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ABSTRACT 

The s t e a d y - s t a t e  e l e c t r o m a g n e t i c  f i . e l d  r e s p o n s e  from 
nonuni form l a y e r e d  models  o f  t h e  e a r t h ' s  c r u s t  a r e  used  
t o  compute t h e  t r a n s i e n t :  r e s p o n s e  due  t o  L O W  C p u l s e  
e x c i t a t i o n s .  U s i n g  a f u l l  wave a p p r o a c h ,  t h e  e l o c t r o -  
magne t i c  f i e l d s  a r e  e x p r e s s e d  c o m p l e t e l y  i n  t e rms  of a 
c o n t i n u o u s  s p e c t r u m  of v e r t i c a l l y  p o l a r i z e d  waves ( t he  
r a d i a t i o n  t e rm)  and a  d i s c r e t e  set of v e r t i c a l l y  p o l a r i z e d  
s u r f a c e  waves ( t h e  waveguide modes o f  t h e  s t r u c t u r e ) .  Thus 
t h e  s c a t t e r e d  r a d i a t i o n  f i e l d s  and s u r f a c e  waves d u e  t o  
i n c i d e n t  p l a n e  waves a r e  computed.  The f u l l  wave s o l u t i o n s  
sat  is£ y t h e  r e c i p r o c i t y  r e 1 , a t i o n s h i p s  i n  e l e c t r o m a g n e t i c  
t h e o r y .  I 

o f  t h e  LORAN g r i d  c o r r e c t i o n s  d u e  t o  ground e f f e c t s  i f  t h e  
p r o p a g a t i o n  d e l a y s  o f  the LORAN pu1,ses c a n  b e  r e l a t e d  t o  
the  LORAN p u l s e  d i s t o r t i o n s .  Thus i n  t h i s  work a n a l y t i c a l  
e x p r e s s i o n s  a re  d e r i v e d  f o r  the.  p r o p a g a t i o n  d e l a y s  d u e  t o  
ground e f f e c t s  (compared w i t h  t h e  smooth p e r f e c t l y  con- 
d u c t i n g  c a s e )  and t h e  dependence  of  t i le  d i s t o r t i o n s  o f  
t h e  r e c e i v e d  s i g n a l  upon t h e  ground p a r a m e t e r s  a l o n g  the 
p r o p a g a t i o n  p a t h  i s  deLerrnined f o r  d i f f e r e n t  e x c i t a t i o n s .  

T h i s  app roach  c o u l d  a l s o  be  used  t o  cleterniiile tllc 
e f f e c t s  o f .  a nonuni for tu  s t r a t i f i e d  rnodel o f  t h e  i o n o s p h e r e  
unon s n t e l . l i t c  n a v i g a t i o n  s i ~ n a l s .  

A f u l l  wave s o l u t i o n  f u r  t h e  s t e a d y  s t a t e  e l c c t r o m a g n e t i c  f i e l d s  due  
t o  a m a g n e t i c  l i n e  s o u r c e  o v e r  a norruniform s t r a t i f i e d  model. o f  the 
e a r t h  i s  t h e  b a s i s  Tor tile p r c s c n t  i n v e s t  i g a t i o r l  [I] , [2] . T h e  comple t e  
expansion of t h e  e l e c t r o m a g n e t i c  f i e l d s  c o n s i s t s  o f  t h e  r a d i a t i o n  t e rn )  
( c o n t i n u o u s  s p e c t r u m  of v c r t  i c a i l  y p o l a r i z e d  waves)  and the s ~ 1 r f a c . e  
waves ( d i s c r e t e  s e t  o f  v c r t i  zally p o l a r i  zcd waves ) .  S i n c e  t h e s e  s o l u t i o n s  
a r e  shown t o  sa t  isiy t he r f c i p r o c  i t y  rclii t i o n s h i p s  i n  e l c c t r o m a g ~ l e t i i .  
t h e o r y  t h c  s c a t t e r e d  r a d i a t l o r l  f i c l c l s  and surIcrct '  waves d u e  to i n c i d e ~ ~ !  
p l a n e  waves a rc  considt.ri..d i n  d e t a i l .  

The s c a t t e r e d  e:Lectrumali;ne.ti L fields w e r e  computed e a r l i e r  f o r  
exp ( i b t )  e x c i t a t i o r i s  f!er va:-i.ous r jonu~l i form i ~ i o d c i ~  o f  tilt! e a r t h  s r r u s i r  

c o n s i d c r a b l c  physics:! i n s i g h t  c o u l d  be g a i n e d  bt.  d c t e r n ~ i ~ ~ i n g  Ltle electro- 
niagncfic  r e s p o n s e  t o  t r a n s i e n i  i ? s c : i t a t i o r ~ s  of ! I O T ~ U I ~ ~  for111 s t r a t  i f i ~ d  I 



s t r u c t u r e s  [ 4 ] .  Thus i n  t h i s  work t h e  t r a n s i e n t  e l e c t r o m a g n e t i c  f i e l d s  
due  t o  LORAN C p u l s e  e x c i t a t i o n s  over  t h e  e a r t h ' s  s u r f a c e  a r e  e v a l u a t e d  
u s i n g  b o t h  a n a l y t i c  methods and F a s t  F o u r i e r  t r a n s f o r m  t e c h n i q u e s .  

The p r i n c i p a l  m o t i v d t i o n s  Lor t h i s  work d r e  twofold .  

( a )  To de te rmine  t h e  d i s t o r t i o n s  an e l e c t r o m a g n e t i c  p u l s e  undergoes 
when i t  i s  s c a t t e r e d  by a nonuniform s t r a t i f i e d  model 01 t h e  e a r t h ' s  
c r u s t .  

(b) To de te rmine  whether Lhe p r o p a g a t i o n  d e l a y s  of t h e  LORAN p u l s e s  
due  t o  ground e f f e c t s  can  be r e l a t e d  t o  t h e  LORAN p u l s e  d i s t o r t i o n s .  

Thus a n a l y t i c a l  e x p r e s s i o n s  a r e  d e r i v e d  f o r  t h e  p ropaga t ion  d e l a y s  
due t o  ground e f f e c t s  (compared w i t h  t h e  smooth p e r f e c t l y  conduc t ing  
c a s e ) .  I n  a d d i t i o n ,  t h e  dependence of t h e  d i s t o r t i o n s  of t h e  r e c e i v e d  
s i g n a l s  upon ground paramete rs  a l o n g  t h e  p r o p a g a t i o n  p a t h  i s  determined 
f o r  d i f f e r e n t  e x c i t a t i o n s .  T h i s  approach could  a l s o  be used t o  p r e d i c t  
t h e  e f f e c t s  of d nonuniform s t r a t i f i e d  model o f  t h e  ionosphere  upon 
s a t e l l i t e  n a v i g a t i o n  s i g n a l s .  

2 .  FOWLATION OF THE PROBLEM 

I n  t h i s  work t h e  s c a t t e r i n g  o f  v e r t i c a l l y  p o l a r i z e d  waves o n l y  i s  
c o n s i d e r e d  i n  d e t a i l .  Thus, t h e  - exc iLar io t l s  a r e  assumed t o  be due t o  a  
z - d i r e c t e d  magnet ic  line s o u r c e  J, ( s e e  P i g .  I), where 

- 
Jm = ~ 6 ( x  - xo)6(y - yo)% 

The d u a l  problem, s c a t t e r i n g  o f  h o r i z o n t a l l y  p o l a r i z e d  waves, can b c  
analyzed i n  a  s i m i l a r  manner by c o n s i d e r i n g  e x c i t a t i o t l s  due t o  
z - d i r e c t e d  e l e c t r i c  l i n e  s o u r c e s .  

The d i e l e c t r i c  c o e f f i c i e n r  of t h e  overburden (o > y > -h) i s  

tl = t c ( s )  o r (2.2a) 
where 

i ( s )  = CR C u / s  = L C E ~ ( o ~ / s )  
1: R 

(2 .2b)  

I n  which r R  and t h e  c o n d u c t i v i t y  (1 = E w a r e  p o s i t i v e  r e a l  numbers 
I 0  

independent  of f requency ,  s = a + iw i s  t h e  complex f requency ,  uo is t h e  
r a d i o  wave c a r r i e r  f requency  i n  r a d i a n s l s e c .  and co i s  t h e  p e r m i t t i v i t y  
of f r e e  space .  The p e r m e a b i l i t y  of t h e  overburden i s  assumed t o  be  t h a t  
of f r e e  s p a c e  p (non-magnetic m a t e r i a l ) ,  t h u s  t h e  overburden i n t r i n s i c  o  
impedance i s  r) = ( p a / ~ l ) k b  1 

It i s  convenient: t o  c h a r a c t e r i z e  t h e  s u b s t r a t u m  by a s u r f a c e  
impedance --- 

ZS = 4, / L  
0 2 

(2. J) \ 

where 
I E / ~  I >> 1 

and c2 i s  t h e  subs t ra tum d i e l e c t r i c  c o e f f i c i e ~ i t .  
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The overburden d e p t h  i s  

h ( x )  = ho + 6x -L < x < L 

where ho i s  t h e  a v e r a g e  overburden d e p t h ,  6 = tan A i s  t h e  s l o p e  of the 

overburden-subst ra tum i n t e r f a c e .  

E x p l i c i t  s o l u t i o n s  f o r  t h e  e l e c t r o m a g n e t i c  f i e l d s  s c a t t e r e d  by a n  
overburden of nonuniform d e p t h  ( 2 . 4 )  have been d e r i v e d  f o r  s t e a d y  s t a t e  
[ e x p ( i w t ) )  e x c i t a t i o n s .  S ince  t h e  problem i s  two d imens iona l ,  b o t h  t h e  
i n c i d e n t  and t h e  s c a t t e r e d  f i e l d s  a r c  v e r t i c a l l y  p o l a r i z e d .  

The wave v e c t o r s  f o r  f r e e  space  and t h e  overburden are expressed a s :  

i n  which t h e  l o n g i t u d i n a l  wave number fi i s  p o s i t i v e  r e a l  f o r  r h e  
r a d i a t i o n  term; 0 + < 8 kn f o r  t h e  p r o p a g a t i n g  waves, [3 > kn f o r  
evanescen t  waves, and ,.- - 

Thus t h e  t r a n s v e r s e  wave number i s  

The s q u a r e  r o o t s  i n  (2.5) a r e  chosen s u c h  t h a t  L m ( k  ) < 0 and o , l  - 
Im(u ) < O a t  t h e  c a r r i e r  f r equency .  The wave pa ramete r s  u  and 6 

0 , l  - o , l  
a r e  a l s o  expressed  i n  terms o f  t h e  complex c o s i n e  ancl s i n e  of t h e  
a n g l e s  0 and t3 Thus 

0 1 ' 

u = k  c o s t )  = k  C , b = k  
0 , l  0,l o , l  o , l  o , l .  0 9 1 sin O o , l = k o , l  o , l  

s (2 - 6 )  

Hence f o r  0 - < 6 < $, 8 i s  t h e  a n g l e  between t h e  wave v e c t o r  ko and t h e  

y  a x i s .  The t r a n s v e r s e  wave impedance i s  

For 0 y > -h,  t h e  b a s i s  f u n c t i o n  f o r  t h e  r a d i a t i o n  term i s  

Y ( u , y )  = { e x p [ i u l  (y+h)] + R (u) .exp [- iol(y+li) j  h ' ( ~ , - h ) / T ~ ~  (u) (2 .8a )  2 1 

where 

Y(u,-h) = ex*(-iulh)T 2 1 (u)Tlo ( u ) /  (Zn Zo ( U ) ) ~ [ ~ - L < ~ ~  ( u ) R ~ ( u )  ] (2 .8b)  

The r e f l e c t i o n  c o e f f i c i e n t s  1-ooking i n  t h e  n e g a t i v e  y d i r e c t i o n  a t  
t h e  a i r -overburden  i n t e r f a c e  and t h e  overburden-subst ra tum i n t e r f a c e  are  
r e s p e c t i v e l y  

R (u) = R (u)  exp ( - 2 i u  h )  = [ ( K  -2 ) / (K +% ) ] *exp ( -2iu  11) 
1 2 1 1 1 s 1 s 1 



i n  which 

z (u) = K (Z f i K  t a n  u  h ) / ( i Z  tan  u h + K1) 
1 1 s 1 1 S 1 ( 2 . 9 ~ )  

and t h e  two-medium F r e s n e l  r e f l e c t i o n  and t r a n s m i s s i o n  c o e f f i c i e n t s  f o r  
t h e  a i r -overburden  i n t e r f a c e  and t h e  overburden-subst ra tum i n t e r f a c e  
a r e  g iven  by 

T (u) = 1 + K (u) = 1 - R ( u ) ,  T21(u) = 1 + R 2 1 ( ~ )  lo l o  0 1 (2. lob)  

When t h e  r e c e i v e r  and t h e  s o u r c e  are far  from the nonuniform r e g i o n ,  
(kop >> 1 and kopo >> 1) ( s e e  F ig .  I ) ,  t h e  forward s c a t t e r e d  r a d i a t i o n  
f i e l d  i s  [ 3 ] ,  

f f i. 
Hz(x,y) = (2ll/k0p)' exp (-ikop) e x p ( i n / 4 ) P ( u  , u  ) (2.11a) 

where the r a d i a t i o n  p a t t e r n  i s  given by 

and 

I n  ( 2 . 1 1 ~ )  the  i n c i d e n t  and s c a t t e r e d  waves a r e  i n  t h e  d i r e c t i o n s  of 
-i ko and T;,f r e s p e c t i v e l y  and i s  t h e  magnitude of t h e  i n c i d e n t  

magnet ic  f i e l d ,  H z ,  a t  tile o r i g i n , e x c i t e d  by t h e  magnet ic  l i n e  s o u r c e  
of i n t e n s i t y  K (2 .1)  ( F i g ,  2 ) .  The normal ized s u r f a c e  impedance i s  
z  = Zs/ql. Furthermore 

S 

Cx3 i i 
q= 1 

c [ R ~ ~  (U )Rgl (U ) exp (-2iu 

where 
11' (x) = dh(x)  /dx  





The modal e q u a t i o n  f o r  t h e  s u r f a c e  wave i s  

1 l-R-,R, 

I It is  conven ien t  t o  e x p r e s s  (2.20b) as 

The modal e q u a t i o n  ( 2 . 2 0 ~ )  is  so lved  n u m e r i c a l l y  for t h e  n t h  r o o t ,  
uon(x) ,  u s i n g  t h e  Richmond p r o c e s s  [ 7 ] .  The cor responding  v a l u e s  f o r  
6, and u  are o b t a i n e d  by ( 2 . 5 ) .  

I n  
The s o l u t i o n  f o r  t h e  s c a t t e r e d  r a d i a t i o n  f i e l d  e x c i t e d  by a n  

i n c i d e n t  s u r f a c e  wave is  g r e a t l y  s i m p l i f i e d  by r e p l a c i n g  Bn(x) by - 
fin = Bn(o). The s u b s c r i p t  n = 0 d e n o t e s  the  dominant s u r f a c e  wave mode. 

The s u r f a c e  wave e x c i t e d  by a n  i n c i d e n t  p l a n e  wave i s  [ 3 ] .  

E i 
H z (x, y )  = exp ( - iB x )  Y (un,y)Y (un , o )  (2n/wto) P G , u  1 n 

(2.21) 

i n  which t h e  s u r f a c e  wave b a s i s  f u n c t i o n s  a r e  I 
on 2 L ' I  [I (un,o) J '= 2iuon/Zo [1- (-1 u -11 + 0- I ]  (2.22b) 
I n  K(, (K;+z:) KIKo 

The s u r f a c e  wave b a s i s  f u n c t i o n s  are b o t h  e x p l i c i t  f u n c t i o n s  o f  y  and 
i m p l i c i t  f u n c t i o n s  of x through h ( x ) .  Thus i n  (2 .21)  Y(u ,y) is  
e v a l u a t e d  a t  t h e  f i e l d  p o i n t  ( x , y )  and Y(un,o) i s  evaluaped a t  t h e  
o r i g i n .  Fur thermore 

On n e g l e c t i n g  t h e  edge e f f e c t  



and H: i s  g i v e n  by ( 2 1 d  Equat ion (2 .25d)  i s  v a l i d  f o r  

i i i 
I R ~ ~ ( u  )RZ1(u ) e x p ( - 2 i u  L h o  ) I < 1 and I R ~ ~ ( ; ) ~ X ~ ( - Z ~ Z  h ) 1 < 1. 

1 0  

(2 .25e)  
f 

For t h e  s p e c i a l  c a s e  6=0, t h e  c l o s e d  form s o l u t i o n  f o r  Hz i s  

f 
H~ (x ,y )  = e x ~ ( - i ~ ~ x ) ~ ( u  n  , Y ) Y ( ~ , , o )  ( 2 n / w ~ ~ ) ~ ~  (un,ui )  (2 .26)  

exp [ - i ( u i + T ) h o ]  2 k 0 ~  s i n c  L ( % - B ~ )  

The WKB s o l u t i o n s  f o r  t h e  s u r f a c e  waves e x c i t e d  by  t h e  magnet ic  l i n e  
s o u r c e  a r e  g iven  by 131, 

i n w h i c h  t h e b a s i s  f u n c t i o n Y ( u  ) i s  e v a l u a t e d a t  t h e  s o u r c e  p o i n t  

(x0,yo), ( 2 . 2 2 ) .  
n3'o 

The s t e a d y  s t a t e  r e sponse  H ( a )  i s  d e r i v e d  f o r  t ime  harmonic excita- 
z  

t i o n s .  Fo r  a r b i t r a r y  tittle v a r y i n g  e x c i t a t i o n s  the i n s t a n t a n e o u s  
e x p r e s s i o n  f o r  t h e  magnet ic  l i n e  s o u r c e  i s  

- - 
J m ( r , t )  = Re f 7 ( t ) 8 ( x - x  ):(y-y )a 

5 0 0 Z 
( 2 . 2 7 b )  

The e x c i t a t i o n  f u n c t i o n  f , ( t )  i s  t a k e n  t o  be  complex f o r  convenience .  
- 

The F o u r i e r  t r a n s f o r m  of f  ( t )  i s  
s 

w 

* 
and F(w) = F(-a) o n l y  when f s ( t )  i s  r e a l .  The a s t e r i s k  d e n o t e s  t h e  
complex c o n j u g a t e .  Thus on a p p l y i n g  F o u r i e r  t r a n s f o r m  t e c h n i q u e s  and * n o t i n g  t h a t  HZ(w) = H (-w), t h e  t r a n s i e n t  r e s p o n s e  can be  g i v e n  by 

z 
W 



The f a s t  F o u r i e r  t r a n s f o r m  (FFT) a l g o r i t h m  [ 8 ]  i s  used t o  pe r fo rm 
t h e  numer ica l  i n t e g r a t i o n  r e q u i r e d  t o  e v a l u a t e  e i t h e r  a F o u r i e r  t r a n s -  
form o r  a n  i n v e r s e  F o u r i e r  t r a n s f o r m .  The number o f  samples used i n  
s u b r o u t i n e  FFT i s  N = Zm where m i s  an  i n t e g e r .  For t h i s  c h o i c e  of N t h e  
FPT a l g o r i t h m  i s  most e f f i c i e n t  [a]  . Let  t h e  symbols k(k= 1 , 2 . .  .N) and 
n  = 1 , 2  ... N d e n o t e  t h e  sample number i n  t h e  t i m e  and f requency domains 
r e s p e c t i v e l y .  The summations performed t o  e v a l u a t e  the t r a n s f o r m  and 
t h e  i n v e r s e  t r a n s f o r m  are r e s p e c t i v e l y ,  

L N 

I 
F(n) = - E [ f  (k) + i f i ( k ) ]  e ~ p [ - 2 i ~ ( n - l )  (k-l)/N] *tmax (3. l a )  

N k = l  r 
.L 

Because t h e  same s u b r o u t i n e  is  used t o  e v a l u a t e  the t r a n s f o r m  F(n)  
(3.la) and t h e  i n v e r s e  t r a n s f o r m  f (k) ( 3 . l b ) ,  f * ( k )  (3.lb) i s  i n i t i a l l y  
e ~ a l u a t e d  u s i n g  t h e  complex c o n j u g a t e  of t h e  f requency domain samples 
F  (n)  and f ( k )  i s  o b t a i n e d  by t a k i n g  t h e  complex c o n j u g a t e  o f  ( 3 . l b ) .  

The v a l u e s  of t h e  N samples F(n)  i n  t h e  f requency  domain a r e  
ob ta ined  from N + 1 v a l u e s  of F(m + iw) taken a t  N + 1 p o i n t s  e q u a l l y  
spaced on t h e  imaginary ax i s  (w) from - %ax t o  f urn,,. Samples 
n = 1,2 . . ,N/Z cor respond  t o  ~ [ ( n - l ) A w ]  where AW = 2wmax/N. The sample 
n = N/2 -I- 1 is  g i v e n  by F ( N / ~  + 1 )  =  is,^) i- F(iw,a , ) ] /2 .  The 
samples n  - ~ / 2  + 2 ,  N/2 f 3. . .N cor respond  t o  F[(n-1-N)Aw]. S i m i l a r l y ,  
i n  t h e  t i m e  domain t h e  numbering scheme i s  as f o l l o w s :  

f ( k )  = f [ ( k - l ) A t ]  , k  = N and f ( 1 )  = f(N+l) = f ( t m x ) .  

The inc rements  i n  f requency  Aw and i n  t ime  A t  between samples  a r e  
determined by t h e  Shannon c r i t e r i a  [8] which f o r  t h i s  c a s e  i s  

2 f 
max N =  z m =  .,, 

4 .  EXCITATION-LORAN-C PULSE 

The e x c i t a t i o n  (2 .27)  used i n  t h i s  work i s  t h e  Loran-C p u l s e .  T h i s  
p u l s e  can  b e  r e p r e s e n t e d  a s  t h e  real p a r t  of t h e  sum of t h r e e  damped 
s i n u s o i d s  [9 ]  . 

f ( t )  = R e [ f s ( t ) ]  (4.  l a )  
where 

io t < O  

f s ( t )  = 

(4.  l b )  



where wo i s  t h e  r a d i a n  frequency of t h e  c a r r i e r  and w i s  t h e  r a d i a n  P 
f requency o f  t h e  envelope ( t h e  modulat ion f requency)  and c > 0 i s  t h e  
damping c o e f f i c i e n t  . 

For t h e  Loran-C p u l s e  e x c i t a t i o n  (4 .1 )  f ( t )  and i t s  d e r i v a t i v e s  a r e  
con t inuous .  Fur thermore,  f o r  t h e  v a l u e s  

c  = 25000 f = w /2n = 2500 Hz £ = wo/2rr-100 k Hz ( 4 . l d )  
P P 0 

99% of t h e  i npu t  power i s  between 90 t o  110 k Hz .  T h i s  p r o p e r t y  o f  t h e  
Loran-C p u l s e  c o n s i d e r a b l y  f a c i l i t a t e s  t h e  numerical  a n a l y s i s  s i n c e  t h e  
F o u r i e r  t r a n s f o r m  B(w) o f  t h e  response  h ( t )  can be regarded  as  band- 
l i m i t e d .  The F o u r i e r  t r a n s f o r m  H(w) is  

H(u) = F ( ~ d )  HZ (d) (4 .2)  

where F(w)  i s  t h e  F o u r i e r  t r a n s f o r m  of f , ( t )  (4.lb) and BZ(u) i s  t h e  
t r a n s f e r  f u n c t i o n .  S e c t i o n  2 .  

I For the v a l u e s  o f  A .  and r . given i n  (4 .lc) 
J 1 I 

1 Thus /F(w) 1 "  peaks at w = -w and 
0 ' I 

The sum of t h e  t h r e e  damped s i n u s o i d s  (4 .1b)  can b e  expressed  a s  
f o l l o w s  : 

f  ( t )  = i exp( -c t )  s i n '  L t exp( - ia  t ) .  
S 0 

(4 .5a )  

I 
P 

Thus 
f , ( t )  1 = e x p ( - c t ) s i n 2  Q r ( 4 . 5 b )  

and P 

L ( t )  = R e  f c ( t )  = exp( -c t )  s i n 2  w t s i n  m n t  = lf_(t) J s i n  w-t. 



~ h u s  I f s ( t )  I i s  t h e  envelope of f ( t ) .  It peaks a t  t = t and vanishes  a t  
P 

t = t, where 

1 - 1 t = -  t a n  ( 1 1 ~ ) ~  tZ  = m ~ /  , m = 0 ,  + 1, + 2 . .  . (4.6a) 

* P 
Hence, 

I f s ( t p )  1 = exp ( - ce  ) /  ( 1  + D ~ )  (4.6b) 
P 

The envelope of t h e  input  Loran C pu l se  / f  s ( t )  I i s  shown i n  Pig.  2 
f o r  f o  = 3 x l o 2  H z ,  f  = f 130, f /40, fo /50 ,  and c = 5 f p ,  10fp ,  15fp 

P 0 0 t o  i l l u s t r a t e  t h e  e f f e c t s  of changing t h e  modulation frequency f -  and 
t h e  damping f a c t o r  c .  l' 

5.  SCATTERED RADIATION FIELD 

The s teady  s t a t e  s c a t t e r e d  r a d i a t i o n  f i e l d  i n  db B a s  a func t ion  db 
of t h e  s c a t t e r  ang le  of i s  

Hdb = 20 l ~ g l ~ ~ ( x , y ) / ~ ~ ]  (5. l a )  

where Hz(x,y) i s  given by (2.11a) and 

(5. l b )  

f o r  the c a s e  6 = 0. (2.4) , The  p lane  wave a t  a n  ang le  of inc idence  Oi  
i s  assumed t o  be exc i t ed  by a magnetic l i n e  source ym(;, t )  , (2.27).  

f The d i p s  and peaks i n  t h e  response Hdb ( a s  a func t ion  of 8 ) a r e  
p r i m a r i l y  due t o  t h e  minima and maxima of ( 'sinc v 1 (2.15) (except f o r  
nea r  graz ing  inc idences)  

f  i 
v = k o ~ [ s 0  - s o -(. (2p-1)~:  + (2q-1)~:~ = nn (5.2) 

where t h e  p r i n c i p a l  maximum of of corresponds t o  n = 0. The minima f o r  
f m 

Of  < 8 i  and of > 0, correspond t o  n = -1,-2,-3.. .and n = 1 ,2 ,3 . .  . 
r e s p e c t i v e l y .  The maxima f o r  of < 0; and O f  > 8; correspond t o  

1 3 5 n = - -  - -  - -  1 3  5 
2' 2 '  2 

... and n = -  2, 2, y ... r e s p e c t i v e l y ,  

For nond i s s ipa t ive  overburdens sf is  r e a l  and 
0 

ef = s ind1  ( s t )  

For d i s s i p a t i v e  overburdens S: is  complex and 

- 1  f  - 1 f of = ~e[sin ( so) ]  = sin Re(So) ,  EI << E 
R 

(5.3b) 

Using (2.11d),  (2.11e),  and (2.7),  it fo l lows  t h a t  
4 Hi(2n/k0p)' exp [i(n/4-kop)] = - i K  exp(-iwt,)/ (2no [pp.] ) (5.4a) 

i n  which 



and vo i s  t h e  v e l o c i t y  of l i g h t  i n  f r e e  space .  Thus, to is t h e  t i m e  
r e q u i r e d  f o r  the s i g n a l  t o  t r a v e l  t h e  p i s t a n c e  p + p (F ig .  1 )  i n  f r e e  

3 0 
space .  For convenience s e t  ~ / ( 2 q ~ [ p p ~ ]  ) = 1 . 

The computer program e v a l u a t e s  t h e  normal ized r e s p o n s e  h ( t )  g iven  sN 

where H (w ) i s  t h e  s t e a d y  s t a t e  response  t o  exp( iwot )  e x c i t a t i o n s  
z 0 

(2 .11a)  f o r  a s p e c i f i e d  r e f e r e n c e  c a s e .  Thus 111 (t) lmax " 1 f o r  t h e  
sN 

p a r t i c u l a r  r e f e r e n c e  c a s e  c o n s i d e r e d .  

For d i s s i p a t i v e  overburdens  and when Z s  is a complex f u n c t i o n  of 
f requency t h e  t r a n s f e r  f u n c t i o n  HZ(s )  i s  n o t  a n  a n a l y t i c  f u n c t i o n  of s .  
I n  t h e s e  cases i t  i s  conven ien t  t o  e x p r e s s  h s ( t )  as fo l lows :  

1 2 3 
h  (t) = - 
s ptq HPq(s)  H pq ( s )  J=I .L [ A . ,  J ( s  + r J . ) I  e x p ( s r ) d s  

= h L ( t )  + $(t) 
where 

n 
L H ( s )  = C H ( s )  = C ( s )  H ( s )  

z P 9  Pq P 4  Pq P4  

and Hpq(s) i s  an  i n d i v i d u a l  t e r m  i n  t h e  e x p r e s s i o n  f o r  H z ( s ) .  A l l  t h e  
s i n g u l a r i t i e s  of H ( s )  a r e  con ta ined  i n  111 ( s )  w h i l e  Fi2 ( s )  i s  a n  

Pq P4 Pq 
a n a l y t i c  f u n c t i o n  o f  s .  Furthermore 

-im 

I n  (5 .6 )  h  ( t )  i s  due t o  t h e  r e s i d u e s  of t h e  p o l e s  of F ( s )  and 1 ( t )  i s  
L 

due t o  t h e  c o n t r i b u t i o n s  of t h e  s i n g u l a r i t i e s  of H+ ( s ) .  
k 

1 L 

If H~ ( s )  i n  (5 .6d )  d o e s  n o t  p o s s e s s  any s i n g u l a r i t i e s  i n  t h e  
P q v i c i n i t y  o f  t h e  p o l e s  of F  , ( T j  1 ,  1 $(t) / << 1 h L ( t )  1 - 

For n o n d i s s i p a t i v e  overburdens  $(t) = 0 and t h e  envelope of h ( t )  

i s  given by lh  (t) I ( 5 . 6 ~ ) .  F a r  t h e  g e n e r a l  case $ ( t )  $ 0 ( d i s s i p a t i v e  
E 

overburdens)  and 



h ( t )  = R e  h (t) -t Re h ( t )  
L H 

(5.7a) 

Thus t h e  envelope h ( t )  of t h e  t o t a l  response i s  regarded a s  t h e  
T 

envelope of h (t) superimposed on t h e  func t ion  Re %(t). Hence 
L 

h ( t )  = R e  h H ( t )  i / h E ( t )  I 
T 

(5.7b) 

The envelope (5 .7b)  i s  symmetric w i th  r e spec t  t o  ~ e [ % ( t ) ] .  

I n  view of t h e  s i n g ~ l a r i t i e s ~ o f  H ( s ) ,  t h e  func t ions  h s ( t ) ,  h L ( t )  
Pq 

and $ ( t )  a r e  evaluated by numerical methods. A s  a check on t h e  
numerical va lues ,  k ( t ) ,  t h e  major c o n t r i b u t i o n  t o  t h e  response h ( t )  i s  

S 

a l s o  evaluated by a n a l y t i c a l  methods and h ( t )  i s  evaluated d i r e c t l y  H 
us ing  (5 .6)  and i n d i r e c t l y  from 

% ( t >  = h s ( t )  - h L ( t )  ( 5 . 8 )  

An i nd iv idua l  term h (t) of h L ( t ) ,  ( 5 . 6 ~ )  i s  approximately given by 
L P ~  

i n  which 

and 
T = t a n  w t 

P g y  

G = [l-G (-iwo)/G (-r1)]/D (5.9d) 
P P q P q 

Thus t h e  f a c t o r  (1-G /T)  i n  (5.9a) r e p r e s e n t s  t h e  d i s t o r t i o n  of t h e  
envelope of h (t) . P 

L P ~  

6. SURFACE WAVES EXCITED BY INCIDENT PLANE WAVES AND WKB SOLUTIONS FOR 
THE SURFACE WAVES 

The s teady  s t a t e  s c a t t e r e d  s u r f a c e  wave i n  db,  Hdb a t  x = L ,  y = 0 
as a func t ion  of t h e  p lane  wave i nc iden t  ang le  Q~ is  

where Hz (L ,  0) is  given by (2.21).  The normal iza t ion  c o e f f i c i e n t  i s  - 

H0 = H;(Oi = 0;) i n  which H0 = Hz(L,O) f o r  6 = 0 and 8; is  t h e  angle  
zm z 

a t  which H i s  maximum. The p lane  wave a t  an ang le  of inc idence  oi is  
z - - 

assumed t o  be exc i t ed  by a magnetic l i n e  source J (r,  t )  ( 2 . 2 7 ) .  
m 

Using (2.11d),  (2 .11e) ,  and (2 .7) ,  i t  fol lows t h a t  

H : ( ~ ~ / U P ~ )  = -K(lT vo/2wop0)' exp ( in /4 )  exp (-iwt 0 ) (6.2) 



h e r e  t = p /v i s  t h e  time r e q u i r e d  fp r  t h e  s i g n a l  t o  t r a v e l  t h e  
0 0 0 

d i s t a n c e  p0 (F ig .  1) and K(n vo/2wopo)' = 1. 

The s t e a d y  s t a t e  W l - 3  s o l u t i o n s  f o r  t h e  s u r f a c e  waves g iven  by ( 2 . 2 7 )  
a r e  e v a l u a t e d  f o r  an o b s e r v a t i o n  p o i n t  a t  x = L, y = 0 and a l i n e  
s o u r c e  a t  x = L ,  y = 0 and by s e t t i n g  t h e  i n t e n s i t y  of  t h e  l i n e  s o u r c e  

0 
K = 2 .  

The response  t o  t r a n s i e n t  e x c i t a t i o n s  i s  ob ta ined  by f o l l o w i n g  t h e  
same procedures  used t o  e v a l u a t e  t h e  s c a t t e r e d  r a d i a t i o n  f i e l d s  ( 5 . 6 ) .  

I 7 .  ILLUSTRATIVE EXAMPLES 

1 Unless  o t h e r w i s e  s p e c i f i e d  t h e  v a l u e s  of parameters  used i n  
i l l u s t r a t i v e  examples p r e s e n t e d  i n  this s e c t i o n  a r e  a s  fo l lows :  

L  = 5000 m e t e r s  A = -1 d e g r e e s  h  = 100 m e t e r s  
0 

and t h e  number of terms of t h e  s e r i e s  (2.11b) i s  taken  t o  be 15 ,  
(P-4 5 6 ) .  

The response  i s  normal ized such that H (UJ ) i n  (5 .16)  i s  e v a l u a t e d  
z 0 

f o r  A = O0 and = e i  f o r  t h e  s c a t t e r e d  r a d i a t i o n  f i e l d  and oi = oi 
m 

f o r  t h e  s c a t t e r e d  s u r f a c e  wave. 

The shape of t h e  envelope depends s t r o n g l y  upon t h e  i n c i d e n t  and 
o b s e r v a t i o n  a n g l e s  o i  and e f .  The envelope of t h e  i n d i v i d u a l  t e rms  o f  

I t h e  f i e l d  expansions  c l o s e l y  resemble  t h e  shape o f  t h e  i n p u t  Loran C 
f f  p u l s e  excep t  f o r  v a l u e s  of 0 very  n e a r  t h e  millinla o f  H,, ( d  ) . The 

minima of H f o r  d i f f e r e n t  v a l u e s  o f  p  and q do n o t  ockdr  f o r  t h e  
P 4 

same v a l u e s  o f  ef  ( u n l e s s  L = 0'1, and t h e  cnvelope of t h e  t o t a l  f i e l d  
i s  no t  n e c e s s a r i l y  d i s t o r t e d  o n l y  when t h e  envelope of an i n d i v i d u a l  
term i s  d i s t o r t e d .  The envelope of  t h e  response  i s  u s u a l l y  d i s t o r t e d  

most s t r o n g l y  i n  t h e  neighborhood o f  a  minimum of  H ( o f ) .  1, F i g .  (3) 

lh 1 - 1  
hsN 1 i s  p l o t t e d  f o r  A = -lo, E = .5  w i t h  i' = 44O, 45O, 4b0, 

1, N I 
and 47O. Major d i s t o r t i o n  of t h e  envelope o c c u r s  when of = 45O-46O. I n  

t h i s  c a s e  H ( o f )  i s  a minimum when e f  = 44.6' and 11 ( o f )  i s  minimum 

I 
11 d b  

when o f  = 46O. 

I n  Fig. (4)  Ih 1 = h 1 i s  p l o t t e d  f o r  I. = -lo w i t h  gf = 46 ' .  I n  an 
LN SN 

e a r l i e r  comparison o f  t h e  f u l l  wave s t c a d y  s t a t e  s o l u t i o n s  w i t h  one 

derived u s i n g  a  geomet r ica l  o p t i c a l  approach i t  was po in ted  o u t  t h a t  
t h e r e  a r e  n terms f o r  which p + q - 1 = n ( n , p , q  = 1 , 2 , 3 .  . . )  i n  t h e  f u l l  
wave s e r i e s  expansion (2 .11b) ,  and a s s o c i a t e d  w i t h  t h e s e  n  terms t h e r e  



e x i s t s  o n l y  one t e r m  i n  t h e  cor responding  g e o m e t r i c a l  o p t i c a l  s o l u t i o n  
131, [4] .' The enve lopes  of t h e  i n d i v i d u a l  t e r m s  h (5.21a) f o r  

I 
P q 

n = p + q - 1 < 3 t o g e t h e r  w i t h  t h e  sum of o n l y  t h e s e  six t e rms  are I 
I 

a l s o  g iven  i n  F i g .  ( 4 ) .  The t ime  of a r r i v a l  of t h e  n t e r m s  a s s o c i a t e d  
w i t h  p f q - 1 = n p r o g r e s s i v e l y  i n c r e a s e s  as n i n c r e a s e s .  These n t e rms  
o f  t h e  s e r i e s  cor respond  t o  waves t h a t  are  r e f l e c t e d  a t  t h e  overburden- 
s u b s t r a t e  i n t e r f a c e  n t i m e s  b e f o r e  t h e y  emerge above t h e  overburden.  
T h i s  p a r t i c u l a r  p r o p e r t y  of t h e  f u l l  w a v e  s o l u t i o n  a s s u r e s  t h a t  t h e  
r e c i p r o c i t y  r e l a t i o n s h i p s  i n  e l e c t r o m a g n e t i c  t h e o r y  a r e  s a t i s f i e d  . 

The computed v a l u e  of 1 hLNl f o r  p + q - < 6 (15 t e r m s  of t h e  s e r i e s  

2.11b) i s  approx imate ly  e q u a l  t o  t h e  sum o b t a i n e d  by t a k i n g  p + q - < 4 .  
Not ice  t h a t  w h i l e  t h e  enve lopes  of t h e  i n d i v i d u a l  terms of t h e  s e r i e s  
a r e  n o t  double  humped, t h e  t o t a l  r e s p o n s e  lhLNl i s  v e r y  d i s t o r t e d .  In  

f t h i s  c a s e  t h e  minimum of Hdb(e ) (which o c c u r s  a t  o f  = 46O) i s  t h e  
r e s u l t  of t h e  d e s t r u c t i v e  i n t e r f e r e n c e  between t h e  i n d i v i d u a l  t e r m s .  

. . 

o r d e r  cerms when = 10, lhLNl i s  approx imate ly  e q u a l  t o  ]hLNI1 1 . 
i 

The i n d i v i d u a l  t e r m s  of t h e  t o t a l  r e s p o n s e  f o r  0 n e a r  t h e  Brewster 
a n g l e  a r e  i l l u s t r a t e d  i n  F ig .  (6) f o r  A = -lo, oi  = 70°, Elf = 71 .19~  I 

I n  F ig .  ( 7 )  t h e  enve lopes  o f  t h e  s c a t t e r e d  s u r f a c e  waves h and 
5 

LN 
h ~ ~ n o  (p f q - < 4 )  are p l o t t e d  f o r  f o  = 1x10 Hz, E~ = 5.  A = lo, I 
chosen.  The r e l a t i v e  c o n t r i b u t i o n s  of h i g h e r  o r d e r  terms i n c r e a s e s  as 

t h e  overburden s k i n  d e p t h  i n c r e a s e s .  
I 
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F i g .  1 Line  source  over a nonuniform overburden 

h(x) = h o f 6 x + h 1 c o s  a x ,  - L ' x ' L 



F i g .  2 Loran C p u l s e  e x c i t a t i o n  

F i g .  3 The envelope of hLN(t1')  f o r  = 0 .5 ,  
f f 

(0) e = 4 7 O ,  (A) 0 = 4 6 0 ,  (x) of = 450,  (0) ef  = 440 



Fig. 4 The envelopes of (R) hLNIl(f ") ; (A) hLNI2 (tl') ; 

(X) %NZI (t") ; (0) hLNI3 ( f  ") ; (Z)  hLN22 (t'l) : 
0) hLN31(t"); (X) hT4N( t " ) ,  P + q ( 6 ;  

(+) hLN(tl'), p + q 2 4 f o r  d f  = 46" 

Fig. 5 The enveiopes of (m) h., (t") ; 
.,A 

0 
( %N12(t"), ( S )  hLn(tll), p + q 2 6 f o r  4 = -0.45 , 

8 = 57.g0, K = 10, Z - 10 (1 + i) o h m s  I 5 



Fig .  6 The envelopes of 
E 

h L N l 1  (t"); (X) h ( t " ) ,  p + q <  6 f o r 0  = 7 1 . 1 g 0 ,  oi = 70' 
LN - 

T IME ( X I O - 3  I 

F i g .  7 The envelopes of (n) %NIL(t"); (A) hLN12 ( t l1)  ; 

('1 %N 21 ( t ' l); (0) hLN 13 (t"); (') yN22(t") ;  hL N31 ('"1; (1) hLN(tW) ; 

(+) Z (L" ) ,  p + q  < 4 f o r  f = 1 x 1 0 ~  Hz, E = 5,  A = lo, ei = 38.32' 
P 9 - 0 1 



QUESTION AND ANSWER PERIOD 

D R .  R E D E R :  

You h a v e  a p p l i e d  t h i s  t o  underground s t r u c t u r e  a c t u a l l y ?  

P R O F .  BAHAR: 

T h i s  e x a m p l e  h e r e  was for a n o n - u n i f o r m  o v e r b u r d e n .  T h a t  
means  t h e  e a r t h ' s  c r u s t ' s  t h i c k n e s s  i s  c h a n g i n g ,  but we are  
now a p p l y i n g  i t  a l s o  t o  t h e  case w h e r e  you s i m p l y  have a 
hill o r  a valley w i t h o u t  a n y  l a y e r s  t o  i t .  

D R .  R E D E R :  

How d e e p  docs t h e  wave go i n ?  What i s  y o u r  t h i c k n e s s ?  

P R O F .  BAIIAR 

T h i s  i s  o n l y  100 meters .  

D R .  R E D E R :  

Is t h e r e  a n y  energy 100 meters dowri f o r  L,oratl f r e q u e n c i e s ?  

D R .  BAIIAR: 

I f  you  h a v e  s e e n  t h e  cases w h e r e  I said t h e  h i g h e r  conduc-  
t i v i t y  o f  t h e  e a r t h  i s ,  i n  1;llose c a s e s  w e  h a d  p r a c t ; i c a l l y  
o n l y  o n e  t e r m ,  scl t h e  c o n d ~ t c t c i ~ > i  t,y oi' t h e  o v e r b ~ l r d e n  i s  
l a r g e ,  as i n  many cases ,  and illdeed theye is  (-)n15- o n e  t e r n i ,  
t h e  d c ~ m i n a n t  t e r m ,  b u t  , w e  11ave a l s o  exarxined the c a s e s  
w h e r e  t h e  overburclel? c o n d u c t  i l r i t j -  is not  l a r g e ,  i.n w h i c h  
case  the 100 meters i r o u l d  of t .he c!rder. of a s k i n  d e p x h !  
and t h e n  t h e  hi.gh o r d e r  T e r m s  ~ t r c  a p p r c c i x b l c  i n  their 
ef f ecl; . 

DR. R E D E R :  

I do h o p e  that yoL two gcn t l emer l  g e t  t o g e t h e r  and  rnaybe the 
t h e o r y  of Professor 13ahar can b e  apj?! .i.ccl t o  h l r  . Rol!. I s  c x p e r i -  
m e n t a l  data a n d  v i c e  vprsa. 




