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I r i t e r n a t i o n a l  de  l t H c u r c  (DIII) a s  an  accuracy  - s t a b i l i t y  nlgori.tl-1111 .[:or 
t h c  I r l t e r n a t i o n a l  Atomic Titnc sca1.e (I 'AI).  I L  was shown from s i n ~ ~ ~ l a t i o r ~ s  
t h a t  t h e  accuracy  cou ld  be ensured  and t h c  s t a b i l i t y  of  t h e  o r i g i n a l  
t ime  s c a l e  S cou ld  he maintai .ncd o r  improvcci L5]. However i t  i.s 
1-eal ized t h a t  c s l i m a t i o n  o i  t h e  frcqucricy and s t e e r i n g  of t h e  t ime  sc;il.e 
a r c  d i f fe re l - l t  problems,  a t  l e a s t  t h e o r c l i c a l  1.y. Wc have t r i e d  t o  dcvel~op 
a steering f i l t e r .  Tlic f i g u r e  3 shows t h e  g e n e r a l  probl.ein : t h e  p r imary  
cesiurrl s t a n d a r d s  ilre used t o  compu'Le a  c o r r e c t i o n  u s e f u l  f o r  t h e  p r e s e n t  
date.  t ; t h i s  one i s  app1i.cd Lo t h e  o r i g i n a l  tj.me s c a l e  S whicl-I h a s  
good s t .ab- i . l i ty .  It: j s  d e s i r e d  t h a t  t h c  c o r r e c t e d  t i inc sca1.e S' be 
a c c u r a t e  2nd s t a b l e  a t  any p r e s e n t  d a t e  t. Fincling a l i n e a r  p r e d i c t o r  
f i l . t e r  wl-iicll a l l o w s  t h e  c o r r e c t e d  t i m e  sca l  e S '  t o  be a c c u r a t e  and 
s t a b l e  i.s t h e  prnblcm. So1,utions call be de.vclopcd a f t e r  some hypo~he.s j . s  
a r c  adopted arid t h e  cl-icice of a s s ~ ~ n l p t i o r ~ s  l e a d s  Lo a s p e c j f i c  a p p r o a c l ~  
of t h e  problem. 

'l'hc Lab1.e 1 d e t a i l s  two approaches.  The f i r s t  one i s  t h e  method 
p r e s e n t l y  used by the  B I H .  I t  5 s  based  o n  t h e  e s t i m a t i o n  f i l t e r  )C41 
and t h e  s t ee r i .ng  p r o c e s s  151 ; i t  w i l l  b c  rc l :er red  a s  approach 1. It: 
corrcspol-ids q u i t e  well  t o  t h e  u s e  of t h e  pri.inary s t a n d a r d s  a s  frc:luency 
g e n e r a t o r s  and r e s e a r c h  d e v i c e s  ; t h e  s t a n d a r d s  and /o r  t h e  ci i l . ibrat i .on 
n~casure i r~cn t s  car1 be lnod i f i ed  from one Lest  t o  t h e  o t h e r  t o  o b t a i n  
b e t t c r  r e s u l t s  t h a n  b e f o r e .  The approach 2 correspollcls t o  t h e  use  of 
t h c  prirnary s t a n d a r d s  a s  c l o c k s  ; t h c  s t i jndards  a r c  c o n s i d e r e d  a s  
r i~e t ro lug ica l .  d e v i c e s  whi.ch must run  a long t h e  ( scver i j l  m c ~ n t t ~ s )  withclut 
~11arige.s. 

S e v e r a l  p o i n t s  a r c  cu*mrlon i.n b o t h  s t u d i e s  : t h e  tj.me s c a l e  rnodel, t h e  
indepcrldcnce of t h e  i.nvo lvcd p r imary  starlclards and t h e  s t a b i .  l j . t y  
c r j , t e r i o n .  I l lq~orLant d i f f  e r e n c c s  appear i n  t h e  c a l i b r a t i o n  models. I n  
approach I ,  t h e  c a l i b r a t i o n s  c a n  t a k e  p l a c e  a t  any t-irne and have any 
d u r a t i o n ,  b u t  t h e y  a r c  supposed t o  be a f f e c t e d  by w h i t e  n o i s e  and 
constant :  e r r o r .  For  t h e  second approach,  t h e r e  i.s no t h c o r c t i c a l .  
r e s t r i c t i o n  concern ing  t h e  c a l i b r a t i o n s  n o i s c  b u t  t h e  c a l i b r a t i o n s  have 
t o  be cot ls idcrcd a s  regular1.y distributed every  6 0  days  i n  succession 
w i t h o u t  gap. Thc invo lved  f r e q u e n c i e s  i n  t h i s  c a s e  a r e  mean f r e q u e n c i e s  
o v e r  60 days  wl~ ich  i s  cor ls idered a s  t h e  u n i t  oT t i m e  i n t e r v a l .  I f  
s e v e r a l  s t a n d a r d s  a r e  invo lved  i n  t h c  conlputation,  t h e y  a r e  assumed 
irldependcrlt of each o t h e r  i n  b o t h  c a s e s  ; b u t ,  i n  t h e  f i r s t  approach,  
they  a r c  members of ensembles t h e  s t a t i s t i c a l  p r o p e r t i e s  01' which a r c  
known. An accuracy  k i l t e r  was d e r i v e d  f o r  t h e  approach 1 and was 
d e t a i l e d  i n  [ 4 )  . P r a t i c a l .  s t e e r i n g  f i l t e r s  were proposed i n  i5] 
i n  t h i s  case .  
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l ) ~ . l r ~ l y  rarlclurn t i . r . i t ~  ~c.r-llc 
wii1-i w h i t e  PII plus i'licl<cr Fb1 
p 11.1s ~-iil-lclom wa1.k I ;.: 

1 . 1 1 ~  c r rL ) r s  01' t l ~ e  tali l j t - ~ i t i ~ ) i ~ : + ~  
belorlg i o  R w h i t c  I-loi st.. 

i 1- sezicra 1 s t anda rd : ;  27-(: i11v0 lv~!d, 
t!ic?- ,:ire i.t-irlepeiidcint. 

IL d~:~)ci ld.s  i r ~ ~  L h i .  .itccj-Filg 1~1-i.cccc- ,., ,., tiic o r i g i  n , 3 l  S.reqlrcrlcy ni.nus 
. - 

S C C  I - 
L~~ :I ~~ . .~~ l i . g l i  t.ed li. near colnb i.i-iaLiotn 

01- Lllc rc.)l-rcct i (111s 1:r:rt-;, ccicll. 
s t ,I n rl a r d . 



M o r - e  d e t a i l s  a r e  g i v e n  I-low .Inr t h e  approach 2. The c o r r e c t e d  frct lucncy 
i r ,  computed ~ l t  t h e  present d a t e  L (which incarls t t i ~ l l c s  t h e  samnpling 
p e r i o d  60 days ) .  The d a t a  u s e d  t o  conlputc t h e  c o r r e c t i o n  a r c  t h e  mean 
.Crcquel-lcy dif.! crerlces yi  - 17i a t  Lhc d a t e  i. hctwccn t i l e  time s c a l c  S 
and one p r imary  s landarcl ,  where i goes  .I:rom O t o  1: - cr ; CY r c p r c s e r ~ t s  
~ l l c  d e l a y  of t h e  ~ v a i l . n b l c  d a t a .  If  hey a r e  used i n  r e a l  t ime  , cu 0. 
These daLa e n t e r  a  '1 i n c a r  f . i l . t e r  t h c  irnpulse responsc  i s  C: ; the o u t p u t  
of: t h e  f i l . t e r  i s  t h e  c o n v o l u t i o n  

or more e x p l i c i t l y ,  a t  any p r e s e n t  t ime  t : 

When severa l .  indcpenclcnt p r i n ~ a r y  stctl-idarcls a r e  i n v o l v e d ,  t h e  t o t a l .  
c o r r e c t i o r l  i s  a w c i g l ~ t e d  l i n e a r  cornbinaLi.orl of  he incli.vidu;3l. 
c n r r c c t j o n s  a s  c : ~  ; t h e  wciglit. of a sL.andard dcpet~cls on i t s  q u i ~ l i ~ i c s .  
L e t  u s  come back t o  t t ic  s i m p l e r  c a s e  o.l: o n l y  one stancl;.crd. 'I'lle corrcc . tcd  
freclucricy a t  t h e  clxte. t i s  : 

'L.},c s c a l c  s', r e p r c s e ~ 1 t c d  hy  t l lc  t i m e  p r o c e s s  y t  , i s  said accuraLc 
i C 

I - - -  

e ( y t  - R~ ) i s  minimui~, 

where E d e s i g n a t e s  an mlsemble average . Tile cjuiintily y L  - X~ car, 
be wri t Lcrl : 

Thc 1-uncLiuna1 cliagrarr~ of Lhe f i g u r c  4 I -eprcscnt  s t.11 i s r c l a l . i o n .  It: 
a p p e a r s  t h a t  t h e  f i l t e r  G wl-~i.ch i s  l(-)c-)kcci Cur  and s ~ r t i s l i c s  the 
accuracy c r i t e r i o n  i s  a p u r c  p r e d i c t i n n  l i l t c r .  

Le t  us s c e  t h e  s t a b i l i t y  c r i t c r i o n  : t h c  b c s ~  s t a b i l i t y  o l  [.lie corrcctecl  
S C I ~ ~ C  S '  i s  oLtili.ned i f  t h e  p a i r  v a r i a n c e  o! qL i s  minimum. Tlre 
c o m p u t a t i o n  of the p a i r  v a r i a n c e  i r l t roduces  thc  pararnetcr  ( ~ i r u c  
i n t e r v a l  bctween two s u c c e s s i v e  d a t a )  and i t  w i l l  bc p o s s i b l c  to o b t a i n  
t h e  b e s t  s t a b i l i ~ y  l o r  some s p e c i f i e d  val"uc of . The c x p r c s s i o n  of 

LLS 
3 I L  = y t  - i 

' g ( yi - l<i ) 
d - -- 

i 0 



I a ~ l d  i s  r q l - e s e n t e c l  by t h e  f u n c t i o n a l  c l i a g r a i ~ ~  of  t h e  I i g u r e  5. '1'11~ r o l e  

c r i t e r i o n  (mir l i rn iza t ion  of t l i c  v a r i a n c e  o f  t h e  c r r o r )  i .n to  t h e  new 
c r i t e r i o n  : ~ n i n i r r l i z a t i o n  of t l i c  p a i r  v a r i a n c e  (11. t h c  e r r o r .  The s t e e r i i l g  
l i l t e r  C: w l ~ i c h  s a t i s f i e s  tl-ic s t n b i 1 j . t ~  c r i t e r i o n  i s  a predicti-rig f i l . t e r  
w h i c h  a l l o w s  ~ h c  - s i g n a l .  y t  t o  bc e x t r a c t e d  f rom t l i c  irnput yi -. R ~ ,  . 
So l .u t i o~ - r s  oi' b o t h  s c p ~ 3 r a t e  p ~ - o b l c m s , i .  e. 1-i.1 t c r s  G , a1.c round us i r lg  
t h e  Z transl'(:)rll-1 clorrlail-1 1: 6 ] which i s  dcduccd frnil: t l l c  Lnpl.nce one  

t n b l c  2 p r c s e n t s , a s  a n  c x a ~ r ~ p l c ~  t h e  s t ~ e e r i n g  f i l t e r s  w1li.ch are. obtai l - icd 
when t h e  t i m e  s c a l e  i l o i s e  i s  c i t h c r  a f 1 i cke l -  FM o r  a random " w a l k  FM 
and t h e  c n l j . b r a t i o n  r lo i s e  i s  1qhit.e FPI. The l a s t  h y p o t h e s i s  c o r r e s p o ~ ~ i l s  - A 

t o  t h e  appr(.)acli 1 and su t h e  satil<; ~ x p o n e n t i a l  ,;ict:u1-3cy I . i l t e r  a s  il-I L i t  J 

Thc s e c o i - ~ l  appro;.ich al .Lo1.gj  L v  0 b t ~ 3 i . 1 1  f j , l  L ~ T S  !\rllicl~ clisturc c i t i i c ~  ~ ~ c c ~ l t - n c y  I 
r ~ o j  s c  . !I re:d i st.Lc : _ : t P C r   TI# I i l t e i :  w i l . !  b ~  i~ C : O I ~ ~ P I - C ) ~ ~ ~ S C  b r t w c c i ~  ii11 

a c c u r a c y  f i l t e r  arrcl ;3 s t - i b i l i t y  FiLLcr. l ~ ' ~ ~ r l : l ~ c n l i o r ~  il:. w i l l  clcperld on 
t h e  aoisc  of t l i c  p r i m a r y  s t i i r tdards  nncl also on S ~ T J I C :  p r a c t j . c : i ~ l  1 imi t iz~iorz . s  

I 
of t h e  i n v n l . v ~ d  c n l i b r a t i o t l s  d u c  t o  a poss ib1 .e  ciri.Ct Lllc t i ine  s c a l e  s, 
;a12 irrq3,rc>vc~uent cf tl-rc prSniary . s ~ a n c l i ~ r d s  ar ld/ur  o d  tl-ic c i i l . i b r ; j t i on  I 

5 ' CCnS, Rappor t  a u  ~ o i ~ ~ i i - ; :  Tntc,rr-~.~t:i.i:jri~..il des l h ~ i r l : ;  cL Mesul-es, I:_ - 
8 t h  Sess j .on  (1977). t~:) bi. pub1i::hcd 



TIME SCAL,E, 
NOISE 

FLICKER FM RANDOM WALK FM 

ACCURACY 

sLeer ing  f i l ~ c r  

STABILITY 
s t e e r i n g  f i l t e r  

o l a s ~  c a l i b r a t i o n  o l a s t  c a l i b r a t i o n  

Li cxponer l t i a l  Lypc e x p o n e n t i a l  

Weighted p a s t  
v a l u e s  
depends on ?- 

o wcigl-itcd p a s t  
v a l u e s  

-. . 
depends on :. 

T a b l e  2. S , t ce r ing  f i l t e r s  o b t a i n e d  whc~l u s i n g  t h e  second approach. 
Thc syrrtbol o r e l e r s  t o  non de layed  d a t a  and 0 t o  de layed  
da ta .  The c r z l i b r a t i o n s  a r e  a f f e c t e d  by a w h i t e  n o i s e  FM. 







Q U E S T I O N S  AND ANSWERS 

DR.  G E R N O T  M.  R ,  W I N K L E R ,  U .  5 .  Navril Observa- to r ,y :  

To wha t  degree w o u l d  y o u r  r e s u l t s  change i f  you d r a s t i c a l  l y  
change the assumed models by assuming  a v e r y  l a r y e  and 
overwhe l rn iny  c o n t r i b u t i o n  f r o m  j u s t  phase n o i s e ?  

DR. GRANDVEAUD: 

I t  depends on w h e t h e r  you  are  s p e a k i n g  f r o m  a t h e o r e t i c a l  p o i n t  o f  
v i e w  o r  f r on i  the p r a c t i c a l  p o i r i t  o f  v i e w .  Froin a p r a c t i c a l  p o i n t  
o f  v i e w ,  i t  secrrlcd t h a t  choos i r i y  an e x p o n e n t i a l  f i g u r e  and d o i n g  
some q u i t e  good m a n i p u l  a t i o r i s  p r o d u c e d  s a t i s f y i n g  resu l t s ,  B u t  
f r o m  t h e  t h e o r e t i c a l  p o i n t  o f  v i e w ,  I t h i n k  i t  i s  q u i t e  d i f f e r e n t  
and rriore con-1p1 i ca t e d .  




