
A REVIEW OF METHODS OF ANALYZING 
F R E Q U E N C Y  STABILITY 

AGSTRACT 

Extensive rescarch over the  past  years  has provided a 
model f o r  the  descr ip t ion  of frequency i n s t a b i l i t i e s  of  
c locks  and o s c i l l a t o r s .  This lilodel cons i s t s  of the  
superposi t ion o f  three  d i s t i n c t  pa r t s :  ( 1  ) rdndorri, non- 
de terminis t ic  f luc tua t ions  described ds noise;  ( 2 )  
long-term, systeniatic trends o r  aging; and ( 3 )  f luc -  
tua t ions  induced by environmental s e n s i t i v i t i e s  of the  
o s c i l l a t o r  or clock.  The randorri par t  of the  illode1 
includes noiscs which have presented c e r t a i n  i~~atheriiatical 
problelns. These rilati-lcinatical ;]rob1 etr~s a re  pa r t ly  
responsible f o r  ttlc crea tiorl o f  nuillerous techniques of 
ana lys i s ,  b u t  these techniques have nei ther  produced 
subs tant ive ly  new niodel s  nor have they added ins igh t  
in to  the  physicdl o r ig ins  of the  random f luc tuat ions--  
some of which reniain obscure. The purpose of the  
measurenient process i s  t o  est imate the l eve l s  and k-inds 
of i n s t a b i l i t i e s  present i n  a given device-- tha t  i s ,  t o  
quantify the  model. The matherrlatical analys is  used i s  
merely a means toward t h i s  end, and i t  i s  iniportant t o  
r e t a i n  t h i s  perspect ive .  Fortunately,  the re  a r e  re1 a -  
t i v e l y  sirnpl e rrieans of analys is  w h i  ci-I a re  a1 so corr~lllonly 
uscd--the two-sample variance and the  power spect ra l  
dens i t y  . 

Crucial to  any nleasurenient a r e  the  intended uses of  t h e  
r e s u l t .  This includes the l eve l s  of accuraLy a n d  
precision needed, as  well a s  the  intended appl ica t ion .  
For example, one niay wish only a r e l a t i v e  coriiparison 
between two  o s c i l l a t o r s ;  and, thus ,  absolute accuracy 
(as  opposed t o  prec is ion)  i s  of no i n t e r e s t .  The 
s p e c i f i c  appl ica t ion  intended f o r  t h e  nieasurerlient wil l  
often influence the  forni in which the f ina l  quantif ied 
niodel i s  reported.  



I .  INTRODUCTION 

I t  appears t o  be a custom, nowadays, t o  have a  paper reviewing the  con- 
cepts of the measurement of frequency s t a b i l i t y  a t  conferences dealing 
with time and  frequency. Consistent with t h i s  trend,  t h i s  paper has 
been prepared a t  the request of the program committee. 

Perhaps one of the most useful aspects  of review papers i s  t o  provide an 
entrance in to  the l i t e r a t u r e  of the  f i e l d  being reviewed. In the case 
of frequency s t a b i l i t y ,  there  i s  r e a l l y  a  great  deal published; and i t  
i s  with some d i f f i c u l t y ,  now, t ha t  anything new can be added--especially 
i n  review papers. In order t o  provide entrance in to  the l i t e r a t u r e ,  four 
spec i f i c  papers a r e  c i t ed  here. The f i r s t  two reasonably cover the tech- 
nical subject  pr ior  t o  about 1973. The next two papers a re  excel lent  
review papers on the subject  and a r e  nlore current :  

[ I  ] Barnes e t  a1 . , "Characterization of Frequency Stabi 1 i  t y , "  IEEE 
Trans. on I&M, Vol. IM-20, No. 2 ,  May 1971, p p .  105-120. 

[2]  Lesage and Audoin, "Estimation of the  Two-Saniple Variance with 
a  Limited Number of D a t a , "  Proceedings o f  the 31st  Annual Sym- 
posi uni on Frequency Control , 1977 ,  pp. 31 1-318. 

[3] Rutrnan, "Osci 1 l a t o r  Specif ica t ions:  A Review of Classical  and 
New Ideas,"  Proceedings of the  31 s t  Annual Syrnposiuni on Frequency 
Control, June 1 9 7 7 ,  p p .  291 -301 . 

[4] Wi nkl e r ,  " A  Brief Review of Frequency Stabi 1 i t y  Measures, " Pro- 
ceedings of the 8th Annual Precise Time and Time Interval  (PTTI) 
Applications and Planning Meeting, Nov. 1976, p p .  489-527. 

Not only a re  the l a s t  two excel lent  review papers, b u t  they a l so  provide 
ra the r  extensive bibliographies covering the more important publicat ions 
in the f i e l d .  

The present paper attempts ( i n  a  ra the r  t u to r i a l  vein) t o  review the sub- 
j e c t  of frequency s t a b i l i t y  mainly from the viewpoint of Operations 
Research ( O R ) ,  with the hope of developing an i n t u i t i v e  understanding of 
the concepts and operations.  Those who prefer  the  more mathematical 
approach a re  referred to  the  above-ci ted references.  Thus, i t  i s  by 
i n t en t  t ha t  deta i led  n~athematical ca lcula t ions  a r e  avoided as  f a r  a s  
possible in t h i s  paper. 

11. MEASUREMENT AS AN OPERATION 

Figure 1 i s  a somewhat simplif ied diagram of measurement operations.  
In any measurement, one begins with some idea about what one wants to 
measure. That i s ,  one has a model in mind, 
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In the  case of a rneasurenient of the accelera t ion  due to  g rav i ty ,  f o r  
example, one assumes Newton's laws and assumes t h a t  g i s  reasonably con- 
s t a n t .  I n  the  case of a voltdge niodsure~~lent, a s  another example, one 
assurnes t h a t  a vol t  meter will  not i i n d u l  y load the source and tha t  the 
meter covers the  range of expected voltages.  A l l  of these underlying 
assuiniptions a r e  par t  of the modeling process, d n d  it 1s importdnt riot 
only to  nidke thc assumptions b u t  dlso t o  do~unler~t  theill. 

In the  case of frequency f l  uctudtions o f  clocks dnd osci I 1  a t o r s ,  r a t h e r  
corriprehensi ve models a1 ready ex is t arid dre discussed be1 ow t o  sollle s i  g- 
nificari t  ex ten t .  T h u s ,  i t  i s  n o t  necessary t o  invent new models t o  
begin the  t~leasurenient process--they a r e  a1 ready we1 1 doGieri ted.  O n  
the  other  hand, a researcher rnight be able  to  irnprove our understanding 
s u b s t a n t i a l l y  with new models, but research i s  often a separa te  f i e l d  
froni s traightforward rneasurernents. The ct~iphasls of t h i s  paper i s  to  
review present tiieasurer~~ents and not t o  d iscuss  the  oppor tuni t ies  for 
research t o  produce or  evaluate new models. 

Based on the  iliodel assuriied and the ecluiprncnt avai ldblc ,  one designs an 
experinlent t o  evaluate the model. i f  the experimenter i s  wise, he 
will  a l so  design h i s  aridlysis of the data a t  the beqinning. 

I f  one i s  performing a rneasuremcnt, there  i s  soirle dspect of the  n~odel 
which i s  u n k n o w n .  In the above-mentioned exa111pl e ,  conccrni n q  the Itteasure- 
rnent of  the  accelera t ion  due t o  g rav i ty ,  the pardnieter g of the  equation 
S = 1 / 2  g t2  was t o  be determined by cxperii~ient.  I t  wds assunied t h a t  the  
objec t  accelerated uniformly, and only the constant  g was t o  be de te r -  
mined. T h d t  i s ,  g was ari undeterinined p a r a r ~ i ~ t e r  of  the nodel. 

In the case  o f  t h e  nieasurer~~ent o f  frequency f luc tua t ions ,  the  typical  
niodels cons i s t  (among other  th ings)  of the superpos~t ior i  o f  several d i f -  
f e ren t  noises ,  The l eve l s  o f  each o f  these nolscs dro not norrl~al ly 
known in advance, That i ~ ,  the rioise l eve l s  dre undetermined paranicters 
t o  be estinlated in the irruasure~lietlt operat1 on. 

This leads us t o  w h d t  I think i s  a n  i rr~portdnt  dc f in i  t ion:  A i~ieasurement 
i s  an operation designed to es tiilia Le ttic3 n u ~ ~ ~ e r ~ c ~ l  valuc o f  a rrlodel pa- 
rameter. Thus, without d ilrodei , no 3iedrii~~qful I tedsurrrient i s  poss ib le ,  
Given a rnodel, iriany rneasure~~~ents  o f t e r i  s ~ i g g c s t  thei3iselvcs. For example, 
when Newton suggested t h a t  every pdrt l c l e  ~n the ut i iv~r s e  ( ~ t t r a c t s  every 
o ther  p a r t i c l e  in the un~ver;e i ~ r t t 1  d fo r -cc  tridt ii or1juoi~tic7rial t o  
e t c . ,  e t ~ .  , one cdn imr~iedidte l~~ set about rieasut7irly - -- tri;l t c.oristarit o f  
proportional I t y ,  b i g - 6 .  1 4 i  thout the model , k+e eyperlnierits don' t wake 
sense.  

Eased on the  expcrii~iental desi  yn ,  one next d c t u d l  ly  perforrl~s , t he  e x ~ e r i  - 
n~ent  and obtains da ta .  The data a re  s i ,bj~cLed t o  the  d n d l j s l s  r o u t ~ n e s  
which had been previous1 y des I qned, arid t h e  unknown paraineters of the  
rrlodel a r e  " f i t t e d "  t o  the r e s u l t s .  One typ ica l ly  designs t e s t  experi-  
ments t o  ve r i fy  the functioning of the equipnlent and t o  ensure t h a t  
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one i s  ac tua l ly  f i t t i n g  parameters t o  the o s c i l l a t o r  being measured 
and not the measuring systern. For example, i f  the noise level of the 
measuring system i s  higher t h a n  t ha t  of the o sc i l l a t o r s  under t e s t ,  
one might get  good model f i t s  t o  the -- data ;  however, the r e su l t s  will 
not be applicable t o  the o s c i l l a t o r  b u t  ra ther  t o  the r~ieasurerr~ent 
system. 

I t  i s  a t  t h i s  point t h a t  the researcher and the engineer par t  conlpany. 
The researcher in to  frequency f luctuat ions  wil l  be in teres ted in per- 
fec t ing and refining the models or  gaining ins ight  in to  more fundamental 
models. The spec i f i c  levels  of noise might not bc of pa r t i cu la r  in-  
t e r e s t  to him, h u t  ra ther  the adequacy of the model in re f l ec t ing  
"real i  t y  might be inore important. For example, he might be in teres ted 
in whether other models might provide a be t t e r  f i t .  On the other hand, 
the engineer who j u s t  wanted t o  know how bad the o s c i l l a t o r  was in order 
to  decide whether or  not i t  was useful in h is  pa r t i cu la r  applicat ion has 
his  measurement, and he can 1 eave the operations of Figure 1 .  

Fortunately, researchers have produced some ra ther  comprehensive and 
useful n~odel s  which seern qui te  adequate t o  describe present-day osci 11 a to r s  
ra thcr  cormpletely. This i s  a  sign of a mature f i e l d  of study. Even 
t h o u g h  the physical o r ig ins  of some of the noise components of o s c i l l a -  
t o r  rnodels remain o b s c u r ~ ,  one r ea l l y  doesn ' t  expect s ign i f i can t  
revisions in the rnodels themselves. We may g a i n  added ins ight  in to  
t h e i r  or ig ins  or  get small refinements; b u t ,  overa l l ,  no great  changes 
a r e  expected in the mathematical for111 of the models. 

111. MODELS OF FREQUENCY FLUCTUATIONS 

The conventional models [ I ]  of an o s c i l l a t o r  begin by assuming t h a t  the 
output s igna l ,  V ( t ) ,  i s  approximately sinusoidal and can be represented 
by the equation 

v ( t )  = [ V o  + ~ ( t ) ]  s in  n)(t) ( 1 )  

where V i s  the nominal (constant)  amplitude; t ( t )  represents the 
fluctua?ions i n  amplitude; and 4 ( t )  i s  the instantaneous phase of the 
o s c i l l a t o r .  I n  p a r t i cu l a r ,  the phase i s  assumed t o  be represented i n  
the form 

~ ( t )  = Pnvot + $( t ) .  (2) 

where vo i s  the nominal frequency of the o s c i l l a t o r  and $ ( t )  represents 
the instantaneous phase deviation from the nominal phase, 2vvOt. 
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For the sake of comp;etencss and u t i l i t y ,  i t  should be noted t h a t  
there  a r c  c e r t a i n  r e s t r i c t i o n s  o n  eq. ( I )  d n d  ( 2 ) .  Stated in d qudli-  
t a t i v e  way, these r e s t r i c t i o n s  a r e  ( d )  t h a t  the  f luc tua t ions  i n  anlpli- 
tude,  ( t ) ,  a r e  small conlpared to  the  nominal amplitude, V ; a n d  

1 ( b )  t h a t  the  f luc tua t ions  in instantaneous frequerir ;~,  Z- ;iS , a r e  

snlal 1 conipared t o  the norili nal frequency, 
0 

. Mathei~latical l y ,  these 

can be expressed in the  forrri 

tiorma1 l y ,  high-qua1 i t y  ost;il l a t o r s  e a s i l y  rnlect these condit ions.  I 
I t  i s  of value,  a l s o ,  t o  introduce ce r t a in  terms which a r e  commonly used 
:hrouyhout the  1 i  t e r a t u r e  on frequency s t a b i  I i  t y .  The instantaneous 
(angular )  frequency o f  an o s c i l l a t o r  i s  definfd t o  be the titile r a t e  of 
change of the  phase. Expressed as a cycle f r e ~ u e n c v .  \l(t.l. I 

where v ( r )  i s  expressed i n  Hertz. 

Also, the instantaneous,  f r ac t iona l  frequency f luc tua t ions  about the 
noniinal a r e  commonly def ined  by thc  expression r l l  

which, with the  aid o f  equations ( 2 )  a n d  (4) can be expressed in the  
forrn 

s t  models a re  concerned with t h e  quanti ty y (  t ) .  Occdsional ly ,  
however, one sees in the  l i t e r a t u r e  t h e  time e r r o r ,  x ( t ) .  being 
used. This quan t i ty ,  x ( t )  i s  defined b y  t he  r e l a t i o n  



- 

and c l e a r l y  s a t i s f i e s  the  r e l a t i o n  

WLl Y ( ~ )  = d t  @I 

I n  words, x ( t )  i s  the  instantaneous time e r r o r  of a clock run from 
the  o s c i l l a t o r .  I t  i s  thus expected t h a t  frequency s t a b i l i t y  measure- 
ments wi 11 be concerned with various s t a t i s t i c a l  functions of both x ( t )  
and y ( t )  such as  power spect ra l  d e n s i t i e s ,  e . g . ,  S y ( f ) .  

The conventional model used t o  descr ibe  frequency f l u c t u a t i o n s ,  y ( t ) ,  
has th ree  main subdivisions ( see  tab1 e 1 ) : ( 1  ) random, non-deterministic 
f luc tua t ions  described as  noise; ( 2 )  long-term, systematic t rends o r  dgi n g ;  
and  ( 3 )  f l  uctuat ions induced by environmental s e n s i t i v i t i e s  of the  osci 1 1  a- 
t o r  o r  clock.  

The treatment of environmental s e n s i t i v i t i e s  i s  a r a t h e r  specia l  case and 
(although extremely important) wi l l  n o t  be covered here. In general ,  one 
wants t o  minimize environmental s e n s i t i v i t i e s .  The separa t ion  of environ- 
mentally induced f luc tua t ions  from i n t r i n s i c  f luc tua t ions  i s  normally 
done by cor re la t ion  techniques. Toward t h i s  end the  t r a n s f e r  function 
models of Box P1 Jenkins [5] a r e  of value. 

The treatment of systematic t rends i s  of ten  given s h o r t  s h r i f t .  In 
p r i n c i p l e ,  a l i n e a r  d r i f t  in frequency of an  o s c i l l a t o r  with time can 
be measured with a r b i t r a r i l y  high accuracy. In p rac t i ce ,  however, one 
might n o t  have the  time t o  evaluate the  model parameter with s u f f i c i e n t  
accuracy t o  r e l ega te  i t  t o  the  s t a t u s  of a n  adequately well-known con- 
s t a n t .  This i s  e spec ia l ly  t rue  when one r e a l i z e s  t h a t  the  random p a r t s  
of the  model d i s t u r b  the  accuracy with which the  systenlatic p a r t s  can 
be determined, and t h a t  an e r r o r  in  the  frequency d r i f t  term, f o r  example, 
becomes a quadrat ic  e r r o r  with running time in the  indicated t i n ~ c  (o r  
phase) of  a clock.  Indeed, when one i s  attempting t o  predic t  clock per- 
formance f o r  the  fu tu re ,  e r r o r s  in est imating the systematic terms almost 
always predominate f o r  very long predic t ion  in terval  s (months t o  y e a r s ) .  
Percival [15] has proposed using predic t ion  e r r o r s  d i r e c t l y  a s  a measure 
of frequency s t a b i l i t y  because the  important cont r ibut ion  of the  sys- 
tematic terms i s  automatical ly incorporated. 

The random, non-deterministic p a r t s  of the  model have received a g rea t  
deal of a t t e n t i o n  with primary emphasis on the  continuous, Gaussian e l e -  
ments. 

Generally, experiments have revealed f i v e  d i f f e r e n t  noise types t h a t  
might be needed t o  model an o s c i l l a t o r .  Typical ly,  only two o r  th ree  of 
the te rms a r e  necessary t o  descr ibe  the noise elentents of an individual 
o s c i l l a t o r  over a la rge  range of  tirne i n t e r v a l s .  The f i v e  terms o f  the  
Gaussian noise elements l i s t e d  in t a b l e  1 have names and a r e  l i s t e d  - in  
t a b l e  2. 
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The sporadic elements c o n s t i t u t e  a special  problem. The objec t ive  docu-  
mentation of t h e i r  existence i s  l imi ted [7,8], and no c l e a r  consensus 
e x i s t s  on how to  hand1 e the111 [4,6,8]. However, i t  does appear, i n  genera l , 
t h a t  no grea t  e r r o r s  a r e  cotnrrlittud if one sirnply ignores these elernents 
e n t i r e l y .  The reasons behiiid t h i s  a r e  twofold. F i r s t ,  the  s t ep  s i z e s  
a r e  normally small (of  the order  of o ther  n o i s e s ) ;  and second, they tend 
t o  be infrequent  (perhaps l e s s  than once per day) .  For the  relnainder 
of t h i s  paper, the sporadic elements will  be ignored--a subjec t  more 
appropr ia te  t o  research on o s c i l l a t o r  niodels than t o  prac t ica l  measure- 
ments of frequency s t a b i l i t y .  I t  i s  acknowledged, however, t h a t  in  sonie 
appl i cat ions  the sporadic par ts  could be qui t c  importdnt. 

111. EXPERIMENT AND ANALYSIS 

To t h i s  point in the  paper everything has been roasonably straightforward 
and without much controversy. Indeed, there  i s  amazing consensus on the  
nlodel elements. I n  t he  areas  of analys is  and ( t o  a l e s s e r  ex ten t )  ex- 
perimentation, there  i s  not such c lose  agreement. One can f ind nurnerous 
analy t ica l  techniques designed to  f i t  the model parameters (noise  1 eve1 s ,  
d r i f t  r a t e ,  e t c . )  t o  the  da ta .  

Each of the analy t ica l  techniques has i t s  own advantages. Typical ly,  
these advantages e i t h e r  favor a ce r t a in  method of analys is  of the  d a t a  
as derived from special  equiptilent ( e .  g., Frequency counters or  spectrurri 
ana lyze r s ) ,  or  they have the value of being useful - f o r  r icher  rrlodels 
than those considered here. (For example, i f  one viere t o  consider a  
rr~odel with a  frequency spect ra l  ilcnsi ty ( S  ( f ) )  varyiticj as ' F : ' '  f o r  
:L - 3 ,  then very special  analys is  tcchniq%es would bc needed. liowever, 
such models a r e  allniost nevcr needed ' in  p r a c t i c e . )  

There a r e  t w o  general considerat ions which should guide the  design of 
the experinients and the ana lys i s .  Bas ica l ly ,  these two considcrat ions a r e  
( a )  the  resources ava i l ab le  and ( b )  t h e  intended use of the  r e s u l t s ,  

The resources ava i l ab le  which l i r ~ ~ i  t the  rrieasiireti~ents include equipment, 
rriathematical and coniputational s o p h i s t i c a t i o r ~ ,  a n d  t,i~iie. I n  the  absence 
of e labora te  equiprnient i t  ina,y we1 l be  necessary t o  f i l l  in wit/) I!iOre 
niatheiiiatical a n d  computational ski1 1 s ,  Time cons t r d i r - 1 t 5  1 jlilit both the 
precision and ranye of the res t i l t s  and hence tile range nvcr b~l~ich  model 
can be veri f i c d .  

The intended use of  the r e s u l t s  ix equai l j /  iirlportar~t. For exair~ple, i f  
an  experimenter has a requiren~ent  Qor a n  o s c i l l a t o r  t? relriain s t a b l e  
in frequency t o ,  say ,  a par t  in 10 f o r  satilple tirnlcs from 1 t o  10 
seconds, and he discovers t h a t  h i s  o s c i l l a t o r  i s ,  say ,  abou,t 100 times 
b e t t e r  than t h i s ,  then t h a t  experimenter wou-Id be fool ish  t o  pursue his 
nleasurements t o  a 1 percent accuracy tolerance--he cdr!  be sure  t h a t  i t ' s  
adequate with a very rough experiment. Also, of' course, orle i ~ a s  great.er 
confidence i n  r e s u l t s  which require l e s s  iliathenlatical 111anipu1a.tion. Thus, 
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one gains in designing experiments which come c lo se s t  t o  re f l ec t ing  the 
intended use of the o s c i l l a t o r  or  clock when t h a t  use i s  known. 

In the absence of overriding reasons t o  choose one analyt ica l  technique or 
data-acquisi t ion system over another, i t  c l e a r l y  makes sense t o  choose 
the simplest and ea s i e s t .  Of course, with the simpler techniques there  
a r e  fewer opportunit ies f o r  e r ro r s ,  and one can obtain reasonable conf i -  
dence in a shor t  period of time. In keeping with the  above, t h i s  paper 
i s  confined t o  two analyt ica l  techniques as  recommended in [ I ] :  the power 
spectral  density of the f rac t ional  frequency f luc tua t ions ,  s y ( f ) .  and 

2 the two-sample variance, ny ( T ) .  (The two-sampi e variance i s  sometimes 
referred t o  a s  the "Allan variance." Certainly there  a r e  values in 
other techniques, b u t  they a r e  adequately covered in the l i t e r a t u r e  and 
wil l  not be covered here. In pa r t i cu l a r ,  Rutman [3] provides an especi-  
a l l y  lucid comparison of the various analyt ica l  techniques. 

Power Spectral Density of y ( t )  

Since the noise models suggested above were expressed d i r e c t l y  in terms 
of the spectral  densi ty ,  Sy ( f )  . of the f rac t ional  frequency f luc tua t ions ,  
y ( t ) ,  an obvious approach I S  t o  est imate d i r e c t l y  S ( f ) .  This i s  typi-  1 ca l l y  done e i t he r  with analog techniques or by samp ing y ( t )  a t  regular  
in te rva l s  and converting t o  a  spectral  density with the  aid of a com- 
puter [9]. Systems a1 so ex i s t  which perform the sarnpl ing automatical l y  
and  convert t o  spectral  est imates without the need t o  t r ans fe r  the data 
t o  a computer. 

O f  course, the spectral  est imates will n o t  autorr~atically be provided in 
the same form as the model elements given in Tables 1 and 2 .  One must 
" f i t "  the parameters o r  noise levels  to ,  say, a  graphical representat ion 
of the spectral  density.  In such a d isplay,  the periodic elements of the 
model a r e  revealed in an especia l ly  lucid form. The presence of the 
other  systematic elements, however, i s  not so obvious and will probably 
require special treatment t o  resolve.  

With any of the measurement schernes there i s  often a problem in obtaining 
re1 i ab l e  values of y ( t )  o r  an  analog signal of y ( t )  not contanlinatecl 
by the noise of associated c i r c u i t r y .  For very high-quality signal 
sources t h i s  is  a major problem. Often one takes two or more comparable 
o s c i l l a t o r s  and "beats" t h e i r  s igna l s  together t o  obtain the di f ference 
frequency between the two o sc i l l a t o r s .  This d i f ference signal can be 
amp1 i f i ed  and analyzed by f a i r l y  conventional t e ~ h n i q u e s  provided t h i s  
d i f ference signal a1 so s a t i s f i e s  the cons t ra in t s  of ( 3 ) ,  above. However, 
the data a re  representa t ive  of - both -- o s c i l l a t o r s ,  and one must make some 
model assumptions about h o w  t o  divide the r e su l t s  between the two o sc i l -  
l a t o r s .  I f  three  o s c i l l a t o r s  a re  intercompared in a l l  possible combina- 
t ions ,  one can make a s t a t i s t i c a l  separation of the r e su l t s  i f  one rnakes 
use of a nlodel assurnption t ha t  the f luctuat ions  of each o s c i l l a t o r  dre 
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s t a t i s t i c a l l y  u n c o r r e l a t e d  w i t h  t h e  o t h e r s  r101. V a r i o u s  t ~ r h n i n ~ r ~ ~  f n r  

L Two-Sampl e  Var iance,  :-,,(T) 
J 

One o f  t h e  niost coriirnon ways o f  a c q u i r i n g  f requency d a t a  i s  by means o f  
a  f r e q u e n c y  c o u n t e r  wh ich  t o t a l s  t h e  nurrlber o f  c v r l ~ q .  n .  n f  t h ~  c i n n a l  

. 

n/,r, and l a r g e  volumes o f  d a t a  are  e a s i l y  generated. '  

The q u a n t i t y  n / r  can  be r e l a t e d  t o  y ( t )  by some s t r a i g h t f o r w a r d  mathe- 
r ~ i a t i c a l  m a n i p u l a t i o n .  One can d e f i n e  t h e  average f r a c t i o n a l  f requency,  - 

yk, o v e r  t h e  i n t e r v a l  tk t o  tk + r by t h e  r e l a t i o n  

where tk+, = t + T, and T i s  t h e  i n t e r v a l  between t h e  b e g i n n i n g s  o f  suc-  k 
c e s s i v e  averages.  With t h e  a i d  o f  ( 4 )  and ( 6 )  t h i s  can be w r i t - f e n  i n  

and nk i s  j u s t  t h e  k - t h  c o u n t e r  r e a d i n g .  
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A t  t h i s  point  one might be tempted t o  do some simple and conventional 
s t a t i s t i c s  on the  G. For example, one might compute a mean and a v a n -  
ance f o r  the  s e t  o r  perform a l i n e a r  regression.  However, t h i s  i s  
fraught  with d i f f i c u l t y .  The probley a r i s e s  f  om the  model elements of 
5 ( f )  which a r e  proportional t o  if ( -  and / f  t h a t  i s ,  f l i c k e r  f r e -  

Y 
quency noise and random walk frequency noise. These types of noise do 
not have convergent variances.  That i s ,  a s  more and niore da ta  a r e  taken 
and the  variance i s  estimated with more and rr~ore da ta ,  the  variance i t s e l f  
grows, seeniingly without bound.* 

Clear ly ,  some other  s t a t i s t i c a l  tool i s  necessary t o  analyze the  data f o r  
prac t ica l  app l i ca t ions .  Since the  problem a r i s e s  with adding too much 
data t o  the  variance es t imate ,  the  obvious solu t ion  i s  adminis t ra t ive ly  t o  
l i m i t  the  data used f o r  each est imate and then average a l l  of the  ind iv i -  
dual es t imates .  By convention the  data l i m i t  has been taken a t  only two 
values of y f o r  each variance est imate [ l ] .  In order  t o  gain confidence k 
in t h i s  e s t ~ r n a t e ,  one averages many est imates of the  variance. Lesage 
and Audoin [Z] have derived expressions f o r  the  confidence in te rva l s  f o r  
the est imates of the  two-sample variance estimated i n  t h i s  way f o r  the  
model elements l i s t e d  in Table 2 .  

I t  i s  of value t o  e x p l i c i t l y  s t a t e  t h e  computations involved with 
the  two-sample variance.  Normally, s t a t i s t i c i a n s  est imate a mean of a  
s e t  of N values of a  random var iab le ,  ui, by the  equation 

N 

( 1 2 )  

The variance,  , i s  estimated by the  equation 

N 
2 -  1 - 2 

( i  - m  
i =l  

(13)  

For the  case N = 2 ,  equations (12) and (13)  can be combined in  the  
simple fcmm 

( u ,  - u,)  
2 

2 
0 ( N  = 2) = -- -- 

2 (14) 

- --- 
*One i s  not su iges t ing  here t h a t  the  frequency f luc tua t ions  o f  real  
devSces a r e  ac tua l ly  unbounded. Rather, in a  prac t ica l  sense one i s  
unl ike ly  to  have the  time (perhaps many, many yea r s )  t o  take enough d d t a  
t o  see  convergence i n  f a c t  . See r e f .  [8]. 

7 0 



Z 
A t  t h i s  point ,  we can define .- the  two-sample variance, :r ( T ) ,  as  the  Y 
( i n f i n i t e )  average of estiniates o f  the  variance f o r  two samples. 
That i s ,  iliathematical l y ,  

I L 
In p rac t i ce ,  cf  course,  one cst imates , r > , ( , : )  fro111 a f i n i t e  s e t  o f  in 

I values of yk and cannot pass t o  the 1 imi t .  

An addit ional  r e s t r i c t i o n  rnust be addcd. I n  equa t io r l  (9), at 
r, 

was the average frorn tk t o  t k  + :, b u t  the next average began a t  

"kt1 
= tk + T. The two-sample variance,  -'( . I ,  i s  defined t o  be 

- Y 
r e s t r i c t e d  t o  those cases fo r  which T = ,-. That i s ,  in words, each 

sample o f  & nust  be exactly adjacent  in titlie t o  with no "dead k t 1  
time" between measurements. There a r e  tinles when t h i s  condition i s  

d i f f i c u l t  t o  meet, and correc t ions  riiust be made. Again, f o r  the  model 

elerrlents of T a b l e  2 ,  t h e  correc t ions  can be faund i n  the  l i t e r a t u r e  [14]. 

2 A f ina l  point o n  r ( )  i s  to  note t h a t  there  i s  d h,?ndwidth, f h ,  t o  the 
Y 

measuriny syste171, and  t h i s  can influence the rcsul t s .  Again, i t  i s  3 

matter of convention t o  specify fh  with the rileasurenler~t and t o  requi re  

27f T ::,-, 1 f o r  a1 1 measuremer~ts. h 

In p rac t i ce  one can deterrrline a  s e t  of y -values,  each of which i s  an 
k 

average of the  f r ac t iona l  frequency f l  uctuat ions fro111 non~i nal . One car) 

For T '  = 2-, one can average adjacent values of 4 and obtain a new 
I l i s t ,  y, , ' ,  where 

L Ill and hence deterniine - (2:) based on n l '  = -- values. 
Y 2 



T h i s  p rocess  can be r e p e a t e d  f o r  i n t e g e r  m u l t i p l e s  o f  T o u t  t o  
h a l f  o f  t h e  t o t a l  d a t a  l e n g t h .  

I t  i s  t h e n  normal  t o  p l o t  ve rsus  r on l o g - l o g  g raph  paper .  
Y  

T y p i c a l l y ,  r e g i o n s  of  t h e  p l o t  can be approx ima ted  w i t h  s t r a i g h t  l i n e  
segments ( see  F i g .  2 ) .  S i n c e  s t r a i g h t  l i n e s  on l o g - l o g  paper  can bc 

2  
r e p r e s e n t e d  by e q u a t i o n s  o f  t h e  f o r m  n ( r )  = AT'], one i s  f i t t i n g  t h i s  

2 Y 
form of  a modei t o  t h e  5 ( T )  c s t i n i a t e s .  However, t h i s  i s  e s s e n t i a l l y  

Y  
e q u i v a l e n t  t o  t h e  models o f  T a b l e  2 [ I ] .  I n  f a c t ,  T a b l e  3 shows t h a t  

2 t h e  models o f  T a b l e  2 t r a n s l a t e  i n t o  5 ( T )  v a l u e s  v a r y i n g  as I t o  some 
Y  

power. W i t h  t h e  a i d  o f  T a b l e  3, t h e n  one can e s t i m a t e  t h e  l e v e l s ,  ha, 

o f  t h e  v a r i o u s  n o i s e  terms; and, w i t h  t h e  a i d  o f  t h e  u n c e r t a i n t i e s  

l i s t e d ,  o b t a i n  c o n f i d e n c e  i n t e r v a l s  f o r  t h e  o (L) e s t i m a t e s  p l o t t e d .  
Y  

Thus, t h e  a n a l y s i s  by  t h e  use o f  t h e  two-sample v a r i a n c e  a l l o w s  one 
t o  q u a n t i f y  t h e  model parameters  ( i  . e . ,  t o  -- measure t h e  s t a b i  1 i t y  o f  t h e  
o s c i l l a t o r )  and e v a l u a t e  t h e  adequacy o f  t h e  model f i t. 

A l t h o u g h  t h e  two-sample v a r i a n c e  has r e q u i r e d  a  f a i r  amount o f  space 
t o  e x p l a i n  here ,  i t  i s  r e a l l y  one o f  t h e  e a s i e s t  a n a l y s i s  t e c h n i q u e s  t o  
use. P r o b a b l y  f o r  t h i s  reason  i t  i s  one of  t h e  most  common t e c h n i q u e s  
used, a l s o .  The p r i c e  one pays f o r  t h i s  ease i n  a n a l y s i s  i s  some l o s s  
i n  c o n f i d e n c e  i n  t h e  r e s u l t s .  I f  one i s  i n t e r e s t e d  i n  t h e  spect rum o f  
t h e  f requency f l u c t u a t i o n s ,  t h e n  i t  i s  p r o b a b l y  t r u e  t h a t  d i r e c t  s p e c t r a l  
e s t i m a t e s  a r e  s l i g h t l y  more p r e c i s e  f o r  t h e  measurement p rocess  t h a n  t h e  
two-sample v a r i a n c e ,  b u t  o f t e n  t h i s  i s  n o t  a  c r i t i c a l  i s s u e .  O f t e n ,  
" f i n a l "  r e s u l t s  a r e  s i m p l y  r e p o r t e d  a s  v a l u e s  o f  t h e  two-sample v a r i a n c e  
o r  i t s  square  r o o t ,  s i n c e  t h e y  can be r e a d i l y  t r a n s l a t e d  i n t o  t h e  s p e c t r a l  
d e n s i t i e s  v i a  T a b l e  3. 

S p e c t r a l  D e n s i t y  o f  Phase F l u c t u a t i o n s  

One can e s t i m a t e  t h e  power s p e c t r a l  d e n s i t i e s  o f  v a r i o u s  q u a n t i t i e s .  Two 
i n t e r e s t i n g  q u a n t i t i e s  i n  a d d i t i o n  t o  y ( t )  a r e  V ( t )  and @ ( t )  as  d e f i n e d  
i r i  e q u a t i o n s  ( 1 )  and ( 2 ) .  The rf power s p e c t r a l  d e n s i t y ,  S v ( f ) ,  i s  , jus t  
t h e  s p e c t r a l  d e n s i t y  one would  o b t a i n  i f  he were t o  a n a l y z e  d i r e c t l y  
t h e  o u t p u t  v o l t a g e ,  V ( t ) ,  of  t h e  o s c i l l a t o r .  O f  course,  i t  i s  i n l p o r t a n t  
whenever t h e  rf s p e c t r a l  p u r i t y  i s  i m p o r t a n t  (e .g . ,  i n  comn~unicat ionr ;  
sys tems) .  I n c l u d e d  i n  S ( f )  a r e  e f f e c t s  f r o m  th: a m p l i t u d e  f l u c t u a -  
t i o n s ,  c ( t ) ,  as we1 1  as t h e  phase ( f r e q u e n c y )  f l u c t u a t i o n s ,  $ ( t ) .  
T y p i c a l l y ,  d l r e c t  e s t i m a t e s  o f  S v ( f )  a r e  l i m i t e d  i n  r e s o l u t i o n  t o  a 

few H e r t z  o f  bandw id th  and, t hus ,  a r e  n o t  p a r t i c u l a r l y  u s e f u l  f o r  
e v a l u a t i n g  l o n g - t e r m  performance o f  t h e  o s c i l l a t o r .  
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For short-term f l u c t u a t i o n s ,  one of ten  sees est imates of the  power spect ra l  
dens i ty  of the  phase f l u c t u a t i o n s ,  S + ( f ) .  Often i t  occurs f o r  precision 

o s c i l l a t o r s  t h a t  ~ ( t )  i s  s u f f i c i e n t l y  sn-la11 t h a t  [ I ]  

where f  :, 0, That i s ,  the  sideband power a t  7 f  relnoved from the  c a r r i e r  
frequency, v i s  proportional t o  the  phasu power spect ra l  dens i ty .  

0 ' 
There i s  another useful equation r e l a t i n g  S ,  ( f )  with S ( f ) .  Reference [ I ]  
shows t h a t  

!i) Y 

Often one measures the  sideband power of the  r f  spectru~ii,  S Y (  2 f ) ,  
a n d  uses (18) to  est imate S _ ( f ) .  Occasionally, one devises a c i r c u i t  

Systematics 

The power spectrum a n d  the  two-sample variance a r e  useful too l s  f o r  the  
analys is  of the  random, non-dctermi ni s t i c  elements of the  model . Their 
use in the presence of the  systernatic elements can cause problenis [4,15], 
and f o r  t h i s  reason i t  i s  often important to  remove t h e  systernatic e l e -  
nients before the noise ana lys i s .  I t  i s  i i l~portant t o  emphasize t h a t  
"removal f o r  anal vs i s "  does not irnol v t h a t  these el ernierlts a r e  d i s c a r d ~ d - -  

I 
4 -  - 

operat ions a r e  shown in  Figure 3. 

I The methods o f  separat ion of the systematics wil l  vary with p a r t i c u l a r  
appl i c a t i o n s .  For example, some osci l l a t o r s  d isplay  a  nearly 1 inear  
d r i f t  i n  frequency ( i  . e . ,  $1 with running time. For analys is  by the  
two-sam~le variance t e c h n i n ~ ~ p  i t  i q  n f t ~ n  i n l n n r t a n t  t n  " r e n l n \ r o H  t - h : ~  

. -  - . ,>- . . ,  . . .  - m a -  r 8  L - L ~ + ~  v I ~ L I  ~ v u  I L  cr 

the  two-sample variance wil l  be very d i f f i c u l t  t o  i n t e r p r e t .  Thus, ,,., 
should e i t h e r  use d i r e c t  spectrunl estirrlation o r  devise an auoroar ia te  

8 8  > technique t o  retiiove p e r i o d i c i t i e s  before a two-sample v ~ r i a n r n  i c  l l rnJ  

Sorne of the  d i f f i c u l t i e s  associated with removing systc,, , , , , , ,  
cussed by Wi nkl e r  [4]. 



IV. USES OF THE VARIOUS MEASURES OF F R E Q U E N C Y  STABILITY 

The estimates of the frequency s t a b i l i t y  of an o s c i l l a t o r  or  clock 
have many uses, spanning the range from research t o  procurernent speci- 
f i c a t i ons ,  As mentioned above, the form in which the model i s  expressed 
should be influenced by the intended use. For example, i f  the noise model 
f o r  a  given o s c i l l a t o r  included f l i c k e r  frequency noise as an element, 
t h i s  could be equivalently expressed as a  power spectral  density var.ying 

as / f  1-I or a  constant o ( - I )  with varying r. Which mode of expression 
one uses i s  j u s t  a matte7 of convenience. 

I t  i s  probably t rue  t ha t  theoret ic ians  and researchers in the  f i e l d  o f  
frequency i n s t a b i l i t i e s  normally use the power spect ra l  dens i t i e s .  I t  
i s  probably t h i s  h i s to r ica l  f a c t  which i s  the source of the  mode of 
expression of the random par ts  of the model in Tables 1  and 2 .  That 
i s ,  the random model elements were expressed in terms of power spectral  
dens i t i e s .  Also, f o r  diagnostics of o s c i l l a t o r s ,  the use of power spec- 
t r a l  dens i t i e s  i s  very common. A spectrum analyzer can be a  very 
powerful tool in the design, construction,  and evaluation of precision 
signal sources. 

Table 4 l i s t s  some uses of the  measures of frequency i n s t a b i l i t i e s  with 
the comnionly used method of analys is .  Included in the methods of analys is  
a re  references t o  A R I M A  models 151. ARIMA models provide a  powerful and 
convenient nlethod of analys is ,  computer simulation, and predict ion fo r  
random processes and deserve special mention in addit ion t o  S v ( f )  and 

u y ( [ ) .  Although they a r e  not used t o  any great  extent  in theJmeasurement 

of frequency s t a b i l i t y ,  they provide the only pract ica l  approach t o  
computer simulation of o s c i l l a t o r  performance. I t  i s  possible t o  
t r an s l a t e  from models based on Table 2 t o  ARIMA models d i r e c t l y  [8,15]. 

V .  SUMMARY 

The measurement of frequency s t a b i l i t y  i s  the process of evaluating 
( i  . e . ,  quantifying) a s e t  of model parameters. The typical model e le -  
ments found t o  be adequate t o  model the frequency i n s t a b i l i t i e s  include 
( a )  random, non-determi ni s t i c  el  ements expressed i n  ternis of power-1 aw- 
types of power spectral  dens i t i e s ;  ( b )  systematic terms l i k e  l  inear f r e -  
quency d r i f t ;  and ( c )  environmental s e n s i t i v i t i e s .  

Various mathematical techniques ex i s t  t o  f i t  these model elements t o  a  
pa r t i cu la r  o s c i l l a t o r ,  b u t  the most conlmon a r e  power spectrum analys is  
and the computation of t h e  two-sample variance. Other analys is  tech- 
niques have been studied and have important advantages fo r  special 
s i t ua t i ons .  For example, ARIMA models [5] provide the only pract ica l  
approach t o  computer simulation of o s c i l l a t o r  performance. 





TABLE 1 

Model Elements 

1 .  Random (Noise) Elements 

- Gaussian Noise Elements 

S Y ( f )  = h - 2 / f / - 2 +  h - l  f l - '  + ho + h l  I f /  "I- h 2 / f 1 2  

- S p o r a d i c  Elements 

Sudden s teps  i n  frequency and/or time (phase) 

2. Systematic Elements 

- Linear frequency d r i f t  
- Frequency o f f s e t  
- Time (phase)  o f f s e t  
- Periodic terms 

3. Environmental Elements 



I 

T A B L E  2 

Nanies of  Noise Types 

Frequency Dependence* 
Power Spectral Power Spectral  

Name Density of Frequency Density o f  Phase 

White Phase Noise l f 1 °  
Flicker Phase Noise f l '  l f l - '  
White Frequency Noise f i 0  

Fl i c  ker Frequency Noise 1f1-I I f 1  -3 

Randorn Walk Frequency Noise 

*where 

1 
- < 

1 
- f l  1 - -r = sampling 

N [ o  0 0 

i n t e r v a l ,  and N = t o t a l  number of d a t a  points .  
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Theory/Research Povrer Spectrdl  Densit ies,  S y ( f )  & S . ( f )  

Diagnostics Power Spectral Densit ies,  S y ( f )  & S (.) ( f )  

Overall Perforrnance Prediction Power Spectral Densit ies,  s y ( f )  & S 

Sinipl e  Colr~parisons Two-Sanipl e Variances 

Sirllple E s t i m a t e  of PSD Two-Sarnpl e Variances 

Procurement Specs .  Two-Sampl  e Variances 

Corirputer Sirilul a t i  on A R I M A  Models [5] 

Prediction A R I M A  Models [5] 

Environmental Correlations A R I M A  Models [5]  
(Diagnostics) 







D a t a ,  yk 

Q u a n t i f i e d  
b l o  d c. 1 

Figure 3. Analysis Techniques. 
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