
FREQUENCY STAR TL I T Y  bIE4SUREMENT PROCEDURES 

Michae l  C .  F i s c h c r  
l ~ c w l e t t - P a c k a r d  Company, S a n t a  C l a r a ,  C a l i f o r n i a  

ABSTRACT 

T h i s  p a p e r  i s  i n t e n d c d  to h c  a t u t o r i a l  r e v i e w  
o f  e s t a b l i s h e d  t e c h n i q u e s  for w o r k e r s  new t o  
t h i s  f i e l d  and  a s  a  r e f e r e n c e  f o r  t h o s e  who 
must  make t l i e s e  measurements  infrequently. 
Enough backg round  i s  i n c l u d e ~ l  t o  rcmove most  
of t h e  m y s t e r y ,  l e a v i n g  r i g o r o u s  m a t h m a t i c a l  
j u s t i f i c a t i o n s  to b e  found  i n  t h e  r e f e r e n c c s .  
S p e c i a l  t e c h n i q u e s  for p u s h i n g  measurement 
p r e c i s i o n  t o  t h e  known l i r n i t  a r c  o n l y  m e n t i o n e d  
b r i e f l y .  I t  i s  r e c o g n i z e d  t h a t  any  s i n g l e  
a p p l i c a t i o n  o f  a  p r e c i s i o n  o s c i l l a t o r  w i l l  h ave  
s y s t e m  r e q u i r c m c n t s  f o r  which  a l i m i t e d  r a n g e  
o f  t h e s e  procedures w i l l  a p p l y .  

The rneasurcments  c o v e r e d  a r e  p h a s e  m o d u l a t i o n  
s i d e b a n d s  f rom 0 . 0 1  1Iz t o  5 0  klIz,  and  s h o r t  
t c r m  s t a b i l i t y  by A l l a n  v a r i a n c e  f r o ~ n  0 . 1  
m i l l i s e c o n d  t o  103 s e c o n d s ,  i n c l u d i n g  t h e  
e f f e c t s  o f  non-random components  s u c h  a s  s p u r s  
o r  b r i g h t  l i n e s .  

A p p l i c a t i o n s  o f  a new f r e q u e n c y  s t a b i l i t y  
a n a l y z e r  s y s t e m  a r e  d i s c u s s c d  i n  somc d e t a i l  
a l s o .  T h i s  s y s t e m  i s  p a r t i c u l a r l y  s u i t e d  
f o r  c h a r a c t e r i z i n g  VIIF f r e q u c n c i e s  and  a b o v e .  

INTRODUCTION 

A s  an i n t r o d u c ~ i - o n  to t h e  s u b j c c t  o f  f r e q u e n c y  s t a b i l i t y ,  
t h e  f i r s t  p a r a g r a p h s  r e v i c w  some b a s i c  c o n c e p t s  which  s e t  
a c o n t c x t  f o r  u n d e r s t a n d i n g  t h e  measurement  methods  and  
r e s u l t s .  F r equency  measurements  a r c  c o n c e r ~ l e d  w i t h  d e s c r i b -  
i n g  changes  i n  t h e  p h a s c  o f  t h e  o u t p u t  s i g n a l  o f  a n  o s c i l -  
l a t o r .  T h i s  c a n  b e  v iewed  a s  o b s e r v i n g  how u n i f o r m l y  i n  
t i m e  t h e  z e r o  c r o s s i n g s  o c c u r .  T h e r e  a r e  two p a r a m e t e r s  
which  have  l i t t l c  t o  do w i t h  f r e q u e n c y  s t a b i l i t y  as i t  
a f f e c t s  a  u s c r  s y s t e m .  These a r e  a m p l i t u d e  m o d u l a t i o n  and  
ha rmon ic  d i s t o r t i o n .  These  p o i n t s  w i l l  b e  e x p l a i n e d  n e x t  
t o  remove them a s  p o s s i b l e  c o n f u s i o n  f a c t o r s .  



Amplitude Modulation 

Most measurement methods and specifications ignore amplitude 
noise, that is unwanted amplitude modulation. This is bc- 
causc amplitude noise can be stripped off in an inexpensivc 
limiter stage. Many systems use such a limiter to interface 
with a Irequency standard input for this reason, as well as 
to provide gain and/or to standardizc the signal level for 
thc st-ages which follow. Even whcn not specified, AM noise 
sidcbands in most quality sourccs arc comparable to or 
better than phase noise. 

Harmonic Distortions 

The square wave output of a symmetric:~l limiter mentioncd 
above contains large odd order harmonics which can be fil- 
tered off if the system would be perturbed by them. Where 
a limiter is used, odd order harmonic distortion on the out- 
put of the oscillator is 01 no consequence. Of more concern 
is even order harmonic distortion because it causes the pos- 
itive half-cycles to have a different shape f rom the nega- 
tive half cycles. This asymmetry can cause unbalanced 
operation in somc frequency doubler circuits. 

Most applications are not sensitivc to moderate amounts of 
harmonic content. Recause of this, even the highest quality 
sources have harmonic distortion specifications around 30 
to 40 dB down. This performance is easily measured directly 
on a spectrum analyzer, or selective voltmeter. 

To summarize: any distortion in the shape of thc wave which 
remains unchanged from one cycle to the next, shows up as 
harmonic distortion, This is easily measured, and has no 
effect on frequency or phase stability. 

FREQUENCY, PHASE, TIME 

Examination of thc frequency standard output waveform will 
now concentrate on the variations in thc time of occurance 
of the zero crossings (1). Consider again a frequency 
standard signal having passed through a hard limitcr. The 
only information remaining is the time of thc zero crossings 
It is here that all the stability of frequency and phase, 
or time, is defined. This suggests the technology of digit- 
al logic where \<xveshape and amplitude receivc littlc attcn- 
tion, but edge timing is critical. An illustration of 
these points exists in t h e  fact that Schottky T ~ L  logic 





f r equency  e r r o r s ,  many minu tes  o r  even days might  e l a p s e  
b e f o r e  a  comple te  c y c l e  had p a s s e d .  Second,  f r e q u e n c y  
e r r o r s  and t o l e r a n c e s  a r e  u s u a l l y  e x p r e s s e d  i n  n o r m a l i z e d  
o r  f r a c t i o n a l  n o t a t i o n s  as  ~ f / f .  I f  t h e  0 . 4  Hz e r r o r  above 
were on a  10 M H z  s i g n a l ,  t h e n  i t s  f r a c t i o n a l  f r e q u e n c y  e r r o r  
o r  ~ f / f  would be 4 x l o m 8 .  

A s  an example o f  t h i s  method, c o n d i t i o n s  n e a r  t h e  p r a c t i c a l  
l i m i t  o f  i t s  u s e  a r e :  a  10 nanosecond phase change d u r i n g  
a 100 second e l a  s e d  t i m e .  T h i s  i s  r e f e r r e d  t o  a s  a  
~ t / t  o f  1 x S i n c e  a  a t / t  measured i n  t h i s  way e q u a l s  
~ f / f  d i r e c t l y ,  computa t ion  i s  minimal and s i m p l e .  I t  i s  
u s c f u l  t o  n o t e  t h a t  t h i s  method does n o t  i n v o l v e  knowledge 
o f  t h e  c a r r i e r  f r e q u e n c y .  T h i s  can  be e s p e c i a l l y  c o n v e n i e n t  
when t h e  c a r r i e r  f r equency  i s  a  cumbersome n o n - i n t e g e r ,  o r  
f o r  comparing errors among b ranches  of: a sys tem where t h e  
c a r r i e r  f r e q u e n c i e s  d i f f e r .  A c o h e r e n t  s y n t h e s i z e r  w i l l  
p r o b a b l y  be needed t o  s e r v e  a s  a  t r i g g e r  r e f e r e n c e  i n  
t h e s e  c a s e s .  

Phase M e t e r ,  S t r i p  Char t  Recorder  

S e v e r a l  more o r g e r s  o f  magnitude o f  r e s o l u t i o n  down t o  
Af/f  = 1 x 10-  can  b e  o b t a i n e d  by u s i n g  a phase  meter  
w i t h  some means o f  r e c o r d i n g  i t s  o u t p u t .  The s i m p l e s t  
a r rangement  t o  a c h i e v e  t h i s  i s  a v e c t o r  v o l t m e t e r  w i t h  i t s  
dc  phase  o u t p u t  connec ted  t o  a  s t r i p  c h a r t  r e c o r d e r .  T h i s  
can  r e s o l v e  0 . 1  nanosecond and ,  i n  l e s s  t h a n  t h r e e  ho 

- Y V  , o r  l o 4  s e c o n d s ,  t h e  r e s o l u t i o n  becomes ~ t / t  = 1 x  10 . 
A t ime i n t e r v a l  c o u n t e r  can  a l s o  be used  t o  measure p h a s e ,  
and can  r e a c h  f r a c t i o n a l  nanosecond r e s o l u t i o n  w i t h  t ime  
i n t e r v a l  a v e r a g i n g ,  o r  i n t e r p o l a t i o n .  Recording  d a t a  from 
a c o u n t e r  can  be hand led  w i t h  a  p r i n t e r ,  a  d i g i t a l  t o  a n a l o g  
c o n v e r t e r  and s t r i p  c h a r t  r e c o r d e r ,  o r  an i n t e r f a c e  bus t o  
a  c a l c u l a t o r  arid p e r i p h e r a l s .  

A comment on t h e  ~ t / t  method i s  i n  o r d e r :  The f r a c t i o n a l  
f r e q u e n c y  d i f f e r e n c e  measured w i t h  t h i s  method i s  t h e  
a v e r a g e  (mean) d u r i n g  t h e  measurement i n t e r v a l  t .  

These t e c h n i q u e s  a r e  recommended f o r  t h e  measurement o f  
a b s o l u t e  f r e q u e n c y  e r r o r ,  l o n g  t e rm a g i n g ,  e f f e c t  o f  e n v i -  
ronmenta l  changes ,  and house s t a n d a r d  m o n i t o r i n g .  Two b e a t  
f r e q u e n c y  methods which y i e l d  ex t reme r e s o l u t i . o n  i n  v e r y  
s h o r t  measurement t i m e s  a r e  d e s c r i b e d  i n  HP A p p l i c a t i o n  



Note 5 2 - 2 ,  page  3 (11, a n d ,  by David  W .  A l l a n ,  "Repor t  on 
NBS Dual Mixer  Time D i f f e r e n c e  Systcnl  ( D M r r D )  . . ." ( 2 )  . 

FREQUENCY STAR1 LITY 

An o s c i l l a t o r ' s  i n h c r e n t  i n s t a b i l i t i e s ,  
i n d u c c d  by c n v i r o n r n e n t a l  e f f c c t s ,  c an  be  g r o u p e d  c o n v e n z e n t -  
l v  i n t o  t h r c e  c l a s s e s  o f  f r e q u e n c y  cllnnges : m o n o t o n i c ,  

Aging 

Monoton ic  d r i f t s  i n  f r e q u e n c y  o v e r  t i m e  r a n g i n g  f rom d a y s  
upward a r e  c a l l e d  f r e q u e n c y  a g i n g  and a r c  mcasu red  by  
r e p e a t e d  a p p l i c a t i o n  o f  t e c h n i q u e s  d e s c r i b e d  above  f o r  
a b s o l u t c  f r e q u e n c y  measurement .  ( 3 )  Non-monotonic drifts 

I P e r i o d i c  c h a n g c s  i n  f r e q u e n c y  amount. t o  f r e q u e n c y  m o d u l a t i o n  
( w h e t h e r  o r  n o t  i n t e n t i o n a l )  by  a  s i n c  wave and i t s  harmon- 

I w i l l  b e  d . i s c u s s e d d  > l o n g  with rand0111 f r e q u e n c y  v a r i a t i o n s  
and  t h e i r  rnca.surements.  It. i s  wor th  n o t i n g  a 

I more t h a n  d i f f e r c ~ i t  ways o f  n lensur ing  t l  
example ,  s h o u l d  one a t t e m p t  t o  a n a l y z e  t h e  s i g n a l  cornin! 

sw ings  s i n u s o i d a l l y  from 0 . 9 9 9  b1Hz t o  1,1101 MI-IZ a t  a  1 . U  
kIIz r a t e ,  i t  would h c  f ound  t o  h a ~ c  Fhl/f 'hI s i d  
a t  1 . 0  kHz m u l t i p l e s  f rom t h e  c a r r i e r ,  o f  a m p l i t u d e s  i n d i c -  
a t i n g  a m o d u l a t i o n  i n d c s  o f  l , O .  C o r r e s p o n d i n g l y  a p h a s c  
m e t e r  would show t h a t  tl 
u s o i d a l l y  a t  a  1 . 0  kHz r a t e  ~ i t h  p e a k  e x c u r s i o n s  o f  1 . 0  

RANDO?! FREQUENCY V A R l , Z i ' I O N S ,  T Ib11: DOMAIN 

P o s s i b l y  t h c  most far11ili:i-r. 1neasul.e o f  t h e  randonlncss o r  

I t h e  u s u a l  s y ~ n b o l  i s  a lower. c a s e  s i g m a ,  u ,  and a  f o r m u l a  



This  means t h a t  N measurements ,  each  an x., a r e  ave raged  t o  
f i n d  x, t h e n  u i s  computed. T h i s  was a p p l i e d  t o  c h a r a c t e r -  
i z e  f r e q u e n c y  s o u r c e s  u n t i l  i t  was found t h a t  some o f  t h e  
non-whi t e  n o i s e  p r o c e s s c s  commonly p r e s e n t  caused  a t o  v a r y  
depending  on t h e  c h o i c e  o f  N .  T h i s  i s  even worse b e c a u s e ,  
f o r  l a r g e r  N ,  a can  i n c r e a s e  i n s t e a d  of  c o n v e r g i n g .  F u r t h e r  
d e t a i l  i s  i n  NBS T e c h n i c a l  Note 6 6 9 ,  p .  7 ,  ( 4 ) .  

For t h e s e  r e a s o n s ,  i n  t h e  measurement o f  f r e q u e n c y  s o u r c e s ,  a  
s p e c i a l  d e f i n i t i o n  o f  0 ,  which a v o i d s  t h e  d i v e r g e n c e  p rob lems ,  
i s  i n  u n i v e r s a l  u s e .  T h i s  measure i s  c a l l e d  t h e  A l l a n  v a r -  
i a n c e  a f t e r  i t s  d e v e l o p e r .  I t  may be  r e c a l l e d  t h a t  a  v a r i -  
ance  i s  t h e  s q u a r e  o f  a s t a n d a r d  d e v i a t i o n .  T h i s  measure i s  
d e f i n e d  by t h e  f o r m u l a :  

where M measurements a re  made o f  A f / f ,  e a c h  o f  which i s  a 

Y'I . On s igma,  t h e  s u b s c r i p t  y means t h a t  sigma i s  a  measure 
o  t h e  s c a t t e r  i n  f r a c t i o n a l  f r e q u e n c y  d i f f e r e n c e ,  y  = ~ f / f .  
Thc t t a p p r o x i m a t e s t t  symbol ,  %, i s  used  i n s t e a d  o f  "equa l s " ,  
=,  because  t h i s  i s  a  measure o f  a  random phenomemon by a  
f i n i t e  number o f  samples ,  M .  T h i s  means t h a t  some s c a t t e r  
must be e x p e c t e d  i n  measurements o f  u ( T ) ,  amounting t o  
s e v c r a l  p e r c e n t  f o r  M=100. (15) The r ime  d u r a t i o n  o f  each  
measurement i s  T ,  a l s o  c a l l e d  a v e r a g i n g  t ime  o r  sample t i m e .  
The s i g n i f i c a n c e  o f  t h e  p a r a m e t e r  T a p p e a r s  when we measure 
a (T) f o r  different a v e r a g i n g  t i m e s ,  i n  e f f e c t  v a r y i n g  T s t e p -  
wyse, t h e n  p l o t  t h e  r e s u l t s .  T h i s  i s  t h e  f a m i l i a r  f r e q u e n c y  
s t a n d a r d  s p e c i f i c a t i o n  p l o t  o f  o y ( r )  v e r s u s  r .  S i n c e  r i s  
t h e  independen t  v a r i a b l e ,  t h e s e  a r c  c a l l e d  TIME D O M A I N  mea- 
su remen t s  and s p e c i f i c a t i o n s ,  and a l s o  SHORT TERM S T A B I L I T Y .  

I n  o r d e r  t o  measure t h e  0 ( T )  o f  a l l  h i g h e r  q u a l i t y  s o u r c e s .  
which i n c l u d e s  q u a r t z  o s c Y l l a t o r s  w c l l  below $1000,  some 
s p e c i a l  a r rangement  i s  r e q u i r e d  beyond a s i m p l e  f r e q u e n c y  
c o u n t e r  t o  a t t a i n  s u f f i c i e n t  r e s o l u t i o n .  The b a s i c  method 
which h a s  s e e n  t h e  w i d e s t  u s e  i s  t h e  h e t e r o d y n e  o r  b e a t  
f r e q u e n c y  method. T h i s  i s  diagrammed i n  F i g u r e  1 and r e q u i r e s  
t h a t  t h e  two o s c i l l a t o r s  t o  be compared be  o f f s e t  by t h e  
d e s i r e d  d i f f e r e n c e  f r e q u c n c y ,  f ~ ,  u s u a l l y  between 1 . 0  and 
1 0  h e r t z .  P r o p e r  c h o i c e  o f  f D  w i l l  make t h e  c o u n t e r  r e a d  
d i r e c t l y  i n  Af/f  s c a l e d  by a c o n v e n i e n t  power o f  1 0 .  The 
r e l a t i o n s h i p  i s :  

nf 2 
- fD A T  
- 

f  f o  ( 3 .  

where ~ f / f  i s  t h e  f r a c t i o n a l  f r e q u e n c y  d i f f e r e n c e  i n d i c a t e d  
by an inc remen t  i n  t h e  p e r i o d  coun t  o f  A T .  The nominal  



o f  e a c h  measurement  i s  1 0 - l - .  T h i s  g i v e s  t h e  s c a l e  o ?  me 
c o u n t e r  r e a d i n g s  s o  that .  t h e y  may be  
1 2 .  above d i r e c t l y  a s  t h e  bVk mcasul-ernents.  l 'he averaging 

f o r  l o n g e r  T . 

10; n o i s e  i n t e r f a c e  be tGeen  t h e  mixe r  and t h c  c 
t o  s e t  t h e  n o i s e  b a n d w i d t h  o f  t h e  s y s t e m  t o  t h e  d e s i r e d  
v a l u e ,  c o n v e n t i o n a l l y  100 kHz .  When measu r inp  i n  a r e g i o n  
o f  T where  D ( r )  s h o ~ s  ~ ~ l l i t c  n o i s e  phasc m o d u l a t i o n ,  t h e  Y m e a s u r e n l e ~ ~ t  r e s u l t  w i l l  be  p r o p o r t i o n a l  t o  the 
of  t h e  s;:stem banclwidtll.  'There i s  a comrnel.cia1 p r o d u c t  . - .  
which  s e r v e s  t h e s e  n e e d s ,  t h e  HP 1 0 8  
shown i n  t h c  5 3 9 0  Sys tem ( 5 3 ,  F i g u r e  2 .  

A n o t h e r  p a r a m e t e r  which  c a n  a f f e c t  t h e  measurement  . . - .  i s  t h e  

t h i s  a r r a n g e m e n t  t h e  c o u n t e r  mus t  i g n o r e  
t h e  c o m p l c t i o n  o f  one  rrleasurcment and  t h e  s t a r t  o f  a n o t h e r ,  
w h i l e  i t  o u t p u t s  d a t a  and r e s e t s .  T h i s  d e a d  t i m e  b i a s e s  
t h e  measurement  r e s u l t ,  r e q u i r i n g  c o r r e c t  
c a l l e d  b i a s  f u n c t i o n s .  These  a r e  t a b u l a t e d  i n  NBS Mono- 
g r a p h  1 4 0 ,  p a g e s  1 9 0  - 2 0 5  ( h )  and HP 2 l p p l i c a t i o n  Note 1 7 4 - 7  
(7) . An abbreviated t : ible  i s  i n c l ~ l ~ l e d  i n  Appendix D. 

I I n  o r d e r  t o  choose  t h e  p rope l -  b i a s  f u n c t i o n  t o  a p p l y  t o  a 

known:  his means t h a t  -,( 1 niust bc measurcd a t  l e a s t  
two d i f f e r e n t  v a l u e s  o f  a i r e r a ~ i n g  t i m e  r .  I f  o n l y  a few 
v a l u e s  o f  T a r e  u s c d ,  t he ) ,  s h o ~ l l d  b e  5 c p a r a t e d  by r: 
o f  a b o u t  two o r  t h r e e .  2Icasurement ~ i n c e r - t n i n t y  would l e a d  
t o  a  l a r g e  s l o p e  u n c e r t a i n t y  f o r  a I 
p o i n t s .  I f  a p a i l .  o1 d a t a  p o i n t s  l i e r e  spacccl :I decade  

I cums tnnces  a l l o w .  Morc d e t a l l  
may be  c x p c c t e d  i s  l o c a t e d  i n  t h e  s e c t i o n  head ,  
o f  Da t a  Re twecn Tir l ie  a n d  Trecluency Dorna i n s  . " 

I If a  10 l j z  o f f s c t  be tween  t h e  u n i t  u n d e r  t e s t  and t h e  

I c a n  b c  u s e d  t o  mcasu rc  J~(,:-) c o n v e n i e n t l y  f o r  



least 1000 seconds down to 1/10 second. Efforts to increase 
the offset frequency, to measure at shorter times, must be 
applied with care, because such conversion techniques as 
synthesizing and mixing can easily add more noise than that 
which was to be measured. 

If a signal from a third oscillator of similar or better 
quality to the unit under test is available, then two more 
sets of data can be taken, pairwise among the three. These 
three measurements then can be combined to find the perfor- 
mance of each individual unit (8). 

The subscripts refer to units a, b ,  and c. Once the refer- 
ence unit is calibrated, then f u t ~ ~ r e  measurements of un- 
knowns can be computed more simply: 

Clearly, all measurements combined must he at the same 7 .  

For nearly all stable sources, their short term stability 
in the region of approximately one millisecond to one sec- 
ond shows white noise of phase as the dominant process. 
Direct measurement of this performance requires an addition- 
al level of complexity beyond the basic methods of this 
paper. 

Fortunately there is a basic method which, though indirect, 
g i v c s  a more detailcd characterization of performance. This 
method is the phase noise, %(f), measurement in the fre- 
quency domain. Most stable sources exhibit a flattcning- 
out of their phase noise spcctrum in the 100 Hz to 10 kHz 
region. The asymptote of this measurement can be converted 
using the white phase equation for 0 (T) in Table 1 to give 
the corresponding Allan variance in The time domain. 

Thc improved dctail comes from the fact that the phase 
noise measurement will show the frequency and amplitude of 
any discrete spurious sidebands. The peak effect of these 
on "Y (T) is calculated by: 

- 



where f o  i s  t h e  nominal  c a r r i c r  frequency and i p ~  i s  t h e  
s i n g l e  s i d e b a n d  t o  c a r r i e r  r a t i o  i n  dcc 
A d e r i v a t i o n  o f  t h i s  formula  a p p e a r s  i n  Appendix A .  Note 
t h a t  t h i s  r c s u l t  i s  n o t  n f u n c t i o n  o f  t h c  s i d e b a n d  f requency .  

- - -. - - . 

F i g u r e  3 .  '  he oy (r) d a t a  was t a k e n  with an HP 5 3 9 0 A  
Frequency Stability Analyzer  and t h e  L ( f )  d a t a  was taken,  

3 r , V ? . "  - - - - -  

3 5 8 1  Wavc Analyzer  and 703SB X - Y  R e c o r d e r .  

. 

domain measurement i s  still :lie b e t t e r  cho ic t  
r e a s o n s .  In  some s o u r c e s ,  a bandpass  f i l t e r  
which c a u s e s  t h e  p h a s ~  n o i s e  o r  X ( f ) ,  c u r v e  t o  b r e a k  down- 

1 0  kHz .  T h i s  i s  random walk o f  phase o r  w h i t e  FM and h 
a t ime  domain s l o p c  o f  -c - ' z .  Whenever t h i s  p< 
e n c o u n t e r e d  i n  a f r e q u e n c y  domain measurement ,  i t s  asymp- 
t o t i c  s l o p e  can  he c o n v e r t e d  t o  f l y  

f r e q u e n c y  e q u a t i o n  i n  Tab le  1. 

Turn ing  t o  t h e  r e g i o n  o f  r = l  second and g r e a t e r ,  t h e  

I 
s i t u a t i o n  r c v e r s e s ,  and direct measurements o f  n y ( r )  become 
s i m n l e r .  The fo l lowinf i  s e c t i o n  g i v e s  d e t a i l s  on phase  n o i s e  



FREQUENCY DOMAIN, PHASE NOISE MEASUREMENT 

To minimize c o n f u s i o n , t h i s  p a p e r  d e a l s  w i t h  f r e q u e n c y  domain 
measurements i n  t e rms  o f  o n l y  one o f  t h e  measures  a v a i l a b l e .  
The c h o i c e  o f  s i n g l e  s i d e b a n d  phase  n o i s e  t o  c a r r i e r  r a t i o ,  
L C % ) ,  was made because  t h i s  measure i s  c u r r e n t l y  i n  a lmos t  
u n i v e r s a l  u s c  on o s c i l l a t o r  d a t a  s h e e t s ,  when f r e q u e n c y  
domain s p e c i f i c a t i o n s  a r e  o f f e r e d .  T h i s  s i t u a t i o n  may change 
due t o  s t r o n g  e f f o r t s  t o  s t a n d a r d i z e  on S + ( f )  t o  r e p l a c e  
~ ( f ) .  I f  t h i s  o c c u r s  i t  w i l l  p roceed  s l o w l y  and apace w i t h  
t h e  d e s i r e s  o f  t h e  u s e r  community. Accord ing ly  i t  i s  t l te 
r e a d e r ' s  p r e r o g a t i v e  t o  make h i s  p r e f e r e n c e s  known t o  h i s  
vendors  i n  o r d e r  t o  c a s t  h i s  v o t e  i n  t h e  m a t t e r .  I n  t h e  
comments and e q u a t i o n s  t o  f o l l o w ,  LC€)  may be  r e p l a c e d  w i t h  
any o f  t h e  o t h e r  measures  by i n c l u d i n g  t h e  s c a l i n g  c o e f f i -  
c i e n t s  t a b u l a t e d  i n  Appendix B .  Some d i s c u s s i o n  o f  t h e  u s e s  
o f  t h e  symbol f  i s  i n  Appendix C. 

The b a s i c  method o f  measur ing  phase  n o i s e  on s i g n a l s  makes 
u s e  o f  t h e  doubly  b a l a n c e d  mixer  a s  a phasc  d e t e c t o r  a s  shown 
i n  F i g u r e  4 .  Two r e c e n t  p u b l i c a t i o n s  d e s c r i b e  e x t e n s i o n s  o f  
t h i s  approach ;  NBS T e c h n i c a l  Note 6 7 9  by David Howe ( 9 ) ,  and 
1IP A p p l i c a t i o n  Notc 2 0 7  ( 1 0 ) .  

T h i s  sys t em o p e r a t e s  w i t h  b o t h  t h e  r e f e r e n c e  and t h e  u n i t  
unde r  t e s t  a t  t h e  same f r e q u e n c y .  When t h e  two s i g n a l s  
i n t o  t h e  mixer  a r e  i n  phase  quadrature, t h e  m i x e r ' s  a v e r a g e  
d c  o u t p u t  v o l t a g e  w i l l  be z e r o  and phase  f l u c t u a t i o n s  w i l l  
be t r a n s l a t e d  t o  v o l t a g e  f l u c t u a t i o n s  abou t  z e r o .  I n  o r d e r  
t o  keep  t h e  i n p u t  phases  n e a r  q u a d r a t u r e  where t h e  m i x e r ' s  
phase  sensitivity i s  g r e a t e s t  and l i n e a r ,  and where i t s  
a m p l i t u d e  s e n s i t i v i t y  i s  v e r y  s m a l l ,  t h e r e  i s  n feedback 
p a t h  t o  t h e  E F C  ( e l e c t r o n i c  f r e q u e n c y  c o n t r o l )  i n p u t  o f  t h e  
r e f e r e n c e  o s c i l l a t o r .  T h i s  c o n s t i t u t e s  a  phase  locked  l o o p  
and f u n c t i o n s  a s  a conven ience  t o  t h e  o p e r a t o r  by h e l p i n g  
m a i n t a i n  q u a d r a t u r e .  I t s  o p e r a t i o n  i s  n o t  p a r t  o f  t h e  
measurement o f  phase  n o i s e ;  i n  f a c t ,  c a r e  s h o u l d  b e  t a k e n  
t h a t  t h e  t ime  c o n s t a n t  o f  t h i s  l o o p  i s  a t  l e a s t  a t e n t h  
o f  a second i f  phase  n o i s e  i s  t o  be  measured a s  low as 
5 H z ,  s o  t h a t  t h e  l o o p  w i l l  n o t  t r a c k  and r educe  t h e  phclse 
v a r i a t i o n s  t o  bc measured.  

The ne twork  f o l l o w i n g  t h e  rnixer/phase d e t e c t o r  i n  F i g u r e  4 
i s  a low p a s s  f i l t e r .  The o u t p u t  o f  t h e  rnixcr w i l l  c o n t a i n  
b o t h  t h e  sum and d i f f e r e n c e  o f  t h e  two f r e q u e n c i e s  a t  i t s  
i n p u t s .  S i n c e  t h e  two f r e q u e n c i c s  a r e  t h e  same, f o ,  t h e n  
t h e  mixer  o u t p u t  i s  dc w i t h  phase  i n f o r m a t i o n  p l u s  a 2 f 
component o f  a m p l i t u d e  a b o u t  6 dB below t h e  s m a l l e r  o f  t g e  





C a l i b r a t i o n  F a c t o r s  Using Double-Balanced-Mixer  Phase  
D e t e c t o r  

For  s m a l l  d e v i a t i o n  phase  m o d u l a t i o n ,  t h e  t o t a l  s i g n a l  
i n s t a n t a n e o u s  v o l t a g e  i s  g i v e n  by ( 1 1 ) :  

( 7 .  
V ( t )  = Ac Cos w c t  - c B  c o s  (ac-w,)t + 4A,B c o s  (wc+om - - 

c a r r i e r  s i d e b a n d s  

where Ac i s  t h e  peak a m p l i t u d e  i n  v o l t s  o f  t h e  c a r r i e r  com- 
ponen t  s i n e  wave a l o n e ,  w c  i s  t h e  c a r r i e r  f r e q u e n c y  and urn 
t h e  modu la t ion  f r e q u e n c y  b o t h  i n  r a d i a n s  p e r  s e c o n d ,  t i s  
t i m e ,  t h e  independen t  v a r i a b l e ,  i n  s e c o n d s ,  and @ = A $ ,  
t h e  peak phase  e x c u r s i o n  i n  r a d i a n s ,  a l s o  d e f i n e d  a s  A U / U ,  

o r  ~ f / f , ,  t h e  peak f r e q u e n c y  e x c u r s i o n  d i v i d e d  by t h e  
modu la t ing  f r e q u e n c y .  

By u s i n g  t h e  a p p r o p r i a t e  t e rms  from ( I . ,  t h e  r a t i o  o f  s i n g l e  
s i d e b a n d - t o - c a r r i e r  power can  be e x p r e s s e d  a . s :  

When a phase  n o i s e  measurement s y s t e m ,  a s  shown i n  F i g u r e  4 ,  
i s  c a l i b r a t e d  by o f f s e t t i n g  t h e  f r e q u e n c y  of  one o f  t h e  
i n p u t s  t o  t h e  d o u b l e - b a l a n c e d  mixer  phase  d e t e c t o r ,  t h e  
v o l t a g e ,  Vc o f  t h e  s i n e  wave o u t  o f  t h e  mixer  a t  t h e  
d i f f e r e n c e  f r e q u e n c y  i s  u s u a l l y  measured by an rms i n d i c a t i n g  
i n s t r u m e n t .  T h i s  g i v e s  t h e  d e s i r e d  mixer  t r a n s f e r  c o e f f i -  
c i e n t  i f  s c a l e d  a s  f o l  lows : 

v o l t s  peak = (  v o l t s  r m s )  (/T rms 
an4 r a d i a n s  pea  c a l  ) ( 9 .  

T h i s  i s  because  t h e  s i n u s o i d a l  waveform o f  t h e  mixer  o u t p u t  
h a s  a  s l o p e ,  a s  i t  c r o s s e s  t h e  z e r o  a x i s ,  e x p r e s s e d  i n  v o l t s  
p e r  r a d i a n ,  e q u a l  t o  t h e  peak arnpl.itude of  t h e  wave i n  v o l t s .  
R e c a l l  t h a t  t h e  s i n e  f u n c t i o n  h a s  a  peak  v a l u e  of one and 
a l s o  a s l o p e  a t  t h e  o r i g i n  o f  one .  

Then, when a phase  n o i s e  r e a d i n g  i s  t a k e n ,  t h e  i n d i c a t i o n  
w i l l  r e p r e s e n t  t h e  a c t u a l  p h a s e  e x c u r s i o n s  and a g a i n  w i l l  
be  rms, t h a t  i s  VDSn v o l t s  rms and :  

- .  

VDSB v o l t s  peak =VDSB v o l t s  rms a v o l t s  p e a k / v o l t s  





Thus far all the points discussed apply equally to a discrete 
spectral component (bright line) as well as to the random 
noise phase modulation contained in a specified noise band- 
width. Since most of the measuring instruments which might 
be used for these tests are designed to measure and are 
calibrated for discrete spectral components, equation (13. 
applies directly for them. Examples of these instruments 
are wave anal.yzers, spectrum analyzers, and tuned voltmeters. 

In the case of random phase modulation, if the bandpass 
filtering function of the measuring instrument were followed 
by a true rms detector, followed by linear low-pass smoothing 
or averaging, then equation (13. would still apply. However, 
in order to give a reading linear in decibels, many analyzers 
utilize logarithmic I F  amplifi-ers followed by an average- 
responding amplitude detector. 

If the measurement system has a logarithmic conversion 
followed by an average detector before the final averaging 
or smoothing (which may h e  by visual estimate), then a 
factor of +2.5 dB must be applied to (13. abovc when mea- 
suring random noise (10, 12, 13, 14). Also the resolution 
bandwidth control setting is narrower than the actual noise 
bandwidth effective in the measurement so that a factor of 
-0.8 dB must also be applied to (13. above when measuring 
random noise (13). For ultimate accuracy, this factor 
should be checked, because many IF bandwidths are specified 
as +lo%. The resulting formula for random noise is then: 

~ ( f j  dB = 20 log - 4.3 dB (14. 
Veal 

In the HP 3580A  (and 3581A) Spcctrum Analyzer, following 
the ac log amp and avcrage-responding detector, there is a 
dc output to the rear panel for an external recorder. 
Equation (14. applies for this output because it is propor- 
tional to the detector output. IIowever this signal is also 
fed into an analog-to-digital converter for internal display 
and storage. This converter operates in a time window during 
which its conversion algorithm increments the digital word 
whenever an excursion of the analog input exceeds the con- 
verted value. This has the effect of "peak grabbing" and 
seems to give a displayed result which is about one to two 
sigma of the detected signal above its long-term mean, a 
source of error from 2 dB for Gaussian to about 6 dB for 
non-Gaussian noise in the HP 3580A, when measuring random 
noise. The only defense against this is the use of maximum 





steps starting at any point and proceeding in either 
direction are pre-computed. This is also true of half 
decade points as well as five-per-decade points. The most 
important aspect of the worksheet is that it encourages 
the worker to record "Raw Readout" so that the scaling of 
the data may be questioned, reconstructed, and either 
vindicated or modified at a later date without repeating 
the measurement. 

Individual Oscillator Phase Noise Characterization 

The single sideband phase noise, f-(f), o f  an individual 
oscillator at a particular frequency f can be deduced from 
pairwise measurements among three. The approach used here 
is analogous to one for oy(- r )  developed by Gray and Allan 
(8). For l ( f )  expressed in decibels, the measured values 
will obey the relationship: 

Measurement = 10 log antilog (~~(f)/10) + ( ( 1 5 .  

antilog (Jz (f) 

For example: Measurements among three sources would yield 
the results depicted in the following examples: 

INDIVIDUAL PAIR-WISE 
UNIT MEASUREMENT 

PERFORMANCE RESULT 

UNIT 1 

UNIT 2 

UNIT 3 

UNIT 1 

UNIT 4 

UNIT 5 

UNIT 6 

UNIT 4 



IJNIT 7 

UNTT 8 

UNIT 9 

UNIT 7 

I N ~ I V I ~ U ~ I ~  PAIR-WISE  
UNIT MEASUREMENT 

I'EKFORblANCE RESULT 

Note  t h a t  i n  u n i t s  1 t h r o u g h  6 t h e  i n d i v i d u a l  u n i t  p e r f o r m -  
a n c e  numbers a r e  s i m p l e  and  r e p e t i t i o u s .  Now c o n s i d e r  t h e  
measurenient  r e s u l t s  t o  d i s c e r n  how t h e s e  r e s u l t s  i n d i c a t e  
t h e  p a r t i c u l a r  e q u a l i t i e s  and d i f f e r e n c e s  which  e x i s t  
be twecn  t h e  i n d i v i d u a l  u n i t s .  I n  p a r t i c u l a r ,  t h e  f a c t  
t h a t  e q u a l s  C I 3  111eans t h a t  u n i t s  2 and 3 a r e  e q u a l .  
Then each a l o n e  must  b e  3 d B  b e t t e r  t h a n  t h e  measu red  r e s u l t  
f o r  x z 3 .  (Incc t h i s  i s  known, e q u a t i o n  ( 1 5 .  c a n  b e  u s c d  
t o  f i n d  t h c  i n d i v i d u a l  p e r f o r m a n c e  o f  u n i t  1. 

The cxaniple w i t h  u n i t s  4 ,  5 and  6 i s  o f f e r e d  t o  a l l o w  t h e  
r e a d e r  t o  check  t h e  u n d e r s t a n d i n g  g a i n e d  f rom t h e  f i r s t  
t r i o .  

The t h i r d  exarnplc w i t h  u n i t s  7 ,  8 and 9 i s  morc r e p r e s e n t -  
a t i v e  o f  t h e  r a n g e  o f  p e r f o r m a n c e  t y p i c a l l y  e n c o u n t e r e d .  
Note  t h a t  i n  t h i s  l a s t  example ,  t h e  differences from t h e  
median  measurement  o f  -95 dB a r e  only +O.S and - 2 . 2  which  
c o u l d  h a v c  b e e n  b r u s h e d  a s i d e  as  e x p e r i m e n t a l  e r r o r  o r  
s c a t t e r .  T h i s  would l e a d  t o  t h e  i n t e r p r e t a t i o n  t h a t  a l l  
t h r e e  s o u r c e s  a r e  s u b s t a n t i a l l y  e q u a l ,  and t h e r e c o r e  a b o u t  
- 9 3  - 3  = - 9 6  dB. T h i s  would be  an  u n f o r t u n a t e  m i s u s e  o f  
t h e  d a t a  b e c a u s e  i t  i g n o r e s  s i g n i f i c a n t  d i f f e r e n c e s  among 
t h e  t h r e e  s o u r c e s  o f  f o u r  t i m e s  t h e  n o i s e  power i n  t h e  
s i d e b a n d s  o f  t h e  -94 dB s o u r c e  r e l a t i v e  t o  t h e  - 1 0 0  dB 
s o u r c e .  

E q u a t i o n  ( 1 5 .  and t h e  examples  a r c  b a s e d  o n  s i m p l e  a d d i t i o n  
o f  t h e  i n d i v i d u a l  p o ~ ~ c r  l e v c l s  o f  t l n c n r r c l  n t c d  n o i s e .  
E x p r e s s e d  i n  u n i t s  o f  w a t t s ,  this car1 b e  s t a t e d  as: 



where  P g 2  is a measurement of signal 1 versus signal 2. 
Given three measurements, the individual source performance 
can be computed. A formula for this is derived as follows: 

then: 

- Pb - -Pa  + Pab 

and by substitution: 

and similarly for P and P C :  b 

When these noise sideband powers are expressed in dB power 
ratio relative to the tarsier, equation ( 2 0 .  becomes: 

"2 
and again the form is the same for equations (21. and ( 2 2 .  
with appropriate subscript changes. 





p r a c t i c e  o f  assuming t h e  two d e v i c e s  under  t e s t  t o  have 
e q u a l  per formance  s i n c e  l i t t l e  i f  any o t h e r  i n f o r m a t i o n  
e x i s t e d .  T h i s  r a t i o n a l e  i s  used  t o  j u s t i f y  s c a l i n g  t h e  
measurement r e s u l t  down by 3 dB, t h e n  a s c r i b i n g  t h i s  p e r f o r -  
mance t o  b o t h  u n i t s .  S i n c e  no o t h e r  f a c t s  e x i s t  t h i s  
a s sumpt ion  i s  u s u a l l y  a l lowed  t o  s t a n d  u n q u e s t i o n e d .  

C l o s e r  examina t ion  o f  t h e  a s sumpt ion  can  b e g i n  by hypo th -  
e s i z i n g  a  p o p u l a t i o n  o f  u n i t s  whose pe r fo rmances  s c a t t e r  
by + 2  dB and - 2  dB f o r  one-s igma o r  s t a n d a r d  d e v i a t i o n  
abou t  t h e  mean f o r  a l l  u n i t s .  For any r e a l i s t i c  d i s t r i b u t i o n  
s h a p e ,  i t  s h o u l d  seem h i g h l y  u n l i k e l y  t h a t  any  two u n i t s  
would e x h i b i t  e q u a l  pe r fo rmance ,  even w i t h i n  one d e c i b e l .  
I f  t h e  pu rpose  01 t h e  measurement was t o  d e t e r m i n e  how good 
e i t h e r  o f  t h e  u n i t s  might  b e ,  t h e n  t h e  most p e s s i m i s t i c  a s -  
sumption i s  3 dB below t h e  measurement .  IIowever i f  a p u r -  
pose  of  t h e  measurcment was t o  d e t e r m i n e  how p o o r l y  a u n i t  
rnight pe r fo rm,  t h e n  t h c  assumpt ion  o f  3 dB below t h e  mcasure-  
ment i s  n o t  o n l y  t h e  most -- o p t i m i s t i c  h u t  a l s o  t h e  l e a s t  l i k e l y  

1f an assumpt ion  must b e  made, i t  may bc much more s u p p o r t -  
a b l e  e n g i n e e r i n g  judgement t o  assumc a I1two s o u r c e  c o r r e c t i o n  
f a c t o r "  between one and two d e c i b e l s  below t h e  measurement ,  
a s  i n d i c a t e d  on F i g u r e  6 ( a  r e p l o t  o f  F i g u r e  5 ) .  Iiowever 
t h i s  i s  n o t  recommended p r a c t i c e .  T t  i s  more i n f o r m a t i v e  
t o  r e p o r t  t h e  measurement w i t h  no c o r r e c t i o n .  

CONVERSION OF DATA BETWEEN TIME 6 FREQUENCY DOMAINS 

The p r o c e d u r e  f o r  c o n v e r t i n g  f r e q u e n c y  domain d a t a  i n t o  
t ime  domain o r  v i c e  v e r s a  can  be  approached i n  a  number o f  
d i f f e r e n t  ways, a l l  v a l i d .  T h i s  i s  m o s t l y  a m a t t e r  o f  
p e r s o n a l  p r e f e r e n c e  j u s t  as any two p e o p l e  may go abou t  
s o l v i n g  a  g i v e n  a l g e b r a i c  e q u a t i o n  w i t h  minor d i f f e r e n c e s  
b u t  b o t h  w i l l  a g r e e  on t h e  r e s u l t .  The o b j e c t  h e r e  i s  t o  
p r e s e n t  a  sequence  which c a r r i e s  a  mnemonic t h r e a d  o f  l o g i c ,  
p o s s i b l y  a t  t h e  expense  of  b r e v i t y ,  by n o t  " s k i p p i n g  s t e p s t t  
o r  combining them. 

S t e p  one i s  t h e  choos ing  of a  s i n g l e  p o r t i o n  o f  t h e  d a t a  under  
c o n s i d e r a t i o n  which can  be r e p r e s e n t e d  by a s t r a i g h t  l i n e  on 
a  dB- log  f r e q u e n c y  o r  l o g - l o g  p l o t .  T h i s  w i l l  b e  r e p e a t e d  
u n t i l  a l l  p o r t i o n s  o f  i n t e r e s t  a r e  c o v e r e d .  The l o g i c  o r  
assumpt ion  a p p l i e d  t o  t h i s  s t e p  i s :  " I f  t h i s  s t r a i g h t  l i n e  
r e p r e s e n t e d  t h c  t o t a l  (b road  r a n g e )  and o n l y  per formance  
c h a r a c t e r i s t i c  o f  t h e  o s c i l l a t o r ,  i t  can  be c o n v e r t e d  t o  
t h e  o t h e r  domain t o  s e e  what i t  would l o o k  l i k e  t h e r e . "  



From t h i s  l o ~ i c  f o l l o w s  t h e  most  f u n d a m c n t a l l y  i m p o r t a n t  

I I 

by a s t r a i g h t  l i n e  s e g m e n t ,  converted and r e - p l o t t e d ,  i t  
h a s  been  h a n d l e d  by  t h e  mathcrna t ics  a s  i f  i t  were  i n d e p e n d e n t  
o f  t h e  o t h e r  s e r r n e n t s .  T h i s  n l a c c s  t h e  b u r d e n  on t h c  u s e r  

and  l o g i c a l  i n t e r p r e t a t i o n .  S t e p  t h r e e  w i l l  expand on t h i s  
l a t e r .  

Next corncs t h e  d e t a i l e d  t e c h n i q u e  o f  ma tch ing  a  s t r a i g h t  
I l i n e  segment  t o  a s m o o t h l y  c u r v i n g  a n d / o r  ~ ~ a n d o m l y  s c a t t e r e d  

fo r rnu l a s  o n l y  e x i s t  fox- p a r t i c u l a r  s l o p e s ,  and f o r  o n l y  
f i v e  d i f f e r e n t  s l o p e s .  I n  t h e  f r e q u e n c y  domain f o r  L ( f )  i n  
d e c i b c l s ,  t h e s c  r anpe  f rom f l a t .  w h i t e  n o i s e  o f  n h a s e  o r  

J 3 
l - -  

~ f ' f r e ~ u e n ; ~ ,  w i t h  t h e  i n t e r v e n i n g  s l o p e s  o c c u r i n g  w l t h  
i n t e g e r  s t e p s  o f  t h e  exponen t  on f ,  which  c o r r e s p o n d  t o  
1 0  dB s t e p s  p e r  d e c a d e .  11 "map" o f  t h e  s l o p e s  i s  shown 
i n  F i g u r e  7 .  I t  i s  o n l y  r e a s o n a b l e  t o  a r b i t r a r i l y  c h o o s e  
a  " c o n v e r t i b l e t 1  s l o n c .  A l i e n  n a r a l l c l  r u l e s .  o r  t h e  e d c c  

1 
I 

t h e  g r a d u a t j o n s  on t h e  a x e s  o f  t h c  p l o t ,  t o  t h c  c h o s e n  
s l o p e ,  t h e n  s l i d e  i t  i n t o  t h e  r e g i o n  o f  t h e  d a t a  w h i l e  
m a i n t a i n i n g  t h e  s l o p e  c o n s t a n t .  If a r e g i o n  o f  t h e  d a t a  
c a n  b e  found  which  seems a s y m p t o t i c  t o  t h e  t r i a l  s l o p e ,  
t h a t  i s  w i t h i n  t h r e e  d e c i b e l s  o v e r  a d e c a d e  of  f r e q u e n c y ,  
t h e n  a n  accurately r e p r e s e n t a t i v e  s t r a i g h t  l i n e  segment  h a s  
p r o b a b l y  b e e n  f o u n d .  

V i s u a l  a v e r a g i n g  o f  r ~ ~ ~ x s u r e d  d a t a  e x h i b i t i n g  s c a t t e r  o r  
randomness whi.ch h a s  b e e n  o l o t t c d  nn a Io~ariThmic s r a l r  

e f f e c t  o f  t h e  l o g  s c a l e .  Fo r  example ,  imag ine  a l i n e a r  p l o t  
o f  I ' a t a  p o i n t s  sc,-i.ttt.recl symmct~-i  c a l  117 abolrl- t h e i r  t r ~ l e  mcan,  

mean and  t h e  median w ~ u l d  l T e r y  l i k e l y  c o i n c i d e  q u i t e  c l o s e l y  
and  c o u l d  be  d i s c e r n e d  ~ i s u n l l y  w i t h  311 a c c u r a c y  o f  a  t i n y  
f r a c t i o n  o f  a  s t a n d a r d  d e v i a t i o n .  Now imag ine  t h i s  same 
ensemble  o f  d a t a  b e i n g  r c n l o t t e d  on a  l o p  s c a l e .  T h c  

- 0 - -  - - - - - -  

by  t h e  l o g a r i t h m i c  a c t i o n .  C o r r c s l  .2 , ,  
t h e  v a l u e s  l e s s  t h a n  the mean b v i l l  bc cxnanded. T h e  net 

t h a t  i f  a mean is \ . i s u a l l ,  e s t i m a t e d  nn t h e  l o g  p l o t ,  it 
w i l l  b e  low b y  a  n a j o r  f r a c t i o n  o f  a s t a n d a r d  d e v i a t i o n .  



A defense against this misinterpretation is found in the 
coincidence of the true mean and the median. This is 
accomplished by disciplining the eye to estimate a line 
through the data points such that half the points lie on 
cach side without regard to how far away they may be. The 
importance of this technique becomes very apparent whenever 
the total scatter of the data approaches one-half decade 
where interpretation errors of 30% can occur. 

Any straight line is completely specified by its slope and 
an intercept. The most convenient intercepts to use in 
frequency stability analysis are one hertz and one sccond. 
(Please do not infer any general correspondencc between 
one hertz and one second performances. Experience shows 
this to be coincidental at best.) 

The completion of the first step is writing down the slope 
and intercept of the line through the data. 

Thc second step is the choosing of the conversion formula, 
from Table 1, corresponding to the data domain (frequency or 
time) and slope, then plugging in the intercept and "turning 
the crank" to calculate the result. Each of the conversion 
formulas contains both F and T variables raised to powers 
appropriate to both cancel the slope of the incoming slope- 
intercept data as well as establish the slope of the result. 
The presence of these terms gives rise to the convenience 
of choosing them equal to unity, then converting only the 
intercept point, while the slope conversion becomes obvious 
by inspection of the exponents on f and T. 

The second step is completed by writing down the computed 
intercept value and slope of the converted line. This result 
can be assumed to specify a straight line on a log-log plot 
in the new dopain. In the time d main, the slopes change 
in steps of r.5, and range from - rAP for white noise of phase 
to r+,i for random walk of frequency, with one exception 
and an additional case. 

The exception appears when converting from X ( f )  of slope 
f-1, flicker of phase, to oy(r), which will yield a plot 
having a slope very near -0.95. This one case is less 
obvious from the form of the equation, but being unique, 
is easily remembered and recognized, Also in this case, 
the simple slope-intcrcept interpretation of the conversion 
result sacrifices some accuracy and should be avoided 
until the user has enough familiarity with the results 
versus his application to determine whether the error may 





Since the slope of a group of data points is of similar 
importance to their magnitude, it is helpful to standardize 
the choice of scales for plotting data. This fosters visual 
familiarity which increases with experience. The alternative 
is to use a variety of scales for p l o t t i n g ,  which presents 
the eyelbrain with an assortment of optical illusions. 

The recommended standards are: 

1. Plot ay vs .  T on log log scales chosen so that a decade 
of each variable is the same length. Further, that on both 
axes linear subdivisions within decades be used and labeled 
with their logarithmic values. 

2. Plot d: vs. f on scales linear in dB for cC and log for f 
such that the length of 20 dB of L equals the length of one 
decade of f. Further, that linear subdivisions be used for 
both 6 and f, and that the subdivisions within the decades 
of f be labeled with their logarithmic values. 
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Afo peak 
'rr fo 

( A S .  

From modulation theory, the peak phase deviation or modula- 
tion index B is: 

B = 
A'O peak 

fm 

rearranging: 

Afo peak = a f, ( A 7 .  

A bright line of phasc modulation whose level is specified 
as the ratio between a single sideband and the carrier - 
as lpy (in the same way as random noise) is indistinguish- 
able rom FM and: 

Solving for 6 with X p M  expressed in decibels: 

B = 44 antilog ( L ~ ~  dB/10)  (A9. 

Substituting into (A7: 

" 0  peak 
= f 44 antilog ( L ~ ~  dB/IO) m (A10. 

Substituting into (A5: 

And as was stated earlier: 

14 more rigorous derivation of (All. shows that the general 
case includes a term of the form (sin T T)/ (IT T )  . This 
causes the funct-ion to have lobes whose peaks fall off 
as Incorporating a term and adjusting coefficients 
to agree with (All. gives: 



. - - - - . . > <= 1 1'1 ' 

v e r s e l v .  g i v e n  o, ,C~l,  e q u a t i o n  (A] 3 .  y i e l d s  a  minimGm v a l u e  

In  t h e  c a s e  whcre a f r c q u e n ~ ! ~  s o u r c e  o u t p u t  i s  d i s p l a y e d  
nn = cqectrum a n a l y z e r  s o  t h a t  t h e  uppe r  and  lower  s i d e b  

- _  examined s e p a r a t e l y ,  i f  t h e y  a r e  found  t o  b e  asym- 
m ~ t r i r a l .  t h n t  i s  d i f f e r e n t  a m a l i t u d e s  above v e r s u s  below 

n f  rnmnarxbie modu la t ion  i n d e x .  and c o r r e l a t e d .  



APPENDIX B 

I n t e r r e l a t i o n s h i p s  o f  V a r i o u s  Frequency Domain S t a b i l i t y  
Measures 

s4 ( f  1 2 
r a d  / H z  

: s p e c t r a l  d e n s i t y  o f  v a r i a n c e  o f  phase  f l u c t u a t i o n s  p e r  
h e r t z  o f  bandwidth a t  s ideband  f r e q u e n c y  f  i n  
V ( T )  = C o S  ( 2 ~ f ~ ~ + $ )  

= S6$ ( f )  (used  i n  some p u b l i c a t i o n s  1972-1974) 

power i n  b o t h  upper  and l o w e r  p h a s e  modu la t ion  s idebands ,  
- - p e r  h c r t z  o f  bandwidth a t  s i d e b a n d  f r e q u e n c y  f  

c a r r i e r  power 

(Some d e f i n i t i o n s  o f  S + ( f )  a r e ,  i n  e f f e c t ,  t h e  above 
r a t i o  b y  v i r t u e  o f  t h e i r  u s e  o f  a mixcr  a s  a  phase  
d e t e c t o r .  T h i s  d e f i n i t i o n  h o l d s  o n . l y  f o r  broadband 
A$peak (0.1 r a d i a n . )  

= mcan s q u a r e  nlodulat ion i n d e x  

2 S 4  ( f )  dB ( r e  1 r a d  / ~ l z )  

= l o  l o g  S $ ( f )  



er f l  d i m e n s i o n l e s s  power r a t i o  

power i n  p h a s e  m o d u l a t i o n  s i n g l e  s i d e b a n d  
- - p e r  h e r t z  o f  bandwidt l l  a t  s i d e b a n d  f r e q u e n c y  f 

c a r r i e r  power 

( d e f i n e d  o n l y  f o r  '0.1 r a d i a n )  

L(f) d B ,  dBc ( r e  c a r r i e r )  

= 10 l o g &  (f) 

= S$ ( f )  dl3 - 3  



APPENDIX C 

Comments on Symbology 

There has  been some e f f o r t  t o  r e s t r i c t  t h e  u s e  o f  t h e  symbol 
f t o  mean o n l y  F o u r i e r  f r e q u e n c y  ( i n  t h e  c o n t e x t  o f  o s c i l -  
l a t o r  s t a b i l i t y ,  a t  l e a s t ) .  I t  i s  t h e  a u t h o r ' s  view t h a t  
t h e  symbol f i s  w e l l  e s t a b l i s h e d  a s  a  q u i t e  g e n e r a l  symbol 
f o r  f r equency  ( w i t h  u n i t s  o f  h e r t z  s t r o n g l y  i m p l i c i t  due t o  
c o n v e n t i o n ) .  A c c o r d i n g l y ,  any s p e c i a l i z a t i o n  o r  l i m i t a t i o n  
o f  meaning w i l l  o n l y  be accompl ished  by t h e  u s e  o f  a  s u b -  
s c r i p t  o r  a  d i f f e r e n t  symbol e n t i r e l y .  Any a t t e m p t  t o  t h e  
c o n t r a r y  f l i e s  i n  t h e  f a c e  o f  a  u n i v e r s e  of  d e e p l y  i n g r a i n e d  
convent  i o n .  

One s p e c i f i c  problem w i t h  t h e  r e s t r i c t i o n  o f  f t o  mean s i d e -  
band f r e q u e n c y  i s  t h a t  f o  c o u l d  no l o n g e r  be used  f o r  c a r r i e r  
Frequency w i t h o u t  c o n f u s i o n .  The n e x t  a l t e r n a t i v e  f o r  a 
c a r r i e r  f r e q u e n c y  symbol would, by u s a g e ,  be V .  T h i s  i s  
v e r y  f a m i l i a r  and n o t  c o n f u s i n g  t o  p h y s i c i s t s .  IIowever, t h e  
major  number o f  p e o p l e  who w i l l  be t r y i n g  t o  d e c i p h e r  t h e  
t h i n g s  we a r e  w r i t i n g  t o d a y  a r e  n o t  p h y s i c i s t s ,  and t h e  con- 
f u s i o n  between LI and v make i t s  c h o i c e  q u e s t i o n a b l e .  

The s i g n a l s  whose phase  i n s t a b i l i t i e s  we a r e  t r e a t i n g  may 
be modeled i n  v o l t a g e  v e r s u s  t ime  a s :  

The a n a l y s i s  of  t h e  $ t e rm v e r s u s  f r e q u e n c y  i s  o f t e n  discusr jed 
a s  F o u r i e r  f r e q u e n c y .  These become t h e  s i d e b a n d  f r e q u e n c i e s  
when t h e  t o t a l  spec t rum o f  an a c t u a l  s i g n a l  i s  d i s c u s s e d .  
I t  seems much preferable t o  usc  t h e  s p e c i f i c  t e rm "s ideband 
f requency1 '  when t h a t  i s  s p e c i f i c a l l y  what i s  b e i n g  d i s c u s s e d ,  
and r e s e r v e  t h e  u s e  o f  t h e  t e rm " F o u r i e r  f r equency"  f o r  
o c c a s i o n s  when i t s  i m p l i c i t  g e n e r a l i t y  i s  i n t e n d e d  t o  be pa1.t 
o f  t h e  concep t  b e i n g  cornmunicatcd. 

The u s e  of t h e  t e rm F o u r i e r  f r e q u e n c y  c o u l d  c a l l  t o  t h e  
r e a d e r ' s  mind two o r  t h r e e  p i c t u r e s  ( d e f i n i t i o n s ) ,  o n l y  one 
o f  which i s  c o r r e c t  and i n t e n d e d  by t h e  a u t h o r  i f  he a c t u a l l y  
means s i d e b a n d  f r e q u e n c y .  These a r e  shown i n  F i g u r e  C1. 



A P P E N D I X  II 

Time Domain hleasurcment R i a s  F ~ l n c  t j ons 

D e f i n i t i o n :  o y ( r )  i m p l i e s  Y = 2  and  T = r ,  no d e a d  t i m e .  
I I I  I 

:Measurement  Time : Dead Time : Measurement Time : 
I I I  I 

I I I 1 - - - - - -  - - - - - - -  - I  I - - - - - - - -  T - - - - - - -  

2 
u ,  S l o p e  o f  Allan V a r i , a n c e ,  u,, (?)a T 

L' 

NOTE: T h e r e  i s  no dead  ti,mc s m a l l  enough t o  
b c  n e g l i g i b l e  f o r  w h i t e  n o i s e  o f  phase ,  u n l e s s  a 1 5 %  
e r r o r  i n  (T) is t o l e r a b l e .  
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