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ABSTRACT 

The OMEGA n a v i g a t i o n  system now has seven t r a n s m i t t i n g  s i t e s  s t r a -  
t e g i c a l l y  l o c a t e d  th roughout  t h e  world .  A l ,  t r a n s m i s s i o n s  a r e  d e r i v e d  
from cesium-beam s t a n d a r d s ,  and each s t a t i o n  t r a n s m i t s  t ime-mult ip lexed 
c o h e r e n t  b u r s t s  a t  1 0 . 2 ,  11 1 1 3 ,  and 13.6  kllz. Thus, a n  o b s e r v e r  a t  
some d i s t a n t  l o c a t i o n  has  an  o p p o r t u n i t y  t o  t r a c k  t h e  phase  of t h r e e  co- 
h e r e n t  p r e c i s i o n  t r a n s m i s s i o n s  r a t h e r  t h a n  j u s t  a  s i n g l e  f requency  as i s  
u s u a l l y  t h e  c a s e  ( e . g . ,  WWVB, F t .  C o l l i n s ) .  It i s  shown t h a t  by u s i n g  
t h e  phase  i n f o r m a t i o n  r e c e i v e d  on a l l  t h r e e  f r e q u e n c i e s ,  t h e  o b s e r v e r  
can compute a s y n t h e t i c  group d e l a y  r e f e r r e d  t o  any a r b i t r a r y  f requency  
i n  t h e  10-14 kHz r a n g e .  By c o i n c i d e n c e ,  i t  works o u t  t h a t  t h e  group ve- 
l o c i t y  (and t h u s  group d e l a y )  a t  1 2 . 5  kHz i s  about  t h e  same f o r  nominal 
day and n i g h t t i m e  c o n d i t i o n s .  Thus, t h e  group d e l a y  a t  t h i s  f requency 
h a s  a  n a t u r a l  i n s e n s i t i v i t y  t o  d i u r n a l  v a r i a t i o n s .  Th i s  i n v a r i a n c e  t o  
d i u r n a l  s h i f t s  i s  demonstra ted w i t h  a c t u a l  OMEGA d a t a .  

I n  a  moni to r ing  a p p l i c a t i o n ,  i t  i s  sugges ted  t h a t  t h e r e  might be  an 
advantage i n  compensating f o r  p ropaga t ion  l a g  w i t h  group d e l a y  r a t h e r  
t h a n  t h e  u s u a l  p r e d i c t e d  phase d e l a y .  Most of t h e  low-frequency d i u r n a l  
e r r o r  i s  e l i m i n a t e d  i n  t h e  s y n t h e t i c a l l y - f o r m e d  group d e l a y ,  l e a v i n g  
o n l y  r e l a t i v e l y  high-frequency components t o  be f i l t e r e d  i n  t h e  r e s i d u a l  
e r r o r .  T h i s ,  o f  c o u r s e ,  s i m p l i f i e s  t h e  f i l t e r i n g  problem. I t  i s  shown 
t h a t  complementary f i l t e r  t h e o r y  can be  a p p l i e d  t o  advantage i n  t h i s  ap- 
p l i c a t i o n .  

INTRODUCTION 

The OMEGA n a v i g a t i o n  system now h a s  seven t r a n s m i t t i n g  s i t e s  s t ra -  
t e g i c a l l y  l o c a t e d  throughout  t h e  wor ld .  When t h e  e i g h t h  s t a t i o n  
( A u s t r a l i a )  commences o p e r a t i o n ,  t h e  sys tem w i l l  b e  f u l l y  o p e r a t i o n a l  
w i t h  world-wide coverage [ I ] .  I n  a d d i t i o n  t o  i t s  pr imary purpose  as  a  
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n a v i g a t i o n  system,  i t  a l s o  p r o v i d e s  t h e  w o r l d  w i t h  a common p r e c i s i o n  
t ime/ f requency  r e f e r e n c e  sys tem.  A l l  t r a n s m i s s i o n s  are d e r i v e d  from 
cesium-beam s t a n d a r d s ,  and each s t a t i o n  t r a n s m i t s  t ime-mult ip lexed co- 
h e r e n t  b u r s t s  a t  10 .2 ,  11-113, and 1 3 . 6  kHz. Th js  makes OMEGA unique as 
a t ime r e f e r e n c e  sys tem,  because  t h e  o b s e r v e r  a t  a  remote l o c a t i o n  h a s  
a n  o p p o r t u n i t y  t o  t r a c k  t h r e e  c o h e r e n t  t r a n s m i s s i o n s  w i t h i n  a narrow 
f requency  range ,  r a t h e r  t h a n  t h e  u s u a l  s i n g l e  f requency  ( e . g . ,  WWVB, F t .  
C o l l i n s ) .  The a v a i l a b i l i t y  o f  phase  i n f o r m a t i o n  on m u l t i p l e  f r e q u e n c i e s  
e n a b l e s  t h e  o b s e r v e r  t o  compensate f o r  p r o p a g a t i o n  v a r i a t i o n s  on- l ine ,  
if h e  s o  chooses .  For example, t h e  well-known d i u r n a l  s h i f t  is  due  t o  a 
change i n  t h e  e f f e c t i v e  h e i g h t  of t h e  ionosphere  from day t o  n i g h t .  The 
same mechanism t h a t  c a u s e s  t h e  v e l o c i t y  o f  p r o p a g a t i o n  t o  change a l s o  
c a u s e s  d i f f e r e n t  phase  s h i f t s  a t  d i f f e r e n t  f r e q u e n c i e s .  So, one can  r e -  
v e r s e  t h e  r e a s o n i n g  and i n f e r  something abou t  t h e  change of v e l o c i t y  of 
p r o p a g a t i o n  from t h e  measured phase  s h i f t s  on two o r  more f r e q u e n c i e s .  

A number of on- l ine  OMEGA compensation schemes have been proposed,  
b u t  i t  i s  n o t  c l e a r  as y e t  which i s  t o  be  p r e f e r r e d  [ 2 ] .  On-line com- 
p e n s a t i o n  ( i n  c o n t r a s t  t o  p r e d i c t i o n )  i s  e s p e c i a l l y  a t t r a c t i v e  i n  t h e  
n a v i g a t i o n  a p p l i c a t i o n  because  i t  h a s  t h e  p o t e n t i a l  of m i t i g a t i n g  unusu- 
a l  s i t u a t i o n s ,  such as sudden i o n o s p h e r i c  d i s t u r b a n c e s  ( S I D ) ,  as w e l l  as 
t h e  u s u a l  d i u r n a l  s h i f t .  It i s  sugges ted  h e r e  t h a t  some of t h e s e  com- 
p e n s a t i o n  i d e a s  might be  a p p l i e d  t o  advan tage  i n  t h e  p r e c i s e  t i m e / f r e -  
quency a p p l i c a t i o n .  

Before  p roceed ing ,  a  s imple  e x a m ~ l e  shou ld  h e l p  p c t  t h e  p r e c i s e  
t iming  problem i n  p e r s p e c t i v e .  Obviously ,  t h e  o b s e r v e r  a t  a remote l o -  
c a t i o n  would l i k e  t o  have t h e  e q u i v a l e n t  of a n  expens ive  cesium-beam 
s t a n d a r d  i n  t h e  form of a  s imple  r a d i o  r e c e i v e r .  U n f o r t u n a t e l y ,  though, 
t h e  p r o p a g a t i o n  d e l a y  i s  somewhat "rubbery" and r e l a t i v e l y  l a r g e  e r r o r s  
can  occur  o v e r  s h o r t  t ime p e r i o d s .  To i l l u s t r a t e  t h i s ,  c o n s i d e r  t r a c k -  
i n g  a 10 kHz s ing le - f requency  s o u r c e .  For l o n g  p a t h s ,  a t o t a l  phase  
s h i f t  from day t o  n i g h t  of one f u l l  c y c l e  would n o t  be unusua l ;  and,  i f  
t h i s  took p l a c e  over  a span  of two h o u r s ,  t h e  a p  a r e n t  f requency  e r r o r  
d u r i n g  t h i s  p e r i o d  would b e  abou t  one p a r t  i n  10E -- a t o t a l l y  monster-  
ous  e r r o r  when d e a l i n g  w i t h  p r e c i s i o n  systems.  Obviously ,  i f  one l e a v e s  
t h e  d i u r n a l  s h i f t  u n c o r r e c t e d ,  v e r y  l o n g  a v e r a g i n g  t imes  a r e  needed f o r  
p r e c i s e  work. The c u l p r i t ,  of  c o u r s e ,  i s  t h e  " rubber iness"  of t h e  pro- 
p a g a t i o n  medium. Would i t  n o t  be  n i c e  t o  b e  a b l e  t o  " s t i f f e n "  t h e  me- 
dium someway? The remainder  of t h i s  paper  w i l l  b e  d i r e c t e d  toward on- 
l i n e  ( i n  c o n t r a s t  t o  p r e d i c t i v e )  methods o f  accompl i sh ing  t h i s .  

VLF Wave Propaga t ion  

Wave p r o p a g a t i o n  i n  t h e  VLF range  i s  u s u a l l y  e x p l a i n e d  i n  terms of 
waveguide t h e o r y ,  w i t h  t h e  e a r t h ' s  s u r f a c e  and t h e  ionosphere  forming 
t h e  waveguide b o u n d a r i e s .  For s imple  waveguide modes, t h e  phase  and 
group v e l o c i t i e s  v a r y  w i t h  f requency  a s  shown i n  F i g .  1 [ 3 ] .  I n  t h e  
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Fig .  2 .  F l a t  e a r t h  model. I 
OMEGA case,  t h e  waveguide h e i g h t  dimension i s  c o n s i d e r a b l y  g r e a t e r  t h a n  
the  wavelength ,  s o  t h e  lowes t  o r d e r  mode i s  c o n s i d e r a b l y  above t h e  cu t -  
o f f  f requency ,  f , .  Thus, t h e  phase  v e l o c i t y  i s  o n l y  s l i g h t l y  greater,  

change i n  i o n o s p h e r i c  h e i g h t  t h a t  occur  from day t o  n i g h t  ( t y p i c a l l y ,  
from 70 t o  90 km) d o ,  however, cause  a s h i f t  i n  c u t o f f  f requency  t h a t  
r e s u l t s  i n  changes i n  t h e  phase and group v e l o c i t i e s  o f  the  o rde r  of a 
f e w  t e n t h s  o f  a  percent. The ske t ch  o f  F i g .  2 shows a s i m p l i f i e d  " f l a t -  
e a r t h 1 '  model i l l u s t r a t i n g  t h e  t r a n s i t i o n  from day t o  n i g h t .  It shou ld  



be apparent  t h a t  i f  t h e  phase and group v e l o c i t i e s  change by equal  
amounts i n  oppos i te  d i r e c t i o n s ,  then t h e  average of t h e  group and phase 
de lays  would b e  i n v a r i a n t  from day t o  n i g h t .  Compensation f o r  the  t ran-  
s i t  time fronl t r ansmi t t e r  t o  r ece ive r  wi th  a blend of phase of group 
de lays  should then e l imina te  t he  d i u r n a l  v a r i a t i o n .  This method of 

on-line compensation was f i r s t  suggested by J .  A. P i e rce  [ 4 ]  and i s  now 
known a s  composite OMEGA. Without going i n t o  a l l  the  d e t a i l s  he re ,  two 
phase measurements on nearby f requencies  a r e  needed t o  accomplish the  
des i r ed  compensation. 

A number of v a r i a t i o n s  on P i e r c e ' s  o r i g i n a l  compensation scheme 
have been proposed r e c e n t l y  [ 5 , 6 , 9 ] .  These have been necessary because 
the  o r i g i n a l  idea  of an  equal  blend of phase and group de lays  d id  not  
take  i n t o  account t he  curva ture  of t h e  e a r t h  a s  shown i n  Fig.  3. It can 

Fig.  3 .  Curved e a r t h  model. 

be seen t h a t  even though t h e  phase and group v e l o c i t i e s  change i n  oppo- 
s i t e  d i r e c t i o n s ,  t h e  average de lay  i s  s t i l l  n o t  i n v a r i a n t  because t h e  
mean path l eng th  inc reases  a s  t he  ionospher ic  h e i g h t  i nc reases .  This  
sugges ts  g iv ing  group de lay  more weight than phase de lay  i n  t he  blend- 
i ng ,  and t h i s  i s  borne ou t  by r e c e n t  i n v e s t i g a t i o n s  by Mactaggart [ 6 ] .  
Carrying t h i s  l i n e  of reasoning a b i t  f u r t h e r ,  t he re  might e x i s t  a con- 
d i t i o n  where t h e  inc rease  i n  pa th  l eng th  i n  going from day t o  n i g h t  
would be e x a c t l y  p ropor t iona l  t o  t he  inc rease  i n  group v e l o c i t y .  This 
i s  confirmed by t h e o r e t i c a l  curves of group v e l o c i t y  vs. frequency given 
by both Hampton [ 7 ]  and Watt [a]  which a r e  reproduced i n  F igs .  4 and 5.  
Note t h a t  t hese  p l o t s  i n d i c a t e  t h a t  t h e  day and n ight t ime group ve loc i -  
t i e s  should be the  same f o r  a frequency somewhere i n  t h e  12 .5  t o  13.0 
kHz range. This  crossover  phenomenon i s  unique with group v e l o c i t y  ( i n  
c o n t r a s t  t o  phase v e l o c i t y )  and only  occurs  a t  one frequency. Quite  by 
coincidence,  t h i s  crossover  frequency occurs  w i t h i n  t h e  s p e c t r a l  range 
of the  OMEGA system. This  has  obvious imp l i ca t ions  i n  terms of elirni- 
n a t i n g  t h e  d i u r n a l  s h i f t .  I n  p r i n c i p l e ,  a l l  one need do i s  observe t h e  
envelope of a modulated wave a t  say 12.5 kHz and i t s  t r a n s i t  de lay  
should be r e l a t i v e l y  i n v a r i a n t  from day t o  n i g h t .  This  is  e a s i e r  s a i d  
than done, though. 

There i s  very l i t t l e  d i r e c t  experimental  evidence suppor t ing  the  
t h e o r e t i c a l  curves shown i n  F i g s .  4 and 5. No doubt t h i s  i s  due t o  t he  
d i f f i c u l t y  i n  making p r e c i s e  envelope t ime-of-arr ival  measurements i n  



F i g .  4 .  Variation ~f grou? ..lei.,>c.i ty w i t l i  .frcqucr:::? (?<ampton 11 7 3 )  . 
, ., the VLF range. l l o w e v e r ,  b?, ::lsi:?r-~~. .-:~.[n~.i~t;:inc~~.,i.i: I.:,,.;.. . 8-;t::::i,~t-t2mcnt:; t-brl 

three or rnorc- cotleserlt: Ti:-:r!Smli 7 5 - L  -)I- ]  =, ,:n i-ie,;i. , :-+c-le!-~i:ic:, , j.)uc ,::an ~ n - -  

fer i n d i r c c  tly tile Erou;? r:lelc'~ r~=:ct..:-rei! t:. ,-~:i\ :lid ,ir-c:;! f-r-i.qil,:r~c\.,  . Thc 
, , -  procedure for-  c l o j n c  tiii.: r i i ~ i  , : I , ? ~  :-):I ~ - . i . , . ~ , - , : ~ i . i : , _ . : j  .:Ic. ~I- ! r~t1i~-- i~ .e( lue11cy 

case. The e x t e i ~ s i o t ~  :!L:I?:~ : r-1~3~! I : I I~-CS t~~:.,:.l!~::,:.L,:i .::, . ~ I > X , T ~ ( I ~ . ~ S .  

A s  R matter ot -re-vi-ew? -t.-.+ I -lasir ' ~ ~ l i . ' . : : L i .  - . .-i I:tivi:lLng ,davc is 
. . t h e  s p e e d  a t  w h i i : h  the FIIIE-. .:-(":!:: L::~-c ' ;'.:-;' ' . -  .I . i - 1 . - ,. ,= I <3 1:) 17 *,:I-!. !> L : 

move. T t  j .; qiven  by ti]? erlu;it-! ,)I :  



FREQUENCY kHz 

Fig. 5. Variation of group velocity with frequency (Watt [8]).  

where w is frequency in radianslsec and @ is the phase shift constant. 
On the other hand, the group velocity is the speed at which the envelope 
(modulation) appears to travel, and it is given by the inverse slope of 
the fi versus w curve, i.e,. , 

Now assume we have three phase delay measurements, TI, T2, T3, cor- 
responding to the three OMEGA frequencies, w l ,  w 2 ,  w3.  Each of these 
time delays represents a ratio of total phase shift to frequency, i.e., 

- etc. 

- - -  $3 
T3 W3 

= etc. 

where d is the distance from transmitter to receiver. It is tacitly as- 
sumed from here on that lane ambiguities (whole number of wavelengttls) 



I F i g .  6 .  Phase  s h i f t  v e r s u s  f requency .  

f o r  a l l  t h r e e  f r e q u e n c i e s  have been r e s o l v e d .  In  e f f e c t ,  t h e  t h r e e  
phase  measurements give US t h r e e  p o i n t s  on t h e  Ed v s .  w c u r v e  as shown 
i n  F i g .  6 .  Now assume t h a t  f3d can be  approximated as  a  q u a d r a t i c  func- 
t i o n  of w over  a  r e a s o n a b l e  r a n g e  of w; i . e . ,  l e t  

Next, w e  w i l l  choose  t h e  c o e f f i c i e n t s  Co,  Cl and C 2  such t h a t  Bd goes 
through t h e  measured +I, $ 2 ,  $3  p o i n t s  as shown in Fig. 6 .  Thus, the  
c o e f f i c i e n t s  a r e  determined bv 

Omi t t ing  t h e  a lgeb ra ,  i t  i s  obvious  t h a t  E q s .  (7), (a), and (9)  can be 
s o l v e d  e x p l i c i t l y  f o r  C o ,  C 1 ,  and C 2  i n  terms of  t h e  measurements $1, 
$ 2 ,  and 93. 

Returni.ng now t o  E q .  ( 6 1 ,  the  group d e l a y  can b e  found a s  



I f  t h e  s o l u t i o n s  f o r  C 1  and C 2  from Eqs. ( 7 ) ,  ( 8 ) ,  ( 9 )  are s u b s t i t u t e d  
i n t o  E q .  (lo), and i f  t h e  f r e q u e n c i e s  w l ,  w2, and w 3  a r e  assumed t o  b e  
i n  t h e  e x a c t  r a t i o  9:10:12,  t h e  f o l l o w i n g  e q u a t i o n  r e s u l t s  

Equa t ion  (11) e n a b l e s  one t o  compute a  group t ime  d e l a y ,  r e f e r r e d  t o  any 
a r b i t r a r y  f requency  a, i n  t e r m s  o f  t h e  t h r e e  measured phase  d e l a y s ,  T 1 ,  
T2 and T3. Note t h a t  Tg i n  a --- l i n e a r  f u n c t i o n  of TI, T2 and T3 and t h a t  
the sum of t h e  c o e f f i c i e n t s  (weight  f a c t o r s )  i s  u n i t y .  

Al.so n o t e  t h a t  t h e  measured phase  d e l a y s  T1, 7'2 and T3 a r e  si.mply 
the  measured p h a s e s ,  i n c l u d i n g  t h e  a p p r o p r i a t e  rnu l t ip1 .e~  o f  2-rr, d i v i d e d  
by t h e  f r e q u e n c i e s  ( i - e . ,  E q s .  3 ,  4 ,  and 5 ) .  However, phase  must be  
measured w i t h  r e s p e c t  t o  some l o c a l  r e f e r e n c e ,  s o  an  unknown c o n s t a n t  
w i . 1 1  appear  i n  each  term on the  r i g h t  s i d e  of E q .  1 L .  The sum of  the 
c o e f f i c i e n t s  i s  u n i t y ,  s o  t h i s  same a d d i t i v e  c o n s t a n t  w i l l  appear  w i t h  

Tg. T h i s  a d d i t i v e  term w i l l  be  assumed t o  be  c o n s t a n t  f o r  t h e  moment, 
b u t ,  i n  any e v e n t ,  i t  c e r t a i n l y  i s  n o t  dependent  on t h e  p r o p a g a t i o n  me- 
dium. 

Re turn ing  now t o  E q .  (ll), it i s  of  s p e c i a l  i n t e r e s t  t o  l o o k  a t  
v a r i a t i o n s  i n  the  c o e f f i c i e n t s  o f  TI, T2, and T3 w i t h  f requency .  These 
t h r e e  c o e f f i c i e n t s  w i l l  b e  d e s i g n a t e d  a s  K1, K2, and K3 ( i . e . ,  - 

T~ - KlTl + K2T2 -k K3T3), and t h e y  a r c  p l o t t e d  i n  F i g .  7 .  Note t h a t  I n  t h e  

1 2 . 0  - 1 2 . 5  kHz range  none of t h e  c o e f f i c i e n t s  exceeds  6 .  P u r e l y  random 
e r r o r s  i n  t h e  phase  d e l a y  measurements do ,  o f  c o u r s e ,  g e t  "ampl.ifiedt'  by 
t h e  c o e f f i c i e n t s ,  s o  l a r g e  v a l u e s  a r e  u n d e s i r a b l e .  How u n d e s i r a b l e ,  
though, i s  a  m a t t e s  of d e g r e e ,  b u t  c e r t a i n l y  f a c t o r s  of 4 o r  5 a r e  n o t  
unreasonab le .  Pursu ing  t h i s  f u r t h e r ,  i f  one assumes t h e  t h r e e  measure- 
ment e r r o r s  a s s o c i a t e d  w i t h  TI, T2, and T 3  t o  b e  independent  and e a c h  
hav ing  u n i t y  v a r i a n c e ,  t h e  r e s u l t a n t  r m s  e r r o r  i n  Tg would b e  as shown 
i n  F i g .  8. It should b e  a p p a r e n t  t h a t  t h e  b e s t  c h o l c e  of r e f e r e n c e  f r e -  
quency i n v o l v e s  a compromise between t h e  induced measurement n o i s e  e r r o r  
shown i n  F i g .  8 and t h e  d i u r n a l - s h i f t  e r r o r .  T h i s  w i l l  n o t  b e  pursued 
f u r t h e r  from a  t h e o r e t i c a l  v i e w p o i n t .  I n s t e a d ,  we w i l l  proceed d i r e c t l y  
t o  some e x p e r i m e n t a l  r e s u l t s  t h a t  demons t ra te  t h e s e  concep t s .  

Exper imental  Examples 

A formula  f o r  computing a s y n t h e t i c  group d e l a y  a t  any d e s i r e d  f r e -  
quency i n  t h e  OMEGA range  was d e r i v e d  i n  t h e  p r e v i o u s  s e c t i o n .  This, 
along w i t h  e x p e r i m e n t a l  phase  measurement d a t a  on 10 .2 ,  11-1/3,  and 13.6  
kHz, shou ld  p r o v i d e  a means of v e r i f y i n g  t h e  t h e o r e t i c a l  c u r v e s  of Hamp- 
t o n  [ 7 ]  and Watt [ 8 ] ,  reproduced i n  F i g s .  4 and 5. These c u r v e s  were 
worked o u t  f o r  a s i n g l e  inode w i t h  i d e a l i z e d  boundary c o n d i t i o n s ,  s o  we 
should n o t  e x p e c t  e x a c t  correspondence.  Q u a l i t a t i v e l y ,  though, w e  would 
expec t  t o  f i n d  t h e  group d e l a y  t o  be g r e a t e r  d u r i n g  t h e  day t h a n  a t  
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F i g .  7 .  V a r i a t i o n  of K K, .  K c o e f f i c i c n t s  w i t h  f r e q u e n c y .  1' ._ 3 

n i g h t  f o r  fri.qrlenc:ies 1 .12~s t-kar. t h e  (:rossnvcr, and cihen t h e  day and 
 nigh^ d e l a y s  s l iould  appro..ic.i~ e ~ c L  t.ltiler .-is tllr:. f r ~ ~ j u c r l c > . r  i s  i n c r e a s e d  t o  
t h e  crossover Erecluenr:!. al:o~.lrid 12. k H z ,  

A l i m i t e d  amount of e : iper i rner :~a l  d a t a  7t;as o i ~ t a i n e d  froi:] t h e  L. S .  
Coas t  Grsnrd C)Y.IEC:I\ :;aviga t i o n  S y i t ~ i ~ ~  Oil)el-3 t i.(:~~ls i)ilt ,xil  (ONSLID) , whic11  
ga the r s  ~ h a s e  inensitre.me:lt dutr-i :'1-~)i.*: vnri21ls n o : - i i t c r i n ?  sites l o c a t e d  
a round  the w o r l d .  Pflasc ilift'erenc1. ~netlsurcn~ents were in the form o f  
s t r i p - c h a r t  r e c o r d i n g s  and znvi-.:-ed the time period from ?larch 1 0  t h r o u g h  
March 31, 1975 .  Two t~-nnsr!li  s;ii~1- paths, T r i n i d a d  to Worth Dakota and 
Nor th  r)akota t o  l l awa i i  were .:eSecfccl as t.x~.imples f o r  ~ ~ r c s e n t a t i o n  h e r e .  
In  b o t h  cases, t l ic rnon i to r inq  :,.te:< were  ;ids? I,:: t h c  l o c a l  t r a n s m i t t e r s ,  
s o  t h e  r c c o r d e d  phases car1 hi! !:orisiciered a s  ";:ne-wi.i!r" l-rilijse measurements. 
Phase  d a t a  ;it all t h r e e  !)\IFi:.'i Zrcqircnc~ics were reaci, $1-0~1  t h e  c-harts a t  a 
r a t e  o f  one  samplc  p e r  hour, iill(l ~ i ~ e n  tliesii d i i t a  wct:e u s e d  to compllte 
g roup  t i m e  d e l a y s  a t  vijric711s ~-i.l~i~-et~.c~" f r i l u ( l ~ n ~ : i ~ . - :  .it1 - iccordancc w i t 1 1  
E q .  11. 

R e s u l t s  for t h e  Tr.i.nidacl :L) .!i?;~~-ti-i Jaki::ti~ pat11 (3-D) are shown i n  
Pi.g. 9. Twenty-two riay.; I - ~ f  datr-s a r c  ,;;hum? .;1.1!peri.m!:i3si.d in -each  of  the. 
f o u r  p a r t s  o f  t h e  f i g u r e .  i n  o-t-cl~~r ta est-abiish ;I. :serspec.tive, t h e  un- 
compensa ted  phase  delay a t  i .0. .1 k1iz i; 31- own .in ti-le -upper- le f  t c o r n e r .  



FREQUENCY  HZ 

Fig. 8. Normalized RMS e r r o r  due t o  measurement no i se .  

A s  expected,  t h e  d i u r n a l  s h i f t  i s  q u i t e  l a r g e ,  roughly about  75 micro- 
seconds o r  about 314 cyc le  a t  10.2 kHz. The o t h e r  t h r e e  p a r t s  of F ig .  9 
show the  group de lays  computed a t  11.5, 12.0 and 12 .5  kHz. Note t h a t  
the  average day and n i g h t  de l ays  do tend t o  equa l i ze  a s  t h e  r e f e rence  
frequency i s  increased  t o  12.5 kHz. The random f l u c t u a t i o n s  a l s o  in-  
c r e a s e  d rama t i ca l ly  a s  t h e  r e f e rence  frequency i s  increased ,  e s p e c i a l l y  
a t  n i g h t .  It i s  tempting t o  e x p l a i n  t h i s  a s  being due t o  phase measure-. 
ment e r r o r s  being ampl i f ied  by the  K 1 ,  K2, and K3 c o e f f i c i e n t s ,  which do 
inc rease  somewhat i n  going from 12.0 t o  1 2 . 5  kHz. However, t he  daytime 
po r t ion  of the  curves does no t  show a s i m i l a r  i nc rease  i n  randomness 
w i t h  a n  i n c r e a s e  i n  r e f e rence  frequency. Thus, a more reasonable  ex- 
p l ana t ion  would seem t o  be  t h e  b a s i c  i n s t a b i l i t y  a t  n i g h t  due t o  modal 
i n t e r f e r e n c e .  
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R e s u l t s  from t h e  North Dakota-Hawaii (13-C) p a t h  a r e  shown i n  F i g .  
1 0 .  The arrangement of t h c  p l o t s  i s  s i m i l a r  t o  t h e  Tr inidad-North  Dako-. 
t a  example. Tlle e q u a l i z a t i o n  of t h e  day and n i g h t t i m e  d e l a y s  i s  n o t  
q u i t e  a s  conspicuous  i n  t h i s  c a s e ,  because  t h e  p a t h  i s  l a r g e l y  east-west. 
and t h e  t r a n s i t i o n  between day and n i g h t  is  s p r e a d  over  a l o n g e r  t ime  
p e r i o d  t h a n  f o r  t h e  Tr inidad-North  Dakota p a t h .  

I n  b o t h  examples,  i t :  shou ld  be  no ted  t h a t  t h e  group d e l a y  v a r i a -  
t i o n s  a r e  considerabl-y  l e s s  t h a n  d i u r n a l  v a r i a t i o n  shown by t h e  raw 10.2 
kHz phase  d a t a .  Th i s  i s  t o  b e  expec ted  because  Hampton's c u r v e s  ( F i g .  
4)  i n d i c a t e  t h e  day- to-night  v a r i a t i o n  i n  group v e l o c i t y  should o n l y  b e  
abou t  one p a r t  i n  a thousand,  whereas we would e x p e c t  abou t  t h r e e  t i m e s  
t h i s  much v a r i a t i o n  i n  phase  v e l o c i t y .  Thus, group d e l a y  has a n a t u r a l  
i n s e n s i t i v i t y  t o  d i u r n a l  v a r i a t i o n  i n  t h e  11 .5  t o  13 kHz range .  For  
t iming purposes ,  i t  i s  impor tan t  t o  n o t e  t h a t  t h e  l a r g e  24-hour compo- 
n e n t  e r r o r  has  been v i r t u a l l y  e l i m i n a t e d  a t  a r e f e r e n c e  f requency  o f  
1 2 . 5  kHz, l e a v i n g  on1.y r e l a t i v e l y  rapi .dly f l u c t u a t i n g  n o i s e .  Presumably,  
t h i s  should  be e a s i e r  t o  f i l t e r  t h a n  t h e  r e l a t i v e l y  low-frequency 24-hour 
e r r o r ,  s o  t h i s  w i l l  now be pursued f u r t h e r .  

F i l t e r  Example 

I n  t h e  t i m i n g  problem under c o n s i d e r a t i o n ,  we w i l l  assume t h a t  we 
have a r e c e i v e d  CW s i g n a l  from a remote s o u r c e  (OMEGA) and a correspond-,  
i n g  s i g n a l  from a l o c a l  s o u r c e .  Both w i l l  b c  assumed t o  be  r e f e r r e d  t o  
t h e  same nominal f requency  v i a  whatever  f requency  s y n t h e s i z e r s  a n d l o r  
d i v i d e r s  a r e  n e c e s s a r y .  The l o c a l  s o u r c e  may be  j u s t  a s imple  c r y s t a l  
o s c i l l a t o r ,  b u t ,  i n  any e v e n t ,  t h e r e  must e x i s t  some l o c a l  r e f e r e n c e  t o  
compare w i t h  t h e  r e c e i v e d  OMEGA s i g n a l .  

Tlle f i l t e r i n g  problem h e r e  f a l l s  i n t o  t h e  g e n e r a l  c a t e g o r y  of com- 
plettientary f i l t e r i n g  [ l o ] ,  s o  a few words are i n  o r d e r  abou t  t h i s  t y p e  
of f i l t e r i n g .  F i g u r e  I1 shows t h r e e  forms of  f i l t e r i n g  o p e r a t i n g  on twcl 
independent  n o i s y  measurements of t h e  same s i g n a l  s ( t ) .  The contaminat-. 
i n g  n o i s e s  a r e  n l ( t )  and n2(t). Note t h a t  a l l  t h r e e  implementat ions  
l e a d  t o  i d e n t i c a l  end r e s u l t s .  The d e s i g n e r ' s  problem i s  t o  choose t h e  
b e s t  Y(s) f o r  t h e  n o i s e s  p r e s e n t  i n  h i s  p a r t i c u l a r  p h y s i c a l  s i t u a t i o n .  
Each of t h e  b l o c k  diagrams i n  F i g .  11 l e n d s  a s l i g h t l y  d i f f e r e n t  i n s i g h t  
i n t o  t h e  d e s i g n  problem. The s t r a i g h t f o r w a r d  two-channel v e r s i o n  shown 
i n  F i g .  l l ( a )  c l e a r l y  shows t h e  complementary f e a t u r e  of t h i s  t y p e  of 
f i l t e r i n g .  Note t h a t  t h e  s i g n a l  s ( t )  p a s s e s  through t h e  sys tem undis -  
t o r t e d  and i s  n o t  a f f e c t e d  by t h e  c h o i c e  of ~ ( s )  i n  any way. F i g .  l l ( b )  
shows t h a t  t h e  d e s i g n  problem r e d u c e s  t o  a s e p a r a t i o n  of n l ( t )  from 
n 2 ( t ) .  For  example, i f  n l  i s  low-frequency n o i s e  and n2 i s  h igh- f re -  
quency n o i s e ,  t h e  obviozls c h o i c e  f o r  Y(s) i s  a low-pass f i l t e r .  T h i s  
w i l l  p r e s e r v e  n l ( t )  t o  some degree of a c c u r a c y ,  and i t  can  t h e n  b e  sub- 
t r a c t e d  from t h e  f i r s t  measurement t o  y i e l d  a n  improved e s t i m a t e  of s ( t ) .  
The feedback v e r s i o n  shown i n  F i g .  l l ( c )  is  t o  b e  p r e f e r r e d  over  ( a )  o r  
(b)  i n  s i t u a t i o n s  where e i t h e r  n l  o r  n2 i s  u n s t a b l e  w i t h  t ime.  The l i n -  
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(A) COMPLEMENTARY FILTER. IN COMPLEX 
DOMAIN: S = S + N 1 ( l  - Y) + H2Y 

* 

(B)  DIFFERENCING - FEEDFORWARD IMPLEMENTATION. 

(C) FEEDBACK IFIPLEMENTATION. 

Fig. 11. Three equivalent implementations of a complementary filter. 

ear range of the operations indicated in (a) and (b) might be exceeded 
in this case, but this can be avoided with the feedback implementation 
shown in (c) . 

The linearity restriction just mentioned really only applies in 
analog systems. If the filter is operating on digital data (i.e., num- 
bers) there is virtually no such restriction. Either continuous analog 
or digital data may be encountered in the timing application. Obvious- 
ly, with the aid of a digital processor and appropriate interfacing, all 
sorts of interesting possibilities exist, including computation of group 
delay referenced to any desired frequency in accordance with Eq. 11. 
However, in the interest of keeping the discussion brief and simple, we 
shall be content with a simple analog example. 

To illustrate the benefit of the group-delay approach (in contrast 
to phase delay) consider the observed OMEGA signal to be the beat signal 
between the 11-113 and 13.6 kHz transmissions from a single OMEGA sta-  



.--1 assume t h a t  t h e  e l e c t r o n i c  c i r c u i t r y  i s  such tha t  i t  pso- 
duces  an  a n a l o g  CW s i g n a l  a t  t h e  d i f f e r e n c e  f requency  of 2-4/15 kHz. 
Th is  can a l s o  be  thought  of a s  t h e  envelope of a  s i n g l e  modulated wave 
whose c a r r t e r  i s  midway between 11-113 and 1 3 . 6  kHz, o r  12.46---kHz. 
The envelope t r a v e l s  a t  group v e l o c i t y ,  so t h e  phase  of t h e  enve lope  is 
de layed  by t h e  group d e l a y ,  i n  t h i s  c a s e  r e f e r e n c e d  t o  abou t  12.L~6 kHz. 
Note,  by c o i n c i d e n c e ,  t h i s  i s  very  n e a r  t h e  day-night  c r o s s o v e r .  Thus, 
t h e  phase-delay c h a r a c t e r i s t i c s  of  t h e  h e a t  s i g n a l  between 11-113 and 

I 4 + " L  + - " L=  LOCAL PHAcF F R R n R  
- Q 

n = OMEGA PHASE ERROR 

F i g .  12 .  F i r s t - o r d e r  f i l t e r  example. 

13 .6  kHz shou ld  b e  c l o s e  t o  t h o s c  shown i n  F i g s .  9 and 10 f o r  t h e  1 2 . 5  
kHz r e f e r e n c e  f requency .  That i s ,  t h e  major p a r t  o f  t h e  d i u r n a l  v a s i a -  
t i o n  shou ld  be  e l i m i n a t e d ,  l e a v i n g  o n l y  t h e  more r a p i d l y  v a r y i n g  phasc  
e r r o r .  The b e a t  s i g n a l  a t  2-4/15 kHz can now b e  compared d i r e c t l y  w i t h  
t h e  phase  of t h e  l o c a l  s o u r c e  s u i t a b l y  d i v i d e d  down t o  t h e  same f r e -  
quency. Thus, i n  t h i s  example,  t h e r e  i s  no need t o  "compute" a s y n t h e t -  
i c  group d e l a y ,  because  a s i n u s o i d a l  wave w i t h  e s s e n t i a l l y  no d i u r n a l  
s h i f t  can b e  o b t a i n e d  d i r e c t l y  i n  a n a l o g  form. 

The f i l t e r  b l o c k  diagram f o r  t h i s  example i s  shown i n  t h e  "feedback" 
c o n f i g u r a t i o n  i n  F i g .  1 2 .  I n  t h i s  c a s e  we might expec t  t h e  r e s i d u a l  
p r o p a g a t i o n  e r r o r  a s s o c i a t e d  w i t h  t h e  OPIEGA s o u r c e  t o  b e  r e l a t i v e l y  high 
f requency  n o i s e .  On t h e  o t h e r  hand, one would expec t  u n s t a b l e ,  low- 
f requency  d r i f t  e r ro r  i n  t h e  l o c a l  r e f e r e n c e .  The s p e c t r a l  c h a s a c t e r i s -  

t h e  complementary f i l t e r  t o  do a r e s p e c t a b l e  job of s e p a r a t i n g  t h e  two. 
A low-pass f i l t e r  i s  t h e  obvious  c h o i c c  f o r  Y ( s ) .  For  purposes  of i l l u -  

where T i s  t h e  t ime  c o n s t a n t  o f  t h e  f i l t e r .  This i s  t h e  s i m p l e s t  pos-- 
s i b l e  low-pass f i l t e r .  Some commercial systems a r e  c a p a b l e  of o p e r a t i n g  
w i t h  a t ime  c o n s t a n t  of about  one day ,  s o  w e  w i l l  choose t h i s  as t h e  
t ime  c o n s t a n t  T i n  t h i s  exatnple. We s h a l l  t h e n  compare t h e  complemen- 
t a r y  f i l t e r  o u t p u t s  w i t h  raw 10.2  kHz OMEGA a s  t h e  r e f e r e n c e  on one 
hand, and w i t h  t h e  2-4/15 kHz b e a t  s i g n a l  a s  t h e  OMEGA r e f e r e n c e  on 
t h e  o t h e r .  F i v e  days  of a c t u a l  B-D OMEGA d a t a  f o r  3-7 March 1975 w i t h  a 



sampling ra te  of one sample per  1 0  minu tes  was used a s  t h e  remote r e f e r -  
ence i n  t h e  s i m u l a t i o n .  The l o c a l  r e f e r e n c e  f o r  t h i s  example was a s -  
sumed t o  b e  a r e l a t i v e l y  h i g h  q u a l i t y  s o u r c e  w i t h  a  d r i f t  r a t e  of 1 p a r t  
i n  1010. 

The r e s u l t s  f o r  t h e  5-day s i m u l a t i o n  a r e  shown i n  F i g .  1 3 .  The 
f i r s t  two o r  t h r e e  days may b e  ignored  a s  t h e  t r a n s i e n t  p e r i o d ,  b u t  n o t e  
a s  t h e  sys tem approaches  s t e a d y - s t a t e ,  t h e  s i m u l a t i o n  w i t h  t h e  b e a t  s i g -  
n a l  a s  r e f e r e n c e  has  c o n s i d e r a b l y  s m a l l e r  f l u c t u a t i o n s  than  the  raw 10 .2  
kHz phase- re fe rence  sys tem.  

There was no a t t e m p t  t o  o p t i m i z e  t h e  f i l t e r  i n  t h i s  example. 
Ra ther ,  t h e  f i l t e r  form and t ime  c o n s t a n t  were chosen t o  conform w i t h  
c u r r e n t  s t a t e - o f - t h e - a r t  phase - t rack ing  t ime/ f requency  sys tems .  Appl i -  
c a t i o n  of o p t i m a l  f i l t e r i n g  t e c h n i q u e s  shou ld  p r o v i d e  even f u r t h e r  r e -  
d u c t i o n  of t h e  r e s i d u a l  e r r o r .  

0--12.47 GROUP OELRT 
X--10.2 PHRSE OELRT 

1.00 1. SO 2.00 2.50 3.00 3.50 U.00 U.50 
n a r c  

F i g .  13, comparison of e r r o r s  f o r  phase- and group-reference 
sys tems .  



Summary 

Tt h a s  h e m  dc~nol~:itl-a tcd t h a t  s r o u p  iiei a? i n  t h e  1 2 . 0  t o  1.2.5 kHz 
r a n g e  e x h i . h i t s  much 1~: ;s  cl iurnr--~l  variiition than tile c o r r e s p o n d i n g  phase  
d e l a y .  T h u s ,  i f  t l ie  l o c a l  rcfe-r:;:tlc:e i s  c o t l l ~ l c d  to - t ihe remote reference 

r e c o g n i z e d ,  a cons ide1-able  hk~d:: 41 b o t h  aptir.1izatio11 t h e o r y  a n d  exper- 
ience c a n  b e  brougl-lt t o  I-]ear. on t;le ;~ro'tilclii. T i u s ,  the  O X G A  sys tem 

. " w i t h  i ts three c.c>llerenL Ci-al1i;:::l 5 3 :  011s s i~ows  i : o n s i d e r a b l e  pro in ise  as the 
long-term r e f e r e n c e  i n  a prec:f.;e ~:ime/frc~ucnc~~ svs tern. 
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