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A sys tcmat . ic  frequency s h i f t  which r e v e r s e s  s i g n  w- i t11  e i t h e r  
C: f i c l d  o r  1)ca.m reversa .1  and  which can bc i ~ l t e r . p r e t c d  a s  t h e  consv- 
quetlce o f  the Mil11na.n e f l e c t  h a s  bccn fo~.ir~d in  t h c  ncw N K C  ccsium heam 
c l o c k ,  CsV. A mcthod o f  c a l c u l a t i r ~ g  t h e  r'esona.llce ilsyn~nictry r e s u l t i n g  
from t h i s  e f f e c t  and tlie dcpcriclcncc O I I  t l ie vc.1ocit.y cli s t  r i b u t i o r i  anci 
e x c i t i n g  rnic-rowavc power. lcvt-:I o f  thc: f~ .equency  s h i f t  caused by i t  i s  
c1cscrjl:)ed. Appl i c a t  ion o f  t h i s  t11eo-r.y t o  CsV l c a d s  t o  rca.sorlrib1 e 
agreement wi th  experimental rcsu l  t s .  P o s s i b l e  o-r-igins f o r  t h e  M i l l r n r t r ~  
c f f c c t  :in ccsiuni beam s t a n d a r d s  a . re  d i  s c u s s c d ,  a.nd i.t is concluded t h a t  
t h c  most I -i k c l y  s o u r c e  is :I v e r y  smal 1 v a r i a t i o n  in tile c l i r c c t i o ~ l  of  
t h e  C f i c l d  o v e r  normal 1)eam t r a j  e c t o r i  vs w.i t h i n  t l lc  n~icrowavc i n t e r -  
a c t i o n  r e g i o n s .  

I .  INTRODUC'I ' ION 

Cesium bearn frequcrlcy s t anda . rds ,  f i r s t  clevclopcd j 11 t h e  mid- 
1 9 5 U t s ,  have urldcrgorie cor l t i r~uous  improvcmer~t i r l  a c c u r a c y l  from rill 

i r l i t i r i l  v a l u e  o f  t h e  or-der. o f  1 0 - 9  t o  c u r r e n t  v ~ i l u c s  appl-o;~cliing 10-13. 
011e o f  t h e  r c s u l i . ~  o C  such irr~l~rovcrncr~ts ill performance i s  t l i c i t  c e r t a i n  
s y s t e m a t i c  er r 'ors  which were a t  ant. t i  rne o f  minor colisequencc havc now 
bccorrle o f  such irnpor-tancc t-hat  t h e y  can ~011st.i t ~ ~ t e  t h e  prirnax-y f a c t o r s  
1-imi.ting t h e  s t a h i l  i t y  o r  t h e  accuracy o f  t h c  s t a ~ ~ d a r d .  

Iluring t h e  ZO-year dcvelopmcnt period 011 these s t a n d a r d s ,  t h c  
l i m i t i n g  i l l s tah- i  1 i t i c s  a.11d i naccurr-lc i e s  wer-c t o  a l a r g c .  e x t e n t  r c l e . t cd  
t o  f a c t o r s  such r-ts magnet i c  f i  elci inhomogct~~e i t i  e s ,  c i .ys ta l  o s c i  1 lritor. 
i n s t a l ) i l i t y ,  indc.ter.mi.natc c a v i t y  phase  c l i f f e r e n c e s ,  unkrlow~i a tomic  
be:-1111 ve loc . i ty  di..;t-r.il)utions, iirld s p c c t ~ ; i l  i iilp~.ir'i t i e s  i n  t h y  111i CTowave 
e x c i t a t i o n  s i g n a l  . U'-itllin t h e  p a s t  f i v c  y c ; ~ r s ,  s e v e r a l  muthoc-is have 
been clcscribed rv.hicli p r o v i d e  estim:it.t~.s o f  t h e  ; ~ c t u a l  vc l  o ~ : i . t y  d i  s t r i b u -  
t i o n s  e x i s t i n g  i n  p r a c t i c a l  c c s i ~ ~ r r ~  s t anc ia rds ,  and t h c s c  have l e d  t o  
much improved u n d e r s t a n d i n g  and measurement o f  t h e  POWCT' dependent. 
f r equency  s h i f t s  a-rk-ising fro111 t h e  ca .v i ty  phase  d-iffercncc:  a ~ l d  t h e  
second o r d e r  Doppler e f f e c t . .  Advanccs i n  c r y s t a l  o s c i l l a t o r  d c s i g n  
have a l s o  l e d  t o  t h e  es:;crit.ial e l in~ i r~a . t . i c ) i~  o f  t h e  morc o r  l e s s  ( I n -  

1)redicta.bJ.e power-dcpc~idc.nt. frcquorlcy s h i f t s  clue t o  s p c c t r a l  i r q ) u r i t i c s .  

However, 3s I 11 o t h e r  a r e a s  o f  h igh  p-rht.c is i o n  measurc rne~~ts  , t h e  



consecutive r c n ~ o v a l  o f  each l i r n i t l n g  sour'cc o f  s y s t e m a t i c  e r r o r  has  
tendcd t o  expose more c lear ' l  y  f u r t h e r  ur ldcr ly ing s o u r c v s ,  and r e c e n t  
work on C s V  a t  NIlC h a s  pr-ovcn no e x c c p t l o n  t o  t h i s  r u l e .  A p r e v i o u s  
paper2  on C s V  o u t l i n e d  a  nuntber of s o u r c e s  o f  r r r o r ,  and a t  t h a t  time 
(1973) t h e  l i m i t i n g  f a c t o r  was s p e c t r a l  i m p u r i t i e s  i n  t h e  c x c i t i n g  
microwave s i g n a l  which caused urlprcd i c t a h  l e  t irne-dependent f  requcncy 
s h i f t s  which v a r i e d  wi th  t h e  powcr l e v c l .  k x t ~ l l s i v e  r c d e s i g n  dnd 
r c c o n s t r u c t i o l l  o f  t h c  e l e c t r o n i c s  sys tems I ed  t o  t h e  f i n a l  ripparerit 
e l ~ m i ~ l a t i o n  o f  t k e s c  d i f f i c u l t i e s ,  and a l s o  t o  t i le  measurement of 
anotklcr important  f r equency  s h i f t  . T h i s  s h i f t ,  which r e v c r s e s  s i g n  
w i t h  C f i e l d  o r  beam r e v e r s a l ,  can be  interpreted a s  t h e  consequence o f  
t h e  Mi1lrnal-r c f f e c t ,  wliosc p resence  i n  C'sV had not  bccn px-cvlously 
d e t c c t e d .  R e s o l u t i o n  o f  t h i s  problcm was accompli shot1 d u r l n g  A p r i l ,  
1975,  and since Mriy 1, 1975, (:sV has  o p e r a t e d  s a t i s f a c t o r i l y  a s  a  
c l o c k .  

T h i s  paper  w i l l  d l s c u s s  t h c  expcr ln ienta l  d c t c r n ~ i n a t i o n  o f  t h e  
Mil ln~an e f f e c t  I n  CsV, propose  a  p o s s i b l e  e x p l a n a t i o n  f o r  i t s  o r i g i n  i n  
t h i s  s t a n d a r d ,  arid a l s o  o u t l i n e  a gencrn l  rnctliod o f  c a l c u l a t i n g  ~ t s  
dc~jerldcnce on t r a n s i t i o i i  e x c i t a t i o n  l e v e l ,  heam v e l o c i t y  d i s t r i b u t i o n ,  
and scrvo-sys tem modulat ion o f f s e t  f r equency .  

11. THEORY 

A '17leory of  t h c  Millman E f f e c t  

4 A s  o u t l i n e d  by ~ d r n s u ~ ~ ,  and f i r s t  described by Millman , t h c  
Millman e f f e c t  i s  a n  a l t e r a t i o n  111 t h e  f requency  exper ienced  by an atom 
i r l  an o s c i l l a t i n g  c x c i t i n g  f i c l d  r c s u l t i n g  from J change i n  d i r e c t i o n  
o f  t h a t  f ~ e l d  r c l a t i v c  t o  a  d . c .  orienting magnet ic  f i c l d  d u r i n g  i ts  
p a s s a g e  through t h e  e x c i t a t i o n  r e g i o n .  I t  is i n  e f f e c t  a spatially- 
induced f rcquency increment  t o  t h c  impressed o s c i l l a t i n g  f i c l d .  
Although t h i s  e f f e c t  was o r i g i n a l l y  c o n s i d e r e d  t o  a c t  o n l y  when t h e  
o s c i l l a t i n g  and o r i e n t i n g  f i e l d s  a r e  p c r p e n d i c u l d r  (1 t r a n s i t i o n s ) ,  
~ a h n 7  has  shown t h a t  a s i m i l a r  e f f e c t  a l s o  o c c u r s  whcn t h e y  a r e  
p a r a l l e l  (0  t r a n s i t i o n s )  i f  a s p a t i a l  r o t a t i o n  o f  t h e  o r i e n t i n g  f i e l d  
o c c u r s  a l o n g  t h e  d i r c c t i o n  o f  t h e  beam. S i n c e  cesium beam atomic  
f requency  s t a n d a r d s  a r e  based on t h e  r~ t r a n s i t i o n ,  (I: = 4, mF = 0) ++ 
( F  = 3,  mF = 0 ) ,  t h i s  e f f c c t  i s  o f  importancc  i n  such s t a n d a r d s .  A s  
p o i n t c d  ou t  by Hal-ln, it is dependent  on t h e  d i r e c t i o n s  of  b o t h  t h e  
o r i e n t i n g  f i e l d  and t h e  beam. I t  i s  t h u s  exper in len ta l ly  s e p a r a b l e  from 
t h e  c a v i t y  phase  d i f f e r e n c e  f rcquency  s h i f t  s i n c e  t he  l a t t e r  i s  depend- 
e n t  on ly  on t h e  bcam direction and no t  on t h e  d i r e c t i o n  o f  t h e  o r i e n t -  
i n g  f i c l d .  

The magnitude o f  t h e  M i  llrnarl c f f e c t ,  exprcsscd  as a n  i n c r e -  
men ta l  a n g u l a r  f r equency  Sum, i s  r e l a t e d  t o  t h e  change i n  a n g l e  between 



t h e  d i r e c t i n g  and o s c i l l a t i ~ l g  f i e l d s ,  y ,  d u r i n g  t h e  passagc  of a11 atom 
travelling a t  a v e l o c i t y  v  th rough  an  i r l t e r a c t i o r l  r c g i o n  of l e n g t h  R by 

B .  L a l c u l a t  ion of t h e  1:requcncy S h i f t  Averaged Over a L ) i  s t r i b u t i o r ~  
o f  Atomic Vcloci  t i e s .  

The dcpcndence o f  hwm or1 v inc l i ca tcs  t h a t  i n  thc: gerieral  c a s e  
fo r  wl-rich a  r angc  of at.omic v c l o c i t - i  es  o c c u r s  t h c  Millman c f f e c t  llot 
o n l y  c a u s e s  a  f requency s h i f t  b u t  a l s o  g i v e s  r i s e  t o  a. r c sonance  
asymmetry , with  consequent. dcpendencc o f  t h e  mca.surcd t r a n s  i t i or1 f r c -  
querlcy on c x c i t i r ~ g  power l c v c l ,  v e l o c i t y  c l i s t r i b u t i o n ,  rind se rvo-sys tem 
modulat ion f requency  o f f s c t .  l 'he fo-rm o f  i t s  dependence ca.n b e  cx -  
p c c t c d  t o  be  q u i t e  d i f f e r c n t  f r ~ r r l  e i t h e r  t h a t  a r i s i n g  from t h e  second 
o r d e r  Doppler e f f e c t ,  which v a r i e s  a s  v Y / 2 c "  01. t h a t  f o r  t h c  c a v i t y  
phase  d i f f e r e n c e ,  which causes  o n l y  a  phase  change bctwccn t h e  ~.wo 
o s c i  I 1at i .ng f i e l d s .  S i n c e  i11 p r a c t i c a l  cesium s t a n d a r d s  thc: a.to1ni.c 
beam i r lcludes atoms ha.ving ;-I rangc o f  vc1ocit . ic .s  cornprisi.ng an a p p r e c i  - 
a b l e  f r a c t i o n  o f  t h e  h.laxwellian d i s t r i b u t i o r i ,  .t;orlle n~ethod o f  intcgrr4.t.- 
irig e q u a t i o n  1 o v e r  such a f r a c t i o n  i s  c s s c n t i a l  in t h c  explanation o f  
t h e  measurecl f r equency  sEii f t  s . 

A ri~etllod f i r s t .  cmployeci a t  Nl<C f o r  c ~ l c u l u t i n g  t h e  f requency 
s h i f t  a r i s i n g  from t h e  sccond o r d e r  I)opplt.r. e f fc . c tS  r-lrid l a t e r  f o r  t h a t  
due t o  a  c a v i t y  phase  di f fcrcr lzc t ' ,  car1 a.lso bc crnploycd i l l  .the pr-esent  
c a s e ,  l t  - involves  t h e  assunlptiorl t h a t  t h e  distribution fur ic t ion  of t h e  
velocities o f  t h e  atoms c o n t r i b u t i n g  t o  t h e  resonance can be s a t i s -  
f a c t o r i l y  approximated by a t r u n c a t e d  Maxwcl l ia l~  d i s t r i b u t i o n ,  wi th  
lowcr  and upper  v e l o c i t y  c u t - o l f s  dctcrmirlccl by t h c  phys ica l  c o n s t a n t s  
of  t h e  s tar ldard  i r l  cluest i on.  111 a c c o r d a ~ ~ c c  wit 11 tllc termj nology used 
p r e v i o u s l y ,  an  a tomic  v e l o c i t y  ~ - i  is -r.elr:ited t o  t h c  most proba.ble 
ve loc - i ty  i n  t h e  cesium oven,  a ,  by  

p i  = v i / J  

and  t h c  maximum rirld rrr-ini J I I L I ~  v c l o c i  t i  e s  1)y 

Thc t r a n s i t i o r ~  probabi  1 i t y  P i  f u r  a v e l o c i t y  defi.neci hy p i  i s  t h c n  
7 

c a l c u l a t e d  from Ramsoy's g e n e r a l  express ion- ' ,  wi th  LJ r c p l a c e d  l,y w-Sum. 
I n  such a substitution, t h c  v a l u e  o f  y, e f f e c t i v e l y  a phase  inc-rkernent 
i n  cach o f  t h e  two o s c i l l a t i n g  f i . e l d s ,  may be  consiclcrcd t o  a f i r s t  
approximat ion a s  li* ( I , / R )  *Rfiw,/v, by :irl;ilvgy wi1.h Kr:l~llsey's r e s u l t  t h a t  
i f  Aio i s  t h e  d i f f e r e n c e  bctwccn t h e  resonr.int f requency .in t h c  osi : j . l -  
l a t o r y  and d r i f t  r e g i o n s ,  t h c  obsc rved  rosoliallcc i s  % E l i  f'teci by o n l y  
( R / L  j - A W  . 



2 

(wo - w + 6w,) 
- cos  0 s i n  

Zp M. 

A wcightcd t o t a l  t r a n s i t i o n  p r o b a b i l i t y  P t ,  d e f i n e d  hy t h e  upper  
and lowcr vc loc . i ty  1 i m i t s ,  is t h e n  g i v e n  by 

where t h c  wc igh t s  w i  a r c  g ivcn  by t h e  t r u n c a t e d  Maxwcllian v e l o c i t y  
d i s t r i b u t i o n  

and wi = 0 f o r  p i  < p m i n  and pi  plllaX (8) 

Thc v a l u e  o f  a is krlowrl from t h e  o p e r a t i n g  t e m p e r a t u r e  of t h e  cesiurn 
oven, and t h c  v a l u c  o f  b i s  de te rmined  from a n  approximate knowledge o f  
t h e  v c l o c i t y  l i m i t s  and t h e  dependence o f  t h e  c a l c u l a t c d  and exper-  
i m e n t a l  maximum t r a n s i t i o n  p r o b a b i l i t i e s  on e x c i t i n g  power l e v e l ,  The 
c x a c t  v a l u e s  o f  pmin and  pma,, and hence t h e  v c l o c i t y  d i s t r i b u t i o n ,  a r c  
dctcrmined hy c u r v e  f i t t i n g  o f  c a l c u l a t e d  artd cxpcr ln ienta l  Ilamsey 
resonance p a t t e r n s .  In p r a c t i c e ,  i t  i s  e v i d c n t  t h a t  s h a r p  v e l o c i t y  
c u t o f f s  do no t  i n  f a c t  o c c u r ,  b u t  t h e i r  equivalent v a l u e s  can he  e s t i -  
mated by t h i s  c u r v e - f i t t i n g  p r o c e d u r e  t o  a p r e c i s i o n  o f  about  ? 0 .05  a .  

The magnitude o f  t h e  Millman e f f e c t  f r equency  s h i f t  i s  t h e n  
c a l c u l a t c d  hy computer s i m u l a t i o n  o f  t h e  r e s p o n s e  t o  t h c  s q u a r e  wave 
f requency  modula t ion a p p l i e d  t o  t h e  atoniic r e sonance  by t h e  c l o c k  s e r v o  
systcrn. Because o f  t h e  resonance  asymmetry thc  s h i f t  must be  c a l c u -  
l a t e d  f o r  a rarlgc o f  frcquerlcy o f f s e t s .  A t r a n s i t i o n  p r o b a b i l i t y  P t l  
i s  f i r s t  c a l c u l a t e d  f o r  a n  inpu t  f r equency  o f f s c t  Afl 1)elow t h e  
r e s o n a n t  f r c q u c n c y ,  and t l icn t h e  corresponding v a l u c  Af2 f o r  an  c q u a l  



P i g u r c  1.. Caloula . t ion o f  t11c ?li 1 l~nat l  eCfcc t ~ I - ( Y ~ ~ I C I I C Y  s h i f t  by 
computcr s imulat ior i  of servo-syst .em i ~ ~ t c r r o g a t i o n  o f  a n  
r~symmctr ic ,  f rcqucncy s h i  f t e d  rcxsonancc curvt . .  

t o t a l  t r a n s i t i o n  probability P t 2  3t)ove tllc. r ~ s o r i a r i t  frcqucricy i s  d c t c r -  
nlincd . I\S shown i n  f igurc .  1 , t lit. b l i  1 l lnL-i l l  f~-c>qticilcy shlft AfIll i s  tiicn 
givcrl by 

At-, - a f ,  
as-,,, = 

- 
2 (9) 

I n h e r e l ~ t  - i n  t h i s  rnethod i s  t h c  assumpt-io11 t l l i -~t  t h e  va1ut.s o f  
P t l  and P r 2  a r c  n o t  a f f c c t c d  by t h e  - r a t e  o f  f r cqucncy  s w i t c h i n g  1)ctwccn 
t h e  upper  and lower o f f s e t  f r e q u e n c i e s .  I n  pract.i.ur:, no s ignif ica .11t  
nieasurable change in  t h e  f requcncy o f  CsV o c c u r s  for.  sw i t cliing 



f requer lc ies  i n  t h e  range 0 .08  l l z  t o  1 . 0  H z .  Thc nor~na l  s w i t c h i n g  f r e -  
quency used i s  0 . 0 8  H z .  

C .  O r i g i n  o f  t h e  Mjllman l i f f e c t  i n  Ccsium Beam Frequency S t a n d a r d s  

I t  i s  a p p a r e n t  from t h e  f o r e g o i n g  a n a l y s i s  t h a t  f o r  pa ramete r s  
t y p i c a l  o f  p r c s c n t  long  11ean1 l a b o r a t o r y  ccsium s t a n d a r d s  such a s  C s V ,  
e . g . ,  a beam v e l o c i t y  o f  about  3 x  104 cm s - I ,  and d r i f t  and i n t e r -  
a c t i o n  l e n g t h s  o f  about  200 cm and 1 cm, a  r e l a t i v e  r o t a t i o n  o f  t h e  
a n g l e  bctwccn o r i e n t i n g  and o s c i l l a t i n g  f i c l d s  i n  each i n t e r a c t i o n  
r e g i o n  o f  on ly  10-4 r a d i a n  w i l l  l e a d  t o  a  Millman e f f c c t  f requency 
s h i f t  o f  abou t  4 x  o r  0.004 l l z .  Th i s  constitutes r i  s u r p r i s i n g l y  
l a r g e  f rcqucncy s h i f t  f o r  a v e r y  s m a l l  p e r t u r b a t i o n .  

The o r i g i n  o f  such a  p e r t u r b a t i o n  1 s  open t o  sonle question, 
s i n c e  prescr l t  mcchanlcal  c o n s t r u c t i o n  techniques do n o t  p r o v i d e  p r e -  
c i s i o n s  of t h i s  o r d e r .  liowever, it shou ld  bc no ted  t h a t  y i s  a c t u a l l y  
a  change i n  o r  i e n t a t  i  on I -a the r  t h a n  a n  a b s u l u t c  alignment e r r o r .  
S e v e r a l  p o s s i b l e  e x p l a n a t i o r ~ s  can b e  c o n s i d c r e d .  Iii s t o r i c a l l y ,  t h e  
Millman e f f e c t  was f i r s t  n o t l c e d  when c u r r e n t - c a r r y i n g  h a i r p i n s ,  curved 
upward a t  each end o f  t h c  i n t e r a c t i o n  r e g l o n ,  were used t o  p r o v i d e  a 
v e r t i c a l  o s c i l l a t i n g  f i e l d  p e r p e n d i c u l a r  t o  t h e  bcam d i r e c t i o n .  The 
change i n  d i r c c t i o n  o f  t h c  o s c i l l a t i n g  f i e l d  magnet ic  v e c t o r  o v e r  t h e  
curved s e c t i o n s  o f  t h e  h a i r p i n  was found t o  bc  t h c  s o u r c e  o f  t h e  e f f e c t .  
I t  i s  p o s s i b l e  t o  p ropose  a  s i m i l a r  explanation j n  t h e  p r e s e n t  c a s e ,  
s i n c e  an  aton1 pass i r lg  th rough  t h e  ends o f  t h e  wavcgulde r e s o n a n t  c a v i t y  
t r a v e r s e s  r e g i o n s  o f  f r i n g i n g  c l c c t r o m a g n c t l c  f i e l d s  which i n  g c n c r a l  
a r c  n o t  p a r a l l e l  w i t h  t h e  f i c l d s  w i t h i n  t h e  c a v i t y .  Thcsc r e g i o n s  a r e ,  
however, ve ry  s h o r t ,  and t h e  f i e l d  i n t e n s i  'ty i n  thcm is v e r y  low. In  
C s V ,  s e c t i o n s  o f  K-band waveguide 2 . 5  cm I n  l e n g t h  cover  t h c  bcam 
e n t r a n c e  and e x i t  s l o t s  i n  t h e  c a v i t y ,  and e f f e c t i v e l y  p r e v e n t  r a d i -  
a t i o n  o f  microwave energy from t h e  c a v i t y .  I n  t h e s e  s e c t i o n s ,  t h e  
magrlctic f i e l d  v e c t o r  i s  r o t a t e d  th rough  90" compared w i t h  t h a t  i n  t h e  
c a v i t y ,  and t h e  a t t e n u a t i o n  o f  t h e  microwave s r g n a l  i s  such  t h a t  t h e  
ampl i tude  d rops  t o  about  1 /3  i n  a  d i s t a n c e  o f  5 mm. I n  a d d i t i o n ,  t h e  
e f f i c i e n c y  of mode convers ion  from one waveguide t o  t h e  o t h e r ,  and t h e  
r a d i a t i o n  e f f i c i e n c y  o f  t h e  s l o t  a r e  bo th  ex t rcmcly  low. The a tomic  
t r a n s i t i o n  p r o b a b i l i t y  f o r  f i e l d s  i n  t h e s c  K-band s e c t i o n s  would t h e r e -  
f o r e  be  expec ted  t o  b e  v e r y  s m a l l ,  If it i s  assumed, howevcr, t h a t  a  
90' a n g u l a r  change i n  t h e  o s c i l l a t i n g  f i e l d  does  occur  o v e r  a d i s t a n c e  
o f  5 mm a t  h o t h  e n t r a n c e  and e x i t  t o  t h e  c a v i t y ,  t h e n  t h e  cor respond ing  
Millman e f f e c t  i s  about  5 kHz. I t  i s  c o n c e i v a b l e  t h a t  a  few atoms do 
i n  f a c t  undergo such  t r a n s i t i o n s ,  bu t  it  i s  a p p a r e n t  t h a t  such  a n  
e x p l a n a t i o n  f o r  t h c  obsc rvcd  Millman e f f e c t ,  d c s c r i b c d  l a t e r  i n  t h i s  
paper  a s  ahout  0 .002  Hz,  cannot  b c  v a l i d .  

Another p o s s i b l e  e x p l a n a t i o n  concerns  misal ignment  o f  t h e  wave- 



guide  i n  such a  way t h a t  t h e  o s c i l l a t i n g  magnct ic  f i e l d  i s  n o t  p a r a l l e l  
w i t h  t h e  o r i e n t i n g  f i c l d .  Such n i i s a l i  nment coulcl produce t h c  T t r a n -  I s i t i o n s  merltioncd i n  t h e  e a r l  i c r  p a p e r  , but  ]lot a hli llnian e f f e c t  which 
depends on a  r c l a t i v e  s p a t i a l  r o t a t  ion between o s c i  1 l a t l n g  and o r i e n t -  
i n g  f i c l d s  i n  t h c  bcam d i r e c t i o n .  

A much more l i k e l y  b u t  unproven e x p l a n a t i o n  can be bascd on t h e  
f o l l o w i n g  reasoning. F i r s t ,  because  o f  t h e  bcam o p t i c s  d e s i g n  o f  CsV, 
which employs l a t e r a l  d e f l e c t i o n  of  a r ibbon  c r o s s - s e c t i o n  a torr~ic  beam 
by s t a t e  s e l c c t o r  rrlagncts and passage  of t h i s  bcam through a  ccnt.rr-1.1 
s l i t  l o c a t e d  on  t h e  o v e n - d e t c c t o r  a x i s ,  t h e  a tomic  trajectories through 
t h c  waveguide i  r l t e rac t io r i  r e g i o n s  do n o t  remain para1 l e l  w i t h  t h e  long- 
i t u d i n a l  a x i s .  Second, t h e  o r j . e n t i n g  C: f i c l d ,  produceel by a fo1r-r.-rod 
c u r r e n t  c a r r y i n g  s t r u c t u r e  enc losed  by a n  open-cndcd c y l i n d r i c a l  mag- 
n c t i c  s h i e l d  p-j.erced by s l o t s  t o  pcrrnit  e n t r y  o f  t h e  waveguide c a v i t y ,  
i s  s u b j e c t  t o  s m a l l  changes -in direction wj lh  d - i s t a n c e  from t h e  a x i s .  
The cornbination o f  t h e s e  two p h y s i c a l  c i  rcurnstances l e a d s  t o  a slow 
r e l a t i v e  r o t a t i o n  o f  t h e  o r i e n t i n g  U f i e l d  w i  t k  r e s p e c t  t o  t h e  o s c i l -  
l a t i n g  f i e l d  cxperiericed by t h y  atom i n  i t s  passagc  th rough  t h e  c a v i t y .  
Fur thermore ,  t h e  l e v e l  o f  microwave e x c i t a t i o n  wi thi l l  t h e  c a v i t y  i s  
u s u a l l y  orle wl-I i ch  approximates  t11a.t f o r  ~naxirncinl t ran5 i.t i o n  p robab i  1 -i t y  . 
Consequent ly ,  both  t h e  r lecessary  c r i t e r i a  f o r  a Millman e f f e c t  of .?lie 
requi . red  o-rder  o f  ma.gnitude a r c  p r e s e n t .  'I'lle exper imenta l  a11d semi- 
q u a n t i t a t i v e  a s p e c t s  o f  such all e x p l a n a t  ion w i l l  bc cxarnined i n  d e t a i l  
i n  t h e  f o l l o w i n g  s e c t i o n .  

I n  t h c  f i r s t  p r e l i m i n a r y  e v a l u a t i o n  o f  Csl', a sea-r.cl-i was made 
f o r  t h e  Millmarl e f f e c t ,  b u t  nolie was found \ . i i t .hir~ t h e  u l - i c e ~ ~ t a i n t y  o f  
t h e  measurements. Th i s  uncer - t a in ty  wris (1ict;lted l)y two f a c t o r s :  
ins ta l ) - i  1 j t : i e s  i.n t h e  hydrogen masers used a s  refer.et1ce s t a n d a r d s ,  rind 
i r l s t a b i l i t i e s  i n  C 5 V  a r i s i l l g  rrlost proba.bly from tirnv-dependent changes 
i n  t l lc  s p e c t r a l  puri1.y of  t h e  c x c i t  i n g  rnic~'owave s i gna l  . Subsequent t o  
t h e s e  p r e l i m i n a r y  t c s t s ,  a.ut.omat i c tuliinfi d c v i c c s  were bui. 1 t f o r  t h e  
hydrogen masers ,  and e x t e n s i v e  a l tex . ; i t ions  were 111;:lde t u  t h c  c l c c t r o ~ ~ i c s  
sys tcms o f  CsV. Tn a d d i t i o ~ l ,  r-L smal l  changc i n  t h c  a l igr~rnent  of C:sV 
was made when 110th cesium ovens wcrc r i : f i l  1 cr i  at- t.lie end o f  1974,  i n  
preparation f o r  long- te rm o p c s a t i o n  o f  t h e  clcvicc a s  r-L pr imary c l o c k .  
A s  a  consequcncc o f  t h i s  cha.nge O F  alignment, t h c  Ramsey resonance 
pr - l t t e r~ l s  For t h c  two 17c:im d i r e c t  ions a r c  now approxj.rn;ately t h e  sa.mc, as 
ind- ica ted  i n  f i g u r e  2 .  I f  thct seconcl c x p l a n a t i o ~ ~  proposed e a r l i e r  i s  
i n  f a c t  va l i c l ,  such a  changc i r i  alignmellt would bc c:xpuci.ed t o  changc 
t h e  Millman c f f c c t . ,  and i n  t h c  c-xpe-r.inlents t o  be clcscribcd l a t e r ,  a  
Millrna.11 e f f e c t  was found.  'I'l-le more p r c c i s c  d e t e r m i n a t i o n  o f  t h i s  
e f f e c t  was f a c i l i t a t e d  by t h e  s j g n i f i c a n t  improv~rnents  j n  frcquerlcy 
s t a b i l i t y  producccl both  i n  t h e  ma.sers a n d  Cs\/.  'I'hc r c l a t i v v  s t3b. j  1 i t y  
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F i g u r e  2 .  Normalized Ra.rnsey r.esonancc c u r v e s  ca lcu la tec l  from t h e  
t h e o r y  f o r  pma, = 1 . 8  and p,,,,, = 0.9, I . O ,  arld 1.1 compa.rcd 
w i t h  exper imenta l  r e s u l t s  f o r  bcam d i - r e c t i o n s  A B  and BA. 

o f  t h e  two masers was about  2 x i d 4  o v e r  p e r i o d s  o f  s e v e r a l  hundred 
secoricls t o  s e v e r a l  d a y s ,  and i t  w r a s  the-rbeforc p v s s i b l c  t o  a t t a i n  
nieasure~nent u n c e r t a i n t i e s  f o r  systematic err -urs  i n  C s V  o E  betweer1 1 and 
2 x 1 0 - l 4  f o r  measureme~lt p e r i o d s  i n  excess  o f  about  30 minutes  and up 
t o  s c v c r a l  days .  

As ment-ioned e a r l i - c r ,  t h e  Millman e f f e c t  frt-:quency s h i f t  i s  
separable from t h a t  due t o  a c a v i t y  phase  d i f f c r c ~ i c c ,  s i r ice  t h e  l a t t e r  
depends on ly  on hcam d i r e c t i o n  whereas t h e  fornier depe~ lds  on both  beam 
arid C f i e l d  d i r e c t - i n n .  I n  o r d c r  t o  rneasurc t h e  blillman e f f e c t  %re-  
qucncy sh i f t ,measurements  were ma.de o f  t h c  f rcqucncy  o f  CsV r e l a t i v e  t o  
one o f  t h e  hydrogen masers a t  scvcra.1 d i f f e r e n t  power l c v c l s  f o r  both  
c l i r c c t i o n s  o f  t t lc  bcarn rind t h e  I: f i c l d .  A t o t a l  o f  4 bcani and 12 T: 
Fie ld  r e v e r s a l s  was maclc dur i .11~  A p r i l ,  1975, arid one beam r e v e r s a l  and 
12 (, f i c l d  rcvcrsa l . :  d u r i n g  September, 1975. Some mascr f r equency  
d-r.-i f t ,  co r - rohora ted  by s imul  t.aneous maserk-reaser f requency compar isons ,  
o c c u r r e d ,  and t h i s  was ta .ken - in to  accoun t  i n  t h e  c a l c u l a t i o n s  o f  t h e  
f requency  s h i f t s .  I n  ac ldi t io l l ,  a small and decreasing drop ill t h c  
C f i e l d  d o r r e c t i o n ,  corrcspol ld ing t o  s c v c r x l  p a r t s  i n  lOlS i n  t h e  
cesium f rcqucncy ,  wa.s observed fol lowir lg  each (1 f i c l d  r t : v c r s a l .  A t  t h e  
conc l ~ x s i o n  of t h e  measurclncrlts t h e  C f i e l d  c o r r e c t  ion ,  calculated from 



t h e  mean o f  s i x  low frequency, ( 4 ,  - 4 )  i-t (4, - 3 )  resor lances ,  showcd 
no change w i t h i n  two p a r t s  i n  1015 on r e v e r s i o n  t o  the normal T: f i e l d  
d i r e c t i o n .  

Although measurerncnt of  t h e  c a v i t y  phnsc d i f f c r c n c c  frequency 
s h i f t  and t h e  second o r d e r  I)opplcr s h i f t  a r c  ]lot l lcuassary  i n  t h e  
d c t c r m i n a t i o r ~  o f  t h e  Mi l lman e f f e c t  frccjucncy s h i f t ,  s i n c e  t h c  l a t t e r  
cri~i be  rr~easur-ed s o l e l y  by C f i  elci r e v e r s a l ,  beam rcvcrsa.1 can cause  
a l t e r a t i o n s  i n  both  t h e  o t h e r  s h i f t s .  I t  i s  t h c r c f o r c  u s ~ f u l  i n  d i s -  
c u s s i n g  t h e  v a r i o u s  i n t c r - r c l x t  ionsh ips  b c t ~ c c n  t l ~ c s c  c i u a n t i t i c s  t o  
d e s c r i b e  tllcm a l g c b r a i c a l  l y  as  f o l l o w s .  I f  t h c  f r a c t i o n a l  f r cqucncy  
va.lucs o f  t-ha s h i f t s  n r i ' s i n g  from t h e  Slillmax~ c f f c c t ,  t h e  c-a.vity phase  
d i f fer -ence ,  t h e  (.: f i c l c l ,  a r ~ d  t lie second orxier. I)op17 i er. e f f e c t  a r e  g iven  
by Af,, ?ifc, 6 f h ,  and 6 f d ,  t h e  hcam r i i r c c t i o n s  by s u b s c r i p t s  AB and B A ,  
the  C f i e l d  d i - r e c t  ions hy N and R, r . e f t : r~ i r lg  I.o rlornwl a.nd r c v c r s u d ,  
t-hen t l ic  d i f f c r c n c c  bc.t.wc:c:rl t l ie  rlor~lial i zed f r.ecluency o Y (.:sV, f ( : s ~  ;~nci 
t h a l .  o f  t h e  1orLsexb r.efe~.er:ce, f i l ,  i s  g ivcn  :I.; f o l l o h - i ,  wi.th t h c  v:lrious 
i( v a l u e s  accoun t ing  f o r  niascr e l r i f t  and t .11~  r~~lr:~e~' i .ca. l  c:oilst:ants a s soc  i - 
a t e d  wi th  t h e  e l e c t  rwni i f r c q u c l ~ c y  mu1 t . i p l i c a t  ioil Y . I I ~  sy l~t .h t :s is  

I n  t h e s e  e q u a t i o n s ,  (5 f c  :?nil Sf,!, ;1.1.c. :irb; tr:i~:i.!y ~ I I ~ ~ s c ' I !  ;IS t h i l s ~  r r f  c r -  
r i n g  t o  t l ic  AH hcam clircctio:: 311~1 !10?-111;-~1, :\;, !' f!ii:l(.! c ~ ~ ~ c ' c ~ ~ o I J .  111 
a d d i t i o l i ,  s i r lce  t h e  R;~~r~si'y I'C~SOJ-I:IIICIC p ; l t te r '~ ls  Cow' t . 1 1 ~  t w o  beaii~ tlirhcc- 
t i o n s  a r e  s o  11ear:ly i c l cn t i c :~ l ,  b o t h  65, ~i.112 of,,, a r c .  nssumccl oilly t o  
~ : I I ; L I I ~ C  sig11 w i t 1 1  hci41rl r v v ~ ~ ~ s ; i . l  , i.11.1~1 '31.-cL is ;-~sstlr~ic:ci t.a 1 3 ~  t . 1 1 ~  s:ijrlv for 
hot.11 beam di.roct.ioiis . 

Rc.fcrc~lcc t o  cciu;~tloll>; 10:;. -- lOi1 ?ilcii:, ti1r.i; i: I!< I:1clcec! i!os:;l- 
l ) le  t o  ~Ieter111ine t3t.l,i :;i.nq)ly 1-:y :: f i c i ~ l  re\-er.<:~y~ ;:11(.)1;e, 1 : 1 i ~  ; )P~?:I I  ~ j . i r , ~ ~ : -  
t i o ~ l  beirlg il~aiilx;-till(d ci)ilst.;~i!t.. 111 t l lc  .\pr:;. I , 1 !I7?  ~ c \ - ~ v : . j  l ~ ~ ; i ? i u ~ i  G? 
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p a i r s  i O i i  31111 1 0 ~  , L ~ I ~ C I  l 0 b  ii.i;:i l (.jci, f(j1' t . \ , ~ )  ::!iff ~ ' Y , : . ? i t  ~ o \ : c ' Y  ~ c ' \ ' c : ~ . s  , O I I C  

corrcsponcling t o  t h a t  f o r  m : t x i ~ n ~ u ! i  1:-:-lrlsitioii pl-oi:)~~i: l i l t )  , l!(;, :111cl rhc. 
o t h e r  a t  lJ0 - 3 LIB.  'ilie ~ . e s u i t s  z ~ r c :  s h o ; \ ~ i  i : i  ! ' ; l l ) le  I . 



'I 'able I .  'I'hc Millnlarl c f f c c t  f r equency  s h i f t  expressed i n  p a r t s  i n  1013 
f o r  two d i f f c r c r i t  e x c i t i n g  powcr l e v v l s  and bo th  bear11 
d i r e c t i o r l s  . 

Power Level Beam U i r c c t i o n  
AB B A 

14 Within t h e  p r e c i s i o n  o f  mcasurcment, which i s  o f  t h e  o r d e r  o f  1 x  10- , 
no s i g n i f i c a n t  power depcndcncc n o r  dcpendencc on beam d i r e c t i o n  i s  
a p p a r e n t ,  arid t h e  mean v a l u c  i s  2 . 0  x 10-13.  For t h c  September r e -  
e v a l u a t i o n ,  c a r r i c t l  o u t  on ly  a t  Po - 3 dB, t h e  mean f rcquency s h i f t  was 
a l s o  2 . 0  x  10-13.  

Thc ohse rved  Millnlan e f f e c t  frequcricy s h i f t  must now h e  ex- 
p l a i n e d  i n  terms o f  i m p e r f e c t i o n s  i n  t h e  mechanical  c o n s t r u c t i o n  of 
csv. 

Thc magnitude of t h i s  e f f e c t  indicates t h a t  t h e  r o q u l r c d  
r e l a t i v c  a n g u l a r  r o t a t i o n  hctwccn o r i e n t i n g  and o s c i l l a t i n g  f i c l d s  i s  
cx t rcmcly  s m a l l ,  o f  t h e  o r d e r  o f  a  few t e n s  o f  m l c r o r a d i a n s .  Such a  
r o t a t i o n  cou ld  concc ivab ly  be produced i n  t h e  v i c i n i t y  of t h e  wavcguidc 
i n t e r a c t i o n  r e g i o n s  by a  number o f  f a c t o r s ,  a l l  depcndent on t h e  C 
f i e l d  g c n c r a t e d  by t h e  f o u r  c u r r e n t - c a r r y i n g  r o d s ,  and hcnce a l l  de- 
pcndcnt  on t h e  d i r e c t i o n  o f  c u r r e n t  f low through t h e s e  r o d s .  Such 
f a c t o r s  cou ld  c o n s t i t u t e  p e r t u r h a t i o n s  a r i s i n g  from t h e  open ends  of 
t h e  c y l i n d r i c a l  magnct lc  s h i e l d s ,  t h o s e  from t h c  c u r r e n t  c a r r y l n g  l e a d s  
f e e d i n g  t h e  f o u r - r o d  s t r u c t u r e ,  t h o s e  duc t o  t h e  s l o t s  c u t  th rough  t h e  
s h i e l d s  t o  pe rmi t  e n t r y  o f  t h e  waveguide c a v i t y ,  and a l s o  v a r i a t i o n s  i n  
p c r m c a b l l i t y  o f  t h e  s h i e l d s  a l o n g  t h e  l o n g i t u d i n a l  seanls o r  a t  t h e  s p o t  
welds .  A l l  t h e s e  f a c t o r s  would i n  g e n e r a l  g i v e  r i s c  t o  a t h r c e  dimcn- 
s i o n a l  curvature o f  t h o  C f i e l d  which would be  s i m i l a r  a t  b o t h  t h e  
wavcguide i n t e r a c t i o n  r e g i o n s .  l t  is  known a l s o  t h a t  t h e  C f i e l d ,  
avcraged over 30-cm l e n g t h s  hetween t h e  two c x c i t a t l o n  ~ e g i o n s  and 
measured by means o f  t h c  ( 4 ,  -4)  t-t ( 4 ,  -3) resanances ,  c x h i b  i t s  
v a r i a t i o n s  o f  abou t  + 0 .06%.  

However., d e s p i t e  t h e  e x i s t e ~ l c e  o f  t h e s e  uriknown b u t  q u i t e  poss -  
i b l y  s i g n i f i c a n t  s o u r c c s  o f  C f i c l d  c u r v a t u r e ,  i t  i s  o f  i n t e r e s t  t o  
e s t i m a t c  t h e  d e g r e e  of  c u r v a t u r e  t o  be expec tcd  i n  t h c  magnet ic  f i c l d  
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a c t i o n  r e g i o n .  

F igure  3 shows two p o s s i b l e  a tomic t r a j e c t o r i e s  which cou ld  
r e s u l t  i n  such a  change. One c a s e  characterizes t r a j e c t o r i e s  f o r  which 
t h e  atom m a i n t a i n s  i t s  y  c o o r d i n a t e  th roughout  i t s  passage  from oven t o  
d c t e c t o r ,  and o n l y  t h e  x  c o o r d i n a t e  changes ,  e . g . ,  an  atom which l e a v c s  
t i le uppcr sec t io r l  o f  t h e  o v e n  col l imator . ,  p a s s e s  through t h c  upper  
s c c t i o n  of t h c  c e n t r a l  s l i t ,  and i s  c o l l e c t e d  on t h e  upper  s e c t i o n  of 
t h e  h o t  w i r e  detector. 'I'he o t h e r  c a s e  characterizes t r a j e c t o r i e s  f o r  
which b o t h  t h e  x and y c o o r d i n a t e s  change,  e . g . ,  an  atom which l c a v e s  
t h e  uppcr s e c t i o n  o f  t h e  oven c o l l i m a t o r  and drops  l i n e a r l y  i n  i t s  
passage  through t h e  c e n t r a l  s l i t  and i s  c o l l e c t c d  on a  lower p o r t i o n  of 
t h e  ho t  w i r e  d e t e c t o r .  I n  g e n e r a l ,  bo th  t y p c s  o f  t r a j e c t o r i e s  o c c u r ,  
and i n  a d d i t i o n ,  a l l  t r a j c c t o r i e s  w i l l  be morc o r  l e s s  p a r a b o l i c ,  
depending on t h e  a tomic v c l o c i t  i e s ,  a s  a r e s u l t  o f  g r a v i t a t i o n a l  a c c e l -  
e r a t i o n .  The g e n e r a l  c a s e  i s ,  t h e r e f o r e ,  q u i t c  complicated,  and con- 
s e q u e n t l y  o n l y  a  s c r n i - q u a n t i t a t i v e  a n a l y s i s  w i l l  he  a t t cmpted .  

I n  CsV, t h c  C f i e l d  i s  produccd by a f o u r - r o d  c u r r e n t - c a r r y i n g  
s t r u c t u r e  symmutr lcal ly  l o c a t e d  w i t h i n  t h r e e  c o n c c n t r l c  molybdenum 
pcrmal loy magnet ic  s h i e l d s  o f  d i a m e t e r s  2 0 , 3 ,  2 5 . 4 ,  and 30.5 cm. Thc 
x and y  spac ings  o f  t h e s e  rods  a r e  8 . 0 4 5  and 13.969 cm r e s p c c t i v e l y ,  
w i t h  t h e  x c o o r d i n a t e  i n d i c a t i n g  t h e  C f i c l d  d i r e c t i o n .  These s p a c i n g s  
were chosen by computcr a n a l y s i s  o f  t h e  n e a r - a x i s  magnetic f i e l d  w i t h  
t h e  c r i t c r i o n  o f  minimal d e v i a t i o n  o f  t h e  t o t a l  magnetic f i e l d  a t  any 
p o i n t  w i t h i n  t h e  normal bear11 d e f l e c t i o n  c r o s s  s e c t i o n  from t h a t  c x i s t -  
i n g  on a x i s .  The c a l c u l a t i o n s  wcre i n i t i a l l y  performed f o r  f r e e - s p a c e  
l o c a t i o n  o f  t h c  f o u r  c u r r e n t  c a r r y i n g  r o d s ,  and a l a t e r  check wi th  
a l lowance madc f o r  t h e  p r c s e n c c  o f  t h e  inncrmost magnctic s h i c l d ,  b u t  
n o t  f o r  t h c  e f f e c t  e i t h c r  o f  f i n i t e  p e r m c a h i l i t y  o f  t h i s  s h l e l d  n o r  f o r  
t h e  e f f e c t  o f  t h e  wavcguide s l o t s  through it ,  i n d i c a t e d  t h a t  t h e  
magnctic f i e l d  u n i f o r m i t y  was improved by i t  . 

C a l c u l a t i o n s  wcrc a l s o  made o f  t h e  a n g l e  between t h e  t o t a l  
magnctic f i e l d  and t h e  x - a x i s ,  f o r  f r c e - s p a c e  l o c a t i o n  o f  t h e  f o u r  rods, 
and t h e s e  r e s u l t s  a r c  shown i n  'I'able 11. Examination o f  t h i s  t a b l e  
shows t h a t  t h i s  a n g l e  v a r i e s  from zcro  on t h c  x  and y axcs  t o  a maximum 
o f  about  9 microradiar ls  over  a  c r o s s  s e c t i o n  l i m i t e d  by O < \ x \ < 2  mm, 

0 < 1  1<5 mm which cor responds  approximately t o  t h e  a r e a  o f  t h e  s l o t  c u t  
i n t o  t h e  wavcguide c a v i t y  t o  a l low passagc  o f  t h e  ccsium heam. Because 
c f  t h c  wide v a r i a t i o n  o f  t h i s  a n g l e ,  a s  i n d i c a t e d  i n  t h e  t a b l e ,  and t h e  
a c t u a l  a tomic bcam, any e x p l a n a t i o n  based on t h i s  t a b l e  can o n l y  bc 
q u a l i t a t i v e .  

S i n c e  each c a v i t y  is  about  I cm wide i n  t h e  beam d i r e c t i o n ,  and 
i s  l o c a t e d  about  106 cm from t h e  c c n t r a l  s l i t ,  atoms t r a v e r s i n g  t h e  
c a v i t y  must undergo a  change i n  t h c i r  x  c o o r d i n a t e  o f  about  1% d u r i n g  
t h e i r  passagc  from one wavcguide f a c e  t o  t h e  o t h e r .  Because o f  t h e  



Table  11. Angle bctween t o t a l  C f i e l d  and x - a x i s ,  mic rorad ians  

y - rrim x-mm 

0 . 0  0 . 2  0.4 0.G 0 . 8  1 . 0  1 . 2  1 . 4  1 . 6  1 . 8  2 .0  

0 . 0  0 .00 0 . 0 0  0 .00  0 .00 0 .00 0 .00  0 .00  0 .00 0 .00 0 .00 0 .00 
0 . 5  0 .00 0 .11  0 .22 0.34 0 .47 0 . 0 0  0.74 0 . 9 0  1 .08 1 . 2 7  1 . 4 8  
1 . 0  0 .00 0.21 0.42 0 .64 0 .88 1 . 1 3  1 . 4 0  1 . 7 1  2.04 2 . 4 1  2.82 
1 . 5  0 .00 0 .28 0 .56 0 .86 1 .17 1 .52  1 .89  2 .31 2.78 3 .30 3 .88 
2 . 0  0 .00 0 . 3 0  0 . 6 1  0 .94 1 . 3 0  1 . 6 9  2 . 1 3  2.62 3 . 1 8  3 - 8 1  4.52 
2 . 5  0 .00 0 .27 0 .55 0 .86  1 . 2 0  1 .58  2 . 0 2  2 .53 3.12 3 .80 4 .50  
3 . 0  0 .00  0 .17 0 . 3 5  0 . 5 6  0 .81  1 .12  1 . 4 9  1 . 9 5  2.50 3.16 3 .95  
3 . 5  0 .00 -0 .02 -0 .02 0 . 0 1  0.08 0 .23  0 .45 0 . 7 6  1 .19  1 . 7 5  2.45 
4 . 0  0 .00 -0 .31 - 0 , 6 0  -0 .85  -1 .04 -1 .17 -1 .20  -1 .12 -0 .91  -0 .56  -0.04 
4 . 5  0 .00 - 0 . 7 1  -1 .40 - 2 . 0 4  - 2 . 6 3  - 3 . 1 3  - 3 . 5 3  -3 .81  - 3 . 9 3  -3 .90  -3 .65  
5 . 0  0 .00 - 1 . 2 1  - 2 . 4 6  - 3 . 6 3  - 4 . 7 3  -5 .74 - 6 . 6 4  -7.4C) - 7 . 9 9  - 8 . 4 0  -8.60 

prcserlce o f  1 nlnl d i amcte r  s t o p  w i r e s  a t  t h e  innermost erlds o f  both  
s t a t e  s c l e c t o r  magnets,  t h o  i n v c r s e  v a r i a t i o n  wi th  v e l o c i t y  o f  t h e  
d e f l e c t i o n  o f  t h c  atoms from t h c  ax i s ,  and t h e  r ibbon  c r o s s - s e c t i o l i  
o f  t h c  beam, most o f  t h c  atoms wil  1 be  i n  t h e  r e g i o n  d e f i n e d  h y  
1 . 0  IIIIII <1x1<2.0 nim and ly1<3.5  rom. Exccpt f o r  atoms ner-i-r. t h c  x a x i s ,  
i t  -is apparen t  that .  changes o f  on ly  a ft:w hunclrcdths of a mic rorad ian  
occur  f o r  a.torns f o l l o w i n g  most of t h e  p o s s i b l e  t r a j  c c t o r i e s ,  k n c l ~ i d i  tlg 
t h o s e  f o r  which t h e  y coo-r-clinate changcs a s  w e l l .  For oxamplc, an 
atom which cnte-r-s t h e  cxci  t a t i o n  ~ ' e g i o n  a t  x = 1.600 mm, y = 2.000 moi, 
and l c a v c s  a t  x  = 1 .  584 m m ,  y  = 2 .  000 mrn, exl)crkcncrts a cha.ngc i l l  

a n g l e  between o s c i l l a t  i ng and o r  i c n t i n g  f-i e l d s  o f  about 0 . 0 5  micro- 
r a d i a n .  For atoms c l o s e r  t o  t h e  y a x i s ,  t h e  change i s  sn ia l l c r ,  arld 
f o r  t h o s e  f a r t h e r  away from t h c  y a x i s ,  i t  i s  g ~ e a t e r .  Ilowever, i t  i s  
c l e a r  t h a t  i n  t h e  c a s c  o f  t h e  f o u r  rods 1ocaI.ed in f r c c  space ,  t h e  
a n g u l a r  changes t o  bc: expect cd  f o r  typicr-ll atonli c 2-raj e c t o r i c s  a r e  
about 3  orclers o f  rnagnitudc t o o  s~nr-il 1  t o  expla i l i  1.Iie observed M i  l lman 
f requency s h i f t .  

As mentioned carli e r  , howcvcr , t h e  prcscrice o f  t h c  magnetic 
s h i c l d s ,  and p a r i i  c u l a r l y  tllc f i e l d  lcakage t h r o u g h  b o t h  t h c  waveguide 
s l o t s  and t h c  opcrl encls o f  the s h ~ e l c l s ,  call he expected t o  a l t e r  t o  
somc degree  t h e  ro;lgnctlc f i e l d  p~oduccbd hy tlie four r o d s .  I n  a d d i -  
tlo11, t h e  experimental o b s c r v a t  ion t h a t  t h c  C: f l c l  d v a r  ics by 1 0 , 0 6 9  
from one 30 c m  l e n g t h  t o  a n o t h e r  between t h e  1 n t e r h a c t i o n  r e g i o n s  
i n d i c a t e s  most p robab ly  t h a t  t h e r e  a r c  significant v a r i a t i o n s  i n  the 
e f f e c t i v e  p c r m e a h i l i t y  o f  t h e  irlncrmost s h i e l d .  Apparen t ly ,  a11  t h c s c  
p e r t u r b a t i o n s  combinc t o  produce inhon~ogerle ~t I e s  and c u r v a t u r e  of t h e  
C f i e l d  a t  t h c  c a v i t y  bcam s l o t s  such a s  t o  g i v e  r l s c  t o  t h e  Millnran 
e f f e c t  mcasured. 



' 1 . 1 1  I .  M i  1 lrrian e f f c c t  f r equency  s h i f t . ,  mHz, f o r  lower a.nd upper 
v e l o c i t y  limits o f  1. 0a and 1 . 8 a ,  c h a r a c t e - r i s t i  c o f  
normal o p e r a t i o n  o f  C s V .  

E x c i t i n g  Frequency O f f s e t ,  Hz 
Power', &/I. 5 10 15 2 0 2 5  30 3 5 40 45 5 0  

Dcsp i 1 c t h i s  somewhat ur is : t t i s fac tory  explanrlt i o n  o f  t h e  o r i g l n  
o f  t h i s  e f f c l c t ,  it i s  o f  in te r -cs t  t o  calculate fro111 t h c  t h e o r y  p r c -  
s e n r c d  c a r h l i c r  a  rner-ln v a l u e  o f  y requjrccl  t o  account  for. t h e  measured 
M~llrnall e f f e c t  f r cquency  s h ~ f t  o f  2 . 0  x 10-13,  o r  about O.OC118 IIz I n  
t h c  cesium t r a n s i t i o n  f r e q u c n c y .  'I'hu p h y s i c a l  s i g n l f  icaricc o f  such a  
Incan v a l u e  o f  y i s ,  howcvcr, open t o  q u e s t i o n .  Tab le  I 1 1  shows r e s u l t s  
o f  c r i l c u l a t i o n s  based on t h i s  t h c o r y  f o r  a v a l u c  o f  y o f  4 5 . 3  mlcro- 
r a d i a n s ,  which was chosen s o  a s  t o  p r o v l d e  agreenlerlt w I t l l  cxperirncntal  
o b s e r v a t i o n s  f o r  t h e  normal o p c r a t l n g  p o i n t  o f  C s V ,  c h a r a c t e r i z e d  by a 
s e r v o  f rcquency  o f f s e t  o f  abou t  35 112 and a  v a l u e  o f  a/% o f  0 . 8 .  'This 
table shnws t h a t  o n l y  a smal l  powcr d e p e ~ ~ d c n c e  shou ld  bc expec ted ,  t h e  
Millman c f f c c t  froqucncy shi f t  changing by l e s s  t h a n  0.0001 Hz betwccn 
v r ~ l u e s  of rx /R  of  0 .8  and 1 . 0 ,  which correspond t o  power l e v e l s  o f  
Po - 3 dl3 and I),,. A slmt l a r  power ;Icpendcnce was i n  f a c t  measured,  
i n d i c a l  ilig t h a t  t h c  concept  o f  a mcan v a l u e  o f  y may a c t u a l l y  have  
p h y s i c a l  s I g n i f i c a n c e .  

' Ih i s  a p p a r e n t  l a c k  o f  dcpcndcnce on e i t l l v r  e x c i t i n g  power I evv l  
o r  o f f s e t  f r cquency  f o r  CsV 111 i t s  normal n~odc o f  o p e r a t i o n  shou ld  n o t ,  
howcvcr, he c o n s t r u e d  as i n d l c a l i n g  t h a t  i n  a  more gcncr31 c a s e  w i t h  a 
wider  v c l o c i t y  d i s t r l b u t j o n  no such  dependence e x l s t s .  Tab le  I V  shows 
v a l u c s  o f  t h c  Millmarl c f f c c t  f r equency  s h i f t  c a l c t l l a t c d  f o r  t h e  same 
p h y s l c a l  c o n s t a n t s  c h a r a c t c r l s t i c  o f  CsV, hilt wi th  a wider  v c l o c i t y  
d l s t r i h u t i o n  havirlg upper  and 1c)wer v c l o c i t y  l i n l i t s  o f  2 . 4  and 0 . 4  a .  
Such a d i s t r i b u t i o n  coulri be oht;-li~lcd i l l  C s V  hy ilsc o f  s t a t e  s e l e c t o r  
magnets havrng s rna l l e r  magnet ic  f i c l d  g r a d i e n t s  and by c l imi r l a t ing  t h e  
s t o p  w i r e s .  The e n t r i e s  i n  t h r s  tablc vary  by 3 f a c t o r  g r e a t e r  than 2 .  
( :onsequcnt ly ,  t h e  u s e  o f  h i  de  v c l o c i t y  d i s t r  i hut-ions and somewhat l e s s  
uniform C f i c l c l s  c o u l d ,  i n  st3nclnrds such  a s  CsV, lead t o  very  s i g n i f i -  
c a n t  powcr and f rcquency  o f f s e t  dcpcndencc o f  l h c  M l l l r n a ~ ~  e f f e c t  
f requcncy s h i f t .  Thesc two v c l o c i t y  d i s t r i b u t i o n s  a r e  shown i n  f i g u r e  
4 .  



T a b l e  J V .  M i l l n ~ r i n  e f f e c t  f requency s h i f t ,  nlIlz, f o r  lower and uppcr  
v e l o c i t y  l i m i t s  o f  0.4~1 and 2.4~1, wliich cou ld  r e s u l t  
from o p e r a t i o n  o f  CsV w i t h o u t  s t o p  w i 7 . e ~  ancl w i t h  weaker 
s t a t e  s c l c c t o r  magncts.  

- - 

Excl t  i n g  r r equcncy  Offsut , l l z  
Power, a/R 5 10 15 2 0 2 5 3 0 .5 5 

F i g u r c  4 .  'I'rullcated Maxhel l i a n  v c l o c i t y  dist.ribut.io~~s o f  ;- tams ill the  
3 beam, w = p cxp(1 - p":) ,  for.  no-~-tn;-~l opc rka t ion  of C:s\' w i t 1 1  

Pqlin = 1 . 0  a.11d pmax = 1 . 8 ,  a n d  f o r  \.;icier. v e l o c i t y  l i n l i t s  
wlth p,i, = 1). 4 r-lnd prnax = 2 .  ' 1  . 



For commercial ccslum s t a n d a r d s  wi th  wide v e l o c i t y  d i s t ~ ~ i b u t i o n s ,  
g r e a t e r  r e sonance  l i n e  w i d t h s ,  and p robab ly  g r c a t c r  I: f i e l d  non- 
u n i f o r m i t i e s ,  i t  i s  l i k c l y  t h a t  t h c  Millnlan e f f e c t  cou ld  c a u s e  s i g n i f i -  
c a n t  l y  l a r g c  s y s t e m a t i c  e r r o r s .  Thcsc cou ld  a l s o  be t ime-dupcndcnt a s  
t h e  r e s u l t  of changes i n  t h e  m a g n e t i z a t i o n  o f  t h e  magnet ic  s h i e l d s .  

I t  was p o i n t e d  o u t  e a r l i e r  t h a t  r c v c r s a l  o f  t h e  C f i e l d  c o n s t i -  
t u t e d  t h e  orily mcaris o f  s e p a r a t i n g  t h e  Millrnan and c a v i t y  phase  d i f f e r -  
ence  f requency  s h i f t s .  Refcrcncc  t o  e q u a t i o n s  103 - ti shows t h a t  i t  i s  
p o s s i h l e  f o r  t h e s e  two e f f e c t s  t o  p a r t i a l l y  cance l  each o t h c r ,  depend- 
i n g  on t h e  C f i e l d  and bcam d i r e c t i o ~ i s  employed. I f  o n l y  t h e  beam 
d i r e c t i o n  i s  r c v c r s c d  i n  t h e  e v a l u a t i o n  o f  systematic c r r o r s ,  wi th  t h e  
consequcncc t h a t  6 f m  and 6 f c  a r c  n o t  r e s o l v e d  i n d e p c n d c n t l y ,  t h e n  i t  i s  
c v i d c n t  t h a t  q u l t c  an  e r roneous  c s t l m a t c  o f  t h e  c a v l t y  phase  d i f f e r e n c e  
Ex-equency s h i f t  and i t s  power deperidence cou ld  bc madc. E r r o r s  i n  such 
an c s t l m a t c  would b c  cxpcc tcd  t o  i n c r o a s c  w i t h  i n c r e a s i n g  resonancc  
l i n e  wid th ,  and hence t o  be  o f  p a r t i c u l a r  importance i n  s t a n d a r d s ,  wi th  
s t io r t  i n t e r a c t i o n  l e n g t h s .  r:ven f o r  long  bean1 s t a n d a r d s ,  a  c a v i t y  
phasc  d i f f c r c n c c  f rcqucncy  s h i f t  approach ing  10- i s  n o t  unreasonah 1 e  . 
Eor example, i f  t h e  v a l u e s  o f  6 f c  and 6fm were a c t u a l l y  1 . 0  x 10-12 
and 0 . 9  x 10-12,  t h e n  f o r  a  p a r t i c u l a r  beam and C f i e l d  d i r e c t i o n ,  t h e  
corrtbined c f f c c t  would be o n l y  1 x 10-13,  which would l e a d  t o  a n  o r d e r  
o f  magnitudc e r r o r  i n  t h e  measurement o f  t h e  c a v i t y  phase  d i f f e r e n c e ,  
w i t h  concomitant  c r r o r s  I n  t h e  power depcndoncc.  I t  is t h u s  e v i d e n t  
t h a t  111 t h e  e v a l u a t i o n  o f  s y s t e m a t i c  c r r o r s  I n  cesium beam s t a n d a r d s  it 
i s  e s s e n t i a l  t h a t  measurements be madc f o r  bo th  d i r e c t i o n s  o f  t h e  C 
f i e l d  a s  we l l  a s  f o r  h o t h  d i r e c t i o n s  o f  t h e  beam. 

'I%e Millman e f f e c t  a s  a  l i m i t i n g  s y s t e m a t i c  e r r o r  i r l  cesium bearn 
a tomic  f requency s t a n d a r d s ,  and s p e c i f i c r i l l  y  i n  CsV, has  been d i s c u s s e d  
and means of measuring i t  o u t l i n e d .  A p o s s i l ~ l e  explanat ior i  f o r  i t  h a s  
bccn proposed,  and c a l c u l a t i o n s  based on t h i s  e x p l a n a t i o n  a r c  i n  
r e a s o n a b l e  agreement wi th  exper iment  . I t  i s  a p p a r e n t  t h a t  an  under-  
s t a n d i n g  o f  t h e  Millman c f f c c t  i s  importari t  i f  a c c u r a c i e s  o f  t h e  o r d e r  
o f  10-13 a r e  t o  b e  a t t a i n e d  i n  long-beam pr imary l r lhora to ry  cesium 
s t a n d a r d s .  I t  i s  p robab ly  even more impor tan t  i n  t h e  c a s e  of s h o r t -  
bear11 c o n ~ n ~ e r c i a l  s t a n d a r d s  which would bc expec ted  t o  be  much more 
s u s c e p t i b l c  t o  f r cqucncy  s h i f t s  a r i s l n g  from t h i s  e f f e c t .  I t  i s  i n  
f a c t  p o s s i b l e  t h a t  t h e  frequcricy j u r ~ ~ p s  and d r i f t s  which have bccn 
obse rved  i n  t h e s e  s t a n d a r d s  may bc r c l a t c d  t o  t h e  Millman e f f e c t .  
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QUESTION AND ANSWER PERIOD 

DR. HELLWIG: 

A comment on t h e  Millman e f f e c t .  F i r s t ,  I do  n o t  doub t  t h a t  
t h e  measurement ,  of c o u r s e ,  i s  a s  p r e c i s e  a s  D r .  C o s t a i n  
r e p o r t e d .  We have  s o r t  of  . looked  i n t o  t h e  Millman e f f e c t  a t  
NBS and came t o  t h e  c o n c l u s i o n  w i t h o u t  g o i n g  i n t o  much 
t h e o r e t i c a l  d e t a i l  now, t h a t  i t  c a n n o t  b e  t h e  Millman effect 
which  e x p l a i n s  your  measurements  b e c a u s e  t h e  Millman e f f e c t - -  

DR.  COSTAIN: 

Would you r e p e a t  t h a t ?  

D R .  HELLWIG: 

T h a t  t h e  Millman e f f e c t  i s  n o t  t h e  r i g h t  v e h i c l e  t o  e x p l a i n  
your  measurements  b e c a u s e  t h e  Millman e f f e c t  s h o u l d  n o t  be 
of any s i g n i f i c a n t  magn i tude  f o r  m a g n e t i c  f i e l d  i n d e p e n d e n t  
t r a n s i t i o n s  d e l t a  MF = 0 t r a n s i t i o n s .  The b a s i c  p h y s i c a l  
r e a s o n  f o r  t h a t  is t h a t  t h e  o r i e n t a t i o n  of t h e  d i p o l e  
moment of t h e  f l y i n g  a toms is random w i t h  r e g a r d  t o  b e i n g  
p e r p e n d i c u l a r  t o  t h e  o r i e n t i n g  m a g n e t i c  f i e l d .  

DR.  COSTAIN: 

T h e r e  is some d i s a g r e e m e n t  on t h i s  f a c t o r ,  I know, and I 
t h i n k  w e  c o n t i n u e  t o  d i s a g r e e .  I t h i n k  i t  i s  t h e  Millman 
e f f e c t  w e  are s e e i n g .  One of  o u r  d i f f i c u l t i e s  is t h a t  o u r  
c o r r e s p o n d e n c e  h a s  been  r a t h e r  l i m i t e d  i n  t h e  p a s t  e i g h t  
weeks .  We have  n o t  y e t  had an o p i n i o n  from Dr. Hahn. 

DR. HELLWIG: 

I know t h a t  D r .  H a h n ' s  p a p e r  is t h e  t h e o r e t i c a l  f o u n d a t i o n  
t o  t h a t ,  s o  I have  t o  add t o  t h a t  t h a t  w e  d i s a g r e e  w i t h  
D r .  Hahn ' s  p a p e r .  

MR. ALLAN: 

One comment t h a t  may a f f e c t  many u s e r s  o l  commerc ia l  ce s ium 
t h a t  I would l i k e  t o  make. We have  found  a n d ,  o f  c o u r s e ,  
HP now h a s  i n  t h e  h i g h  pe r fo rmance  t u b e ,  t h e  a b i l i t y  t o  
d e g a u s s  t h e  u n i t .  When you do  change t h e  C f i e l d  i n  a 
s t a n d a r d  t h e r e  is a  r e s i d u a l  which  t a k e s  t i m e  t o  accommodate 
domain c h a n g e s  i n  t h e  s u r r o u n d i n g  s h i e l d i n g  and  t h i s  some- 
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times can  be a p rob lem when measuring t h e  reversal  of t h e  
C f i e l d ,  i t  seems t h a t  would be an e n t r y ,  at l ea s t  in l o n g  
t e r m  stability. 

I don't know whe the r  you have e n c o u n t e r e d  t h a t  o r  n o t .  

DR.  COSTAIN: 

Yes, it is. 




