r t  
t e r m  s t a b i l i t y  of t h e  q u a r t z  ~ s c l l l a t o r  and degrad ing  it to 
t h e  l e v e l  of  t h e  s h o t  n o i s e  of t h c  cesium resonance .  The 
w h i t e  n o i s e  f r equency  modula t ion  c h a r a c t e r i s t i c  t h e n  
becorn.5 t h e  predominant  power law c a u s i n q  cs (T) t o  improvc 
a s  I -'I2 u n t i l  t h e  f l i c k e r  f l o o r  of  t h e  qusrez c r y s t a l  
o s c i l l a t o r  ( D i a n e ) ,  i n  t h i s  c a s e  6 p a r t s  i n  1 0 ~ 3 ,  becomes 
t h e  predominant  n o i s e  s o u r c e .  Thus us inq  t h i s  p a r t i c u l a r  
measurement systcm T was a b l e  t o  w e l l  c h a r a c t e r i z e  f o r  
saiilple t i m c s  of a few m i l l i s e c o n d s  a l l  t h e  way o u t  t o  1 0 0 0  
seconds ,  t h e  s t a b i l l t y  characteristics of t h i s  p a r t i c u l a r  
p a i r  of  o s c i l l a t o r s .  Lonqcr sample t l m e s  a r e  of c o u r s e  
e a s i l y  a c h i e v a b l e .  

Some i n e x p e n s i v c  ( l e s s  t h a n  $1000) methods of precisely 
mcasurinq t h e  t i m e  difference, t i m e  £3 -uc tua t ions ,  f r equency  
d i f f e r e n c e ,  and f requency  f l u c t u a t i o n s  between a  p a i r  of 
s t a t c - o f - t h e - a r t  t ime and/or  f r equency  s t a n d a r d s  havc been 
rcviewed o r  i n t r o d u c e d .  One nove l  method i n t r o d u c e d  dcmon- 
s t r a t e d  t h e  c a p a b i l i t y  of measurinq a l l  f o u r  of  t h e  above, 
p l u s  be ing  a b l e  t o  c o v e r  an i m p r e s s i v e  secjrnent of samylrl~: 
t i m e s  : I  >few m i l l i s e c o n d s )  w i t h  a t ime d i f f e r e n c e  p r e c i -  
s i o n  of b e t t e r  t h a n  1 picosecond. F r a c t i o n  Frequency i n -  



stabilities due to the noise in this novel measurement 
method were demonstrated to bc less than one part in 10 16 

for rr ( I  2 2 x 1~~ s). Y 

Also reviewed were some efficient methods of data analysis-- 
which allow one to gain insiqht into models that would 
characterize both the random and non-random deviation be- 
tween a pair of frequency standards. A specific example 
was shown demonstrating the time domain fractional frequency 
stability, rr ( . I  ) , between two state-of-the-art commercial 

. Y standards, 1 . c .  a quartz oscillator and a high performance 
cesium standard for 2 ms 5 T 5 1 0 3  s .  
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A P P E N D I X  : 
COMPUTING COUNTER PROGRAM 

A. The f o l l o w i n g  proqram may be  used  i n  a computiny c o u n t e r ,  
i s  u s e f u l  i n  d e t e r m i n i n q  t h e  f r a c t i o n a l  f r e q u e n c y  s t a b i l i t y ,  
o ( T ) ,  and i s  u n i q u c  as  compared w i t h  o t h e r  s i m i l a r  t y p e s  
oy programs t o  d e t e r m i n e  s t a b i l i t y  i n  t h a t  it d o e s  s o  w i t h  
no dead t i m e .  The f o l l o w ~ n q  proqram a c t u a l l y  d e t e r m i n e s  t h e  
root-mean-square second d i f  i e r e n c e ,  ( ' ( A t )  ) r m s ,  o f  t h e  t i m c  
d i f f e r e n c e  r e a d i n g s  between a  p a i r  of  c l o c k s  o r  oscillators, 
and t h e r e f o r e  complements v e r y  n i c e l y  t h e  d u a l  mixe r  t i ~ n e  
d i f f e r e n c e  measurcmcnt sys tem d e s c r i b e d  i n  t h e  t e x t .  The 
f r a c t i o n a l  f r e q u e n c y  stability may be  c a l c u l a t e d  from com- 
p u t e r  program r e s u l t s  a s  f o l l o w s :  

1 2 
( A  ( A t ) ) r m s  (Al) 

I f  a d d i t i o n a l  proyraminy s t e p s  were available, o f  c o u r s e  one  
c o u l d  proqram t h e  computinq c o u n t e r  t o  c a l c u l a t e  an e s t i m a t e  
O F  o ( 1 )  d i r e c t l y .  Fol lowinq i s  t h e  procjrdrn p r o c e d u r e  t o  
g e n e r a t e  ( a 2  ( n t )  l r r n s :  

c l e a r  x 

- ( s u b t r a c t )  - 
a-X 

P lug- in  
.- L 

c x y  

+ ( a d d )  

- ( s u b t r a c t )  Repeat  

Xfer  Proqram 
0 
.A 

N x y  

Xfer Program 

P l u g - i n  

2 7 .  - ( d i v i d e )  

2 8 .  
. .-'* 

13. a x y  

1 4 .  - ( s u b t r a c t )  

The c o n f i d e n c e  of t h e  e s t i m a t e  w i l l  improve a p p r o x i m a t e l y  
as t h e  s q u a r e  r o o t  o f  t h e  number of times (N) thc sub l o o p  
i s  r c p c a t e d  as  p r e s e t  by t h e  proqrarnrner r101. 
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clrT{iOn [ IF  A N  OSCILLATOR 

FIT. 1 D e y ~ i c t i o n  of t h c  s i n u s o i d a l  vo l ta ( jc  o u t p u t  from a 
! ) r e c i s i o n  osc~llator, e.q .  u s i n r j  quartz, r u b i d i u m ,  
c c s i u m  o r  hydroqen a s  the f r c c ~ u e n c y  Ac tc rmin inq  
clement. I f  t h e  Ercvuency out i s vl, the the per- 
i o d  of o s c i l l a t i o n  i s  i 1  = I / \  
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FIG. 2 A phase (or time) fluctuation rneasure~nent system. 
The reference oscillator is loosely phase-locked to 
the test oscillator--attack time is about 1 second. 
The reference and test oscillators are fed into the 
two ports of a Schottky barrier diode double 
balanced mixer whose output i s  fed throuqh a low 
pass filter and low noise amplifier, hence to an RC 
network, a battery bias box and to the varicap of 
the reference o s c i l l a t o r .  The instantaneous o u t -  
put voltage of the phase locked loop ( P L L )  follow- 
ing the low noise amplifier will be proportional 
to the phase or time fluctuations between the two 
oscillators. 
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F I G .  3 A f r e q u e n c y  E l u c t u a t i o n  measurement  system. 'The 
a t t a c k  time o f  t h e  p h a s e  l o c k  l o o p  i n  this casc i s  
much less t h a n  a  s e c o n d .  T h c  a ~ n r ~ l i r i ~ r  ( A Y P )  o u t -  
p u t  v o l t a g c  f l u c L u a t i o n s  f o r  s a m p i c  t i m e s  s i q n l f i -  
c a n t l y  l a r g e r  t h a n  t h e  s e r v o  l o o p  a t k a c k  t l m e  w i1 .1  
be proportional t o  t h e  Crequcncy f l u c t u a t i o n s  
be twecn  t h e  o ~ c i l l ~ ~ t o r s .  

F I G .  4 A f r e q u e n c y  and f r e c ~ u c n c y  f l u c t u i i ~ ~ o n  measurement  
I  s y s t e m .  The cli EIercncc f rcque~lcy ,  J - 1 is 

rneasurcd h - i t h  a f r c q u c n c y  c o u n t e r .  A c o u n p c r  
rneasur inq the ~ ~ e r i o ( l  ( o r  mu1 t i p l e  p e r i o d )  o f  t h c  
bea t  ( d i f f e r e n c e )  f r e q u c n c y  c o u l d  e c ; u i v c ~ l e : l t l y  bc  
used .  



I)I!AL_ MIXLK 'TIME DIFFERENCE SYSTEM 

osc " o x r t  I( v o  - u ?  - o s c  
ll S i: 7 

1: 2 

T I M E  I N T I R V A L  
C O L I N  T E  A 

PIG. 5 A time difference and time fluctuation measurement 
system. The low pass filters (LPF) determine the 
mcasuremcnt system bandwictth and m u s t  pass the dif- 
ference f r e q u e n c i e s  which are depicted by the solid- 
line and dashed-line sinusoids at the bottom of the 
figure. The positive going  z e r o  volts c r o s s i n g  of 
these difference (beat) frequencies are used to 
start and stop a time interval count~g a f t e r  suit- 
able low noise amplification. The i tlmc d i f f e r -  
ence  between oscillator 1 and 2 is the At (i) reading 
of the counter divided by T V  and plus any phase 
shift added, $, hlherc v 2 V 1 E v 2  is t h e  nomina l  
c a r r i e r  frequency. The fre~~uency difference is 
straight forwardly calculated from the time differ- 
ence  v a l u e s .  







PROCESSES MODELED BY POWER LAW SPECTRA 

FIG. Some samnple p lo t , s  of processes which rnay be :!:odeZt>d by power Law 
spectral d e n s i l i e s ,  S ( f )  = h,fa ( & =  2nf ) ,  as simulated with a 
computer. Thc white noise,  lwlO, is bandwidth l i m i t e d ,  The sub- 
s c r i p t  is l e f t  o f f  3f S(f) as these p l ~ t ~ s  may r ep re sen t  any Lhing, 
e.g. frequency nr lime rluctuations. 

F I G .  9 The r e s i d u a l  time r l . u c t u a t i o n s  l:~e-tween t h e  Na t iona l .  
i3urcau of S t a n d a r d s  A t 0 r n i . c  T i m e  S c a l c ,  A T ( N B S )  , a n d  
t h e  I n t e r n a t i o n a l  Atomic Time S c a l c ,  T A T ,  after 
s u b t r a c t i n < j  a l e a s t  squares f i t  t o  t h e  f r e q u e n c y .  
The v e r t i c a l  s c a l e  i s  i n  m i c r o s e c o n d s  and the ab-  
scissa s h o w s  1420 d a y s  E o l l o v , ~ i n g  3 "lay 1969. Thc 
peal;-to-pea!.; i l e v i a t i o n  i s  a b o u t  6;'s. 
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F I G  1 0  The r e s i d u a l  t i m e  f l u c t u a t i o n s  between t h e  U n i t e d  
States Naval Observatory's Atomic Time Scale,  AT 
(USNO), and t h e  I n t e r n a t i o n a l  Atomic Time S c a l e ,  

T A I ,  after s u b t r a c t i n g  a l eas t  s q u a r e s  f i t  t o  t h e  
f r equency .  The v e r t i c a l  scale i s  i n  mic roseconds  
and t h e  a b s c i s s a  shows 1 5 4 0  days  f o l l o w i n g  8 J a n .  
1 9 6 9 .  The peak-to-peak d e v i a t i o n  i s  less  t h a n  6 ~ s .  



FIG 11 The residual time fluctuations between a high p c r -  
formance commercial ccslurn s t a n d a r d  and one of t h e  
NBS primary f r c q u c n c y  s t a n d a r d s ,  NUS-5, a f t c r  sub- 
t r a c t i n g  a  m e a n  f rcqucncy d i f f e r e n c e .  T h e  v e r t i c a l  
scalc  i s  i n  u n i t s  of 0 . 1  ps, an(] thc a b s c i s s a  shows 
4 1 1 0 0  s durcltic)n(-1/2 day). 'l'he peak-to-peak d c v i a -  
t i o n  i s  d b o ~ t  0 . 3  11s. 



M -  1 
1. .- ( y i t l - Y i )  ;,! is (T) = 

" ~ T D  D C V  Y ( T )  = M - 1  i . 1  Y ( - 1 )  1 - 1  

FIG 12 A simulated plot of the time fluctuations, x ( t )  be- 
tween a pair of oscillators and of the corresponding 
fractional frequencies calculated from the time fluc- 
tuations each averaged over a sample time T . At the 
bottom are the equations for the standard deviation 
(left) and for the time-domain measure of frequency 
stability as recommended by the IEEE subcommittee on 
Frequency Stability (right) . 
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FIG 1 3  The r a t i o  of t h e  t ime  averaqe  of t h e  s t a n d a r d  
d e v i a t i o n  squared  f o r  N sa~nples  o v e r  the time 
average  of a two sample s t a n d a r d  d e v i a t i o n  squared  
a s  a f u n c t i o n  of t h e  number of samples ,  N. The 
r a t i o  i s  p l o t t e d  f o r  v a r i o u s  power l a w  s p e c t r a l  
d e n s i t i e s  t h a t  c o m o n l y  occur i n  p r e c i s i o n  o s c i l l a -  
tors. The f i g u r e  i l l u s t r a t e s  one r e a s o n  why t h e  
standard d e v i a t i o n  i s  n o t  a c o n v e n i e n t  measure of 
f r equency  s t a b i l i t y ;  i . e .  it may bc very i m p o r t a n t  
t o  s p e c i f y  how many d a t a  p o i n t s  arc in a d a t a  s e t  
i f  you u s e  thc s t a n d a r d  d e v i a t i o n .  
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FIG 14 A o y  (T ) v e r s u s  'r plot modeling s o m e  actual data 
taken at NBS on s me commercial rubidium standards. 
Notice  that i f  "7 ( r )  -- , then o y  -- = u / 2  

hence t h e  -r -'I2 s l o p e  fo r  = -1. etc. 
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FIG 1 5  A p l o t  of Sy(f) versus  f as transformed from the 
time-domain data p l o t t e d  i n  F i g .  1 4 .  
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FIG 16 An example o ( T )  versus T plot of an oscillator Y with both random fluctuations of flicker noise FM 
and a non-random linear fractional frequency drift 
of 1 0 - l o  per day. A plot appearing similar to this 
would be common for quartz crystal oscillators, 
for example. 



-c ( S E C O N D S )  

F I G  1 7  A calculated O y ( r )  ve rsus  T p l o t  of white phase 
no i se  ( a  = + 2 )  w i t h  s o m e  6 0  Hz F M  superimposed. 
The power i n  the 6 0  Hz sidebands has  been set  
equa l  t o  t h e  power of the white phase noise i n  a 
1 kHz bandwidth, £9 . Note: S g ( f )  = ( v 2 / f 2 )  S y ( f )  

and + ( t )  = ( 2 ~ )  v x (t) . 



QUARTZ OSCILLATOR ( D I A N A )  VS COFlMERCIAL CESIUM ( Y 6 0 1 )  

F R E Q U E N C Y  

S T A B I L I T Y  

o y ( d  

T I M E  O F  Cs S E R V O  

F L I C K E R  N O I S E  F M  

N OF Q U  "-- 6 x 1 0 " ' ~  2 

'. 
W H I T E  N O I S E  ' 

t;M O F  Cs 
- 1 2  -i. 
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i n "  1 no  10 1  o2 1  o 3  1 o4 
S A M P L E  T I M F ,  T ( s )  

F I G . 1 8  A u ( T )  versus T plot of t h e  fractional f r e q u e n c y  
Y 

fluctuations, y ( t )  between a high performance 
commercial cesium beam frequency standard and a 
c o m m e r c i a l  q u a r t z  c r y s t a l  oscillator. 



QUESTION AND ANSWER PERIOD 

DR. COSTAIN: 

N-ational Research Council. 

Herman Damrns had been doing a very similar dual mixer system and it does 
give a fantastic advantage when you have the two oscillators on the same fre- 
quency. As a matter of fact you can only test the system by putting the same 
signals into the two channels. 

MR. ALLAN: 

That's a good point. It's very conducive to testing the measurement noise, 
whereas with other systems it's sometimes quite difficult. This one is  very 
amenable to looking at  the measurement noise. 




