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ARSTRACT

The mechanics of translation of the frequency stakility
measures from the freguency domain to the time domain and
vice versa will be presented and discussed. The discussion
will be based on the model proposed by Barnes, et al, of
the Subcommittee on Frequency Stability of the Technical
Committee on Freauency and Time of the I[EEE's Group on
Instrumentation and Measur=ment.

Examples based on published frequency stability data
of various oscillators wi'l be presented and examined.

1.0 INTRODUCTION

Theoretical models on frequency stability of oscillators
have been developed and tested by various latoratories., Excellent
reviews from different approaches and view points on the subject
matter have also been published in the last two years. 1In addition,
extensive references are given in these review papers.

This paper deals with the mechanics of translation of fre-
gquency stability measures from frequency domain to time domain
and vice versa. The technique is to use discrete data points to
approximate the characteristics of each noise source in the do-
main to which the data are translated. The difficulties encoun-
tered with this approach are often due to lack of complete data.
In particular for flicker phase data hard decisions have to be
made. The merit in using this technique is in the simplicity
of translation and as such, it provides a guick handle for the
users to examine the performance characteristics of oscillators
of interest in terms of the reguirements. If, however, accurate
data on the performance characteristics of oscillators are needed,
the simplest approach is still the direct approach by measuring
the frequency stability in the domain of interest.
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2.0 DISCUSSION OF THEORY

A theoretical model which is in wide use to describe the
characteristics of frequency stability is the one recommended by
the Subcommittee on Frequency Stability of the IEEE. This model
is based on the assumptions that; (a) the instantaneous frequency
fluctuations of the output signal of an oscillator is due to
independent noise sources in the oscillator system; (b) as many
as five noise sources may be needed to characterize the frequency
instability observed in most oscillaters; and (c) each indepen-
dent noise source can be modeled by a power law. Since each
noise source is independent of the other they may be combined by
superposition.

2.1  FREQUENCY DOMAIN

In frequency domain measurement, the spectral density of a
noise source in an oscillator that perturbs the frequency stability
of the oscillator system can be considered as the average contri-
bution of all indivicual perturbations of noise components each
having a frequency, f, ranging from minus infinity to plus infini-
ty. Thus the total noise power is the sum of the contributions
of all of the noise components. In practical terms this frequency
range is folded and covers only the range of frequencies from zero
to positive infinity. The spectral density of a sianal of only
positive frequency components is called the one sided spectral
density of frequency and is represented by S (f) where f
is the variable frequency component, a1so<uﬂaed Fourier frequency,
and the subscript, y, is the fractional frequency change from the
nominal frequency, ), of the oscillator. Thus the power Taw
noise model may be written as

S,f)= R §° (1)

where —Ed is a constant and is characteristic of an oscillator

ol is the characteristic value of a noise source and
takes the values of -2, -1, 0, 1 and 2.

Cutler and Searle have shown that
S;(f)= 4747 S,¢4) (2)
S8 = (/%) Syt (3)

S.(F)=(1/47F%) S,(4) (4)




where the subscripte denotes phase <;‘-=) qb=d¢/dt and X = ep/zmil,.
X 1is phase measured in units of time and is often written as phase-
time. Substituting eguation (1) into equaE%?ns (2), (3) and (4)

one obtains the power law noise model fovr and X.
Syurr= 4miyia, s h‘Pf“ (5)
Spit) = Wa T = at (6)
Sed) =amh 3T = by +7 (7)

where ’ﬁq-, = 477’11{,‘;{.“ (8)

he = Vo Ry (9)
N 4“;7171‘ (10)
$ T %oz (11)

Since the power law model is based on five independent noise
sources and if they are all present in the oscilletor, the one-sided
spectral density becomes:

S, (1) =h dg 4 HE G454, 4 (12)
2.2  TIME DOMAIN

In the time domain measurement, frequency perturbations of a
signal due to all frequency components of a noise source are measured
collectively as a function of time and are averaged over a sampling
time pericd. Thus the frequency stability characteristics are
represented by variance or standard deviation of the measured fre-
quency fluctutaticns based on statistical calculations. The ex-
pected value of the variance of fractional freouency fluctuations, vy,
from the nominal freauency of an osc111ator 19

<0}Uﬂ7}u)> <HT :2 (y - y&) > (13)
where N is the number of date points
T is the time interval between the beginnings of adincent
measurements
T is the sampling time¢ within T
Y is the average fractional frezuenc. fluctuations over a
sampling time
< > 15 a symbol denoting an infinite average

In statistical analysis, N is desired to be larage approaching




infinity and the noise source is a random process. In real life N
is finite and noise source is not always random. In addition, it
may not even be stationary, thus corrections and approximations

are needed in statistical analysis in order to match or to check the
theory.

In the simplest case N = 2 and T =2, Allan has shown that

2 - 2 _ = = 42
<0’g(2,"c,"c)> = O'J(T)- <z 4, 7&) > (14)
and Allan and Vessot have shown that
<a; (2> ~ gk (15)

This variance and its square root, the standard deviation, have been
used to describe the frequency stability characteristics of oscilla-
tors in the time domain. The variance is known as the Allan variance.

2.3  CLOCK ERROR

Barnes has shown that to predict a clock reading error,
X(t), one may define a time stability by a time variance:

2 ,

(T',‘ (t}) = Z.-z c"'(r} (16)
d

3.0  TRANSLATION

The translation relationship between the frequency and time
domain measures based on equations (12) and (13) was derived by Cutler
and is given by

2 g , ‘
<G (NTT)y = £ o H (17)
where M= ~x-T
3 X< 1
and C. is a transfer function given by
« 5‘.4-12‘( I_Sm N)"U.
Cu (N-l)n“'” f du u [ NZSintru (18)
in equation (18) W = Tfc
Yy = T/T (r=|] ,J(T::t)




In the case N =2, r = 1

Allan variance becomes:

a2
<G‘;u:)> = R ST E (n2) t g, k)
3 L. (1'059{‘4::7';:( Tty L’J-b*f i; nziljz

Where is the high frequency cutoff of an ideal-zed infinitely
sharp cutoff Tow pass filter.

(19)

Equation (19) may be written also in the form of
2
{
cThu>=2hn C rt
‘; d:‘:’. & o
so that

_ 47t
C.™ T
C‘_Al 2[n2
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A

LosS8 + X in Jﬂ# <) ‘
P “*”'4ﬁz‘k (24)
- _ :3};
Lz - ':_7772. (25)
Thus the six basic power law eguations from Eguations (5), (6),
(7), (12), (16) and (20) may be coliected togethe» for convenience
given below:

527@” =hgf ten g Bt Tt “=Zh t
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Comparing term by term for each noise source between equations
(26A) and 26B) one can derive the translation relationship. For
example the first terms for the random walk of frequency noise are
given by:

SJH) = h 3
and
G;Lf) = 448t
thus 5.(4) = b T
d - Am d 779

Figure 1 shows the log-log plots of frequency stability charac-
teristics of oscillators in frequency and time domains based on

the power Tow model of five noise sources. The equations to
translate the frequency stability measured in the frequency domain
to the time domain and vice versa are given in Table 1. The

terms in the bracket are the measured quantitites. The subscript y
for S,(4), f;(-t) and @, (7) s often deleted in most texts

withoue confusion if a subscript is always used for ¢, ¢ and X.
¢ 1is not listed in Table 1 because it is not used often; however,
a general formula can be easily derived as shown in Table 1.

Sirce the theory in the frequency domain is modeled by a
power law it is reasonable to assume the flicker phase noise is
independent of the sampling time in the frequency domain. This
assumption gives a stariira point for the translation. If the
flicker phase noise is translated from the frequency domain into the
time domain the flicker phase noise becomes dependent on the sampling
time. Flicker phase noise is generally Tower in level than the white
phase noise and becomes indistinguishable from the white phase noise
in the time domain unless it is specially tested. The time dependence
of the flicker phase noise in the time domain is therefore a major
problem for translation of frequency stability from time domain to
frequency domain.

4.0 EXAMPLES OF TRANSLATION FROM FREQUENCY DOMAIN TO TIME DOMAIN
4.1 DATA

Brandenberger et al published in 1971 an excellent set of




data of freguency stability measurement of a very high quality

5 MHz quartz crystal controlled oscilletor. The spectral density
of phase per oscillator measured in the freguency dorain is shown
in Figure 2 and is given for the frequency vange between 0.1 and
104 Hz by:

. -\2 -3 -13 - B -5 P
5$ﬁ):l.SBX\u + ~+ngxto'§ Wagexe £° (27)
The time domain measurements of the same osciliefor are shown in
Figure 3.
Using the coefficients of ewuation (27) one can plot the

flicker frequency noise, flicker phase noise and white phase noise
in Figure (2) by straight lines correspondinaly provortional to
+% 3 and §° respectively. These datc points are given in
Table 2.
4.2 FLICKER FREQUENCY

The calculztions for the transletion of the flicker frequency,
for an exapcple, from freguency domain to time domz2ir is aiven below:

.3 , a
¢ (T) = %‘—z’ l+ S4(f)lT

B+
_Z2ln2 3 -
= ;‘e‘gg‘,’gz[ I x /-58)(/0’2]
= ¥.76x 10
G(t) = 2.96%x10"

If the calculated Allan variance is for one cscillator, the date
plotted in Figure 3 are for both the test and reference oscitlator.
If this is true, a factor of 2 should be multipiied.

Thus

207 = 175x0°°

and N2 T) = 4./8x 6"




4.3  FLICKER PHASE

Using Table 1 one obtains the tran:lation equation to be

C - -2
o= T2 (4 5,4))7
oy L )
= qﬂ,%zb.038+3/n (2mf0))(F S48 )¢ 2
for jl =1 He, .S+(:):3./4,x,0~:3} Y= 5 MHz and fﬁ:/ﬁ;;&

2y . e =y, -2
- . Tl
T(z) = (5516 +3 Inf + BIH"ZJ[‘F,”;%:J z

~27 - &
= (87327 x10 +9,6052x15%% In z]t ‘

The calculated @'(¢) and @(z) for flicker phase noise for three
values of tare given in Table 3.

4.4 WHITE PHASE

Again using Table 1 one obtains the translation equation to

- cte) = Gh(4°5,40) <
= 25 (7 sy T
for S‘P(}):J.qeuo‘“‘: =5 MHz, and f;;-:/ rHz
(Ta(t) = :;’;ig (3.98 l’lo-’s) '

= 1, 2078x 10272

13 .

T(t) = ixro T




The calculeted values of G};jand 0 (t) for white phase noise
are also given in Table 3.

4.4  COMPARISON OF RESULTS

For comparison purposes a summary of the time domain data
for the crystal oscillator transTated from the frequency domain is
shown in Table 4 together with the measured time domain data taken
from Figure 3. 0One can see the agreement is aenzrally good except
for the flicker frequency noise. The difference is 2.2 db which
is within the measured accuracy. This diffevence could be explainred
if the data either in Figure 2 or in Figure 3 is plotted for both the
test and refererze oscillators instead of for only one oscillator.

One can see the dependence of the flicker phase nois¢ on the
sampling tim=z. The error it can introduce in translation by a
straight 1ine apnroximation from the time domain to the freauency
domain should be obvious. In the first place the "-1" slope data
of the sigma-tau plot in the time domain is the sum of the white
phase noise and flicker phase noise power. In the second the lave?
of the flicker phasc noise is Tower than the level of the white
phase noise and is also lowey for shorter sampling time.

5.0 EXAMPLES OF TRANSLATION FROM TIME DOMAIN TO FREQUENCY DOMMIN,

Figures 4 and 5 show the frequency stability of a high per-
formance cesium beam tube oscillator measured in time domain and
frequency domoir respectively. The straight Tines are the trans-
lated or predicted values using the power law male? for N = 2 and
T =T. These data are based fror publications by Babitch and
Oliverio and private communications from M. Fischer,

Using the measured data points in Figure 4 one can translate
the identified noise sources from the time domain to the freguency
domain by using the relationship given in Table 1. The results
are given in Table 5. The calculated spectral density of phase
for the flicker phase nonise from the time domair data are based
Oﬁj% = 50 KHz and VM, = 5 MHz.




Sample calculation of translating the flicker phase noise
from time domain to freguency domain are giver below:

., N
Se(4) = %_)',L (T*cXz)] # ’
Cl = Z‘J%QL’I‘038+3/HL277]“T)

= 471 (310145107

2,R
- 4N K .22 -
Th . oL A 4 - T i
US S‘PH) 37011 4+3InC (& T(gff
- -1
For T =)0 sec.

Sgtf) = 3.0743x10" L G‘z(r_"}jj N

_ -2

For L = Jo sece.
- - 3 q A 2 “y "'l
Set#) = 3:9172x 10 (7 if

a. Use measured data points in Figure 4 forC= 107! and T= 1072
seconds respectively

a(10') = 4,0xi0

¢ (10°) = 2.5x 10

Thus for T =/0" sec. , T (10°')=4,0x10"

12
)

2

5‘_"(1-) = 4,919 x loﬁ'zj K

lo IOJ bq,uo) = ~ 1230 b

lo l'o(? 5,109 = ~135:1 db

h32




. -2 o N
For T = (o Sec. T(sY)= 2.5x10"

S,4) = 2448 x0T
lo leg bd)(loj = ~426.1 Jb
[0 log 54,((0“) = ~136.-( db

b. Use the translated data {straight line) in Fiaure 4 also
for T = 10-1 and 10-2 seconds.

CGo') = 5 bxig™
q(16?) = 5. 0x10"

Thus for T = 1o Sec., Q”(!c") = &6 K0
54,(1): ‘/'é‘flx:oh'zj !
lo [o? Sgll6) = ~120.2 Ab
2 - -
o lo (og S4(10 )= -130.2 db

- - Y
7:ftox5€a, GWUosxfﬂxw'

S,4)7 193 %5077
IO(oaéqbuoj: 120t Ab
o |og .543(;02)': ~130. | &b

It can b2 seen from Table 5 for the flickeyr phase nnise the trans-
lated results from the time domain to the freguency domain show a
better agreement when the actual measured datc in the time domain
are used, This is to be expected since the straiaght line data ir
(b) are translated from the freguency domain. Further, the results
in (a) are better for lower value. of tau.

6.0  DISCUSSIOMN

Historically the frequency stability measurements as most
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people have pointed out were made in a larger number of oscilla-
tors, in the time domain. This 1is because of the readily available
electronic counters in the laboratories for making the period
measurements. In addition, the sigma-tau plot of fiequency
stability in the time domain seems to be easier to comrmunicate the
concept of the characteristics of the noise madel based on the
power Taw. The difficulties are in the data analysis and in the
identification of noise processes. For example, the flicker
frequency noise in Figure 4 could be deleted if the dashed 1ines
were used. In this case only one data point is discarded (i.e.,

t = 2 sec). Another question can be raised. "Is white phase noise
present in Figure 4 in the time domain measurement?" The answer

is "negative" baced on the spectral density of phase meacurement

in the frequency domain in the freauency range measured. Obviously
there is no answer to the question if only time domain data is
available. Frequency stability measurements in the frequency
domain are becoming more available as improved design and computer
operated spectrum analyzers are becoming available in laboratories.
Thus, the interest in the relating of the measured data in the

two domains are continuously on the increase.

Figures 6 and 7 show the relative frequency stability of
typical oscillators measured in the time domain and frequency
domains respectively. These data are based on the results of
Fischer and Vessot. It is to be noted that the apparent random
walk of frequency (lines with +1/2 slope in Figure 6) is norrially
not shown in frequency stability of sigma versus tau plots. This
is because the random walk of frequency noise is 1ikely to be the
net result of the noises in the electronic circuit of the frequency
locked Toop, the white phase of the quartz crystal oscillator, and
the flicker phase of the cesium beam tube. The random walk of
frequency behavior (less than the servo Toan time constant) is
therefore a characteristic of the system design of a manufacturer.

7.0 CONCLUSION

The mechanics of translation of freguency stability from
frequency domain to time domain and vice versa have been shown. The
procedure is simple and the translation relatiorships are given in
Table 1. While the mechanics of translation are straight forward
the same cannot be said for the preservation of the accuracy after
translation. This is particularly true for the translation of the
white phase and flicker phase noises from the time domain to the
frequency domain. Additional errors may be introduced if the data




collection and data analysis are not on a common base. Those who

are interested in the validity of translation and theoretical Timita-
tions of the power law model of frequency stability are referred to
the original papers and review papers given in the reference.
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Figure 2. Spectral density of the phase of a very
high quality 5 MHz quartz crystal oscillator.
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TABLE 2 DATA USED TO PLOT THE THEORETICAL NOISE SOURCES IN FLGURE 2

FLICKER FREQ. FLICKER PHASE WHITE | PHASE

'f S,(F) Jo log 5?(-]9 Sa (§) mlo;S,,(H Se(f) 1ole55,(4)
10° | 1.58x10-12 | -118 ab | 3.16x10°13 | -125 db | 3.98x10°L% | -144 ab
10! | 1.58x10"1% | -148 db - - 3.98x107Y5 | -144 db
102 - - 3.16x10°12 | -145 db | 3.98x10°15 |-144 db

TABLE 3 CALCULATED DATA FROM FREQUENCY DOMAIN TO TIME DOMAIN

FLICKER PHASE WHITE PHASE FLICKER -+ WHITE

¢?(t)

a(zr)

¢? (x)

a(<) ag*(x)

g ()

3 2.10x10°2

6.52x10"22
4, 31x10°2%3

U4 ex10-11

8.1x10713
6.6x10_12

1,21x10" %%
1.21x10722
1.21x10-20

1.86x10724
1.64x10"22
1.42x10°21

l.leO'lz
1.1x107 11
1.1x10" %0

1.91x10" 12
1.76x10"ié
1.56x10°

TABLE 4 COMPARISON OF 0‘(7:) BETWEEN CALCULATED FROM FREQUENCY DO-
MAIN AND MEASURED IN TIME DOMAIN

CALCULATED MEASURED
FLICKER FLICKER PHASE, FLICKER FLICKER PHASE
T FREQUENCY + WHITE PHASFE FREQUENCY | + WHITE PHASE
- {2.96x10"13 - 5x10-13 -
10-1 - 1.9x10°12 - 1.6x10"12
10-2 - 1.8x107 11 - 1.6x10-11
10-3 - 1.6x10-10 - 1.6x1071
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Figure 6. Frequency stability of typical atomic frequency standards and a selected
quartz crystal controiled osciflator in the time domain {The positive slope
portion of the curve is due to the eiectrenic design of the frequency {ocked loop.}
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QUESTIONS AND ANSWERS

DR. JACQUES VANIER, Lavail University:

MR.

CR.

MR.

DR.

There is a question where you have the transition in the phase lock
or frequency Tlock loop. There I think the table you have shown for
transferring from the time to the frequency domain cannot be applied
directly like that. And you cannot identify the kind of noise
because you have a transition, and this may change the slope quite

a lot. This also depends on the damping factor or the time constant
in the servo loop.

CHI: Correct.

VANIER:

50, what I wanted to mention s that at some places we have a flat
portion in the sigma-tau cuvve. This is not flicker noise of
frequency, but just a question of the servo loop.

CHI:

Within the servo loop, of course, it is partly a parameter for the
manufacturers who are designing that system. He would have to tell
what is the optimum for his own system.

JAMES A, BARNES, National Bureau of Standards:

I would 1ike to make one commert that fis perhaps obvious, but I
think it is worth mentioning anyway. One is using these examples,
models, where you have super positions of noise. The noise Taws
that one talks about are the asyntotic behaviors. When you super-
impose them, actually you don't make & sharn transition at a sharp
corner from a slope minus 1. say, to a slope T, Tt is a smooth
transition, and when you actually go through the pracess of filling
it in, you get smooth curves, not corners. And when you trv to fit
the sharp cornered curves, there is a tendency to put in more terms
than necessary. -The modeling can be done ruch more straightforward.




DR. GEENOT M., R. WINKLER, U. S. Naval Observatory:

My own opinion is that one really shouldn't make these conversions
but that one should measure in that domain in which one needs to
have the values.






