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ABSTRACT 

The p a p e r  o u t l i n e s  t h e  t h e o r e t i c a l  b a s i s  beh ind  t h e  d c f i n i -  
t i o n  o f  f requency  s t a b i l i t y  i n  t h e  t i m e  domain. Var ious  
t y p e s  o f  v a r i a n c e s  are examined. T h e i r  d i f f e r e n c e s  and 
i n t e r r e l a t i o n  a r e  p o i n t e d  o u t .  Systems t h a t  a r e  g e n e r a l l y  
used i n  t h e  measurement of t h e s e  v a r i a n c e s  a r e  d e s c r i b e d .  

INTRODUCTION 

Radio f requency  s o u r c e s  g i v e  a n  o u t p u t  s i g n a l  which,  i n  g e n e r a l ,  
i s  a f f e c t e d  by s m a l l  f l u c t u a t i o n s  i n  t h e i r  amplitude., p h a s e  o r  f requency .  
The n a t u r e  o f  t h e s e  f l u c t u a t i o n s  may b e  random o r  d e t e r m i n i s t i c .  Due t o  
t h e  l a r g e  number of u s e r s  of t h e s e  s o u r c e s  and t h e  v a r i e t y  o f  f i e l d s  i n  
which they  are a p p l i e d ,  a problem h a s  a r i s e n  i n  t h e  method o f  c h a r a c t e r -  
i z a t i o n  of t h e  f requency  f l u c t u a t i o n s .  I n  t h e  c a s e  of t h e  d e t e r m i n i s t i c  
f l u c t u a t i o n s  such  as l i n e a r  f requency  d r i f t ,  it h a s  been  found,  i n  most 
c a s e s ,  t h a t  a s p e c i f i c a t i o n  of t h e  f r a c t i o n a l  f requency  d e v i a t i o n  on a  
p e r  day o r  p e r  month b a s i s  i s  s a t i s f a c t o r y .  However, i n  t h e  c a s e  of non 
d e t e r m i n i s t i c  o r  random f l u c t u a t i o n s ,  a  mathemat ica l  t r e a t m e n t  based on 
p r o b a b i l i t y  c o n c e p t s  i s  n e c e s s a r y .  I n  t h e  p a s t ,  depending on t h e  f i e l d  
of i n t e r e s t ,  s e v e r a l  methods of  c h a r a c t e r i z a t i o n  have been used andsome- 
t imes  have l e d  t o  c o n f u s i o n .  

More r e c e n t l y  a p r o p o s a l  h a s  been made by t h e  IEEE Subcommittee 
on Frequency S t a b i l i t y  t h a t  t h e  s p e c t r a l  d e n s i t y  S ( f )  of t h e  f r a c t i o n a l  
f requency  f l u c t u a t i o n ,  y ,  and t h e  two sample v a r i a & e ,  o y ( ? ) ,  be  used t o  
c h a r a c t e r i z e  f r e q u e n c  s t a b i l i t y  r e s p e c t i v e l y  i n  t h e  f requency  domain and 
i n  t h e  t ime  domain [IT . These two paramete rs  have r e s u l t e d  as a l o g i c a l  
c o n c l u s i o n  from a  r a t h e r  l a r g e  amount of t h e o r e t i c a l  and e x p e r i m e n t a l  
work on  t h e  s u b j e c t  [ 2 ] ,  [31 . However, o t h e r  p a r a m e t e r s ,  s p e c i a l l y  i n  t h e  
t i m e  domain, have been s t u d i e d  and have been found most i n t e r e s t i n g  i n  
s p e c i f i c  c a s e s  [ 4  1 ,  [ 5 ] ,  161, [ 7  1  . The s u b j e c t  s t i l l  r a i s e s  g r e a t  i n t e r e s t .  



I n  t h e  p r e s e n t  paper  w e  g ive  a  b r i e f  d e s c r i p t i o n  of t h e  main theo- 
r e t i c a l  concepts  involved i n  t h e  d e f i n i t i o n  of t h e  frequency s t a b i l i t y  i n  
t he  time domain. The i n t e r r e l a t i o n  through t h e  s p e c t r a l  d e n s i t y  S ( E )  Y 
of some of t h e  v a r i o u s  v a r i a n c e s  t h a t  have been s t u d i e d  up t o  now IS made 
e x p l i c i t .  F i n a l l y  s e v e r a l  systems used f o r  t h e  measurement of s t a b i l i t y  
i n  t h e  t ime domain a r e  descr ibed .  

This  paper was prepared a t  t h e  r eques t  of t h e  Program Committee of 
t h i s  Meeting. Seve ra l  e x c e l l e n t  reviews and t u t o r i a l  papers  on t h i s  sub- 
j e c t  have been publ i shed  i n  r e c e n t  y e a r s  [8] ,  [ 9 ] ,  [ l o ] ,  1111 , 1121 . Conse- 
quent ly  i t  appears  d i f f i c u l t  i n  t h e  w r i t i n g  of such a t u t o r i a l  in t roduc-  
t i o n ,  t o  avoid r e p e t i t i o n s  o r  t o  improve on a l l  t h e s e  papers .  The most 
one can do a t  t h i s  s t a g e ,  i s  t o  p r e s e n t  t h e  m a t e r i a l  i n  a  s l i g h t l y  d i f f e -  
r e n t  manner. I n  p a r t i c u l a r  t h e  p r e s e n t  t e x t ,  special.1y on t h e  t h e o r e t i -  
c a l  s e c t i o n ,  owes a  g r e a t  d e a l  t o  t h e  r e c e n t  review by D r .  Rutman [8 ] ;  
t h e  r e a d e r  i s  s t r o n g l y  encouraged t o  c o n s u l t  t h a t  e x c e l l e n t  a r t i c l e .  

A - THEORY 

D e f i n i t i o n s  

According t o  a  w e l l  accepted n o t a t i o n ,  t h e  in s t an t aneous  ou tpu t  
v o l t a g e  of a  s i g n a l  gene ra to r  can be  w r i t t e n  a s  [I] : 

V(t)  = [VO + ~ ( t )  ] s i n  [2n v g t +  V(t) ] , (1) 

where Vo  and vo a r e  t h e  nominal ampli tude and frequency and ~ ( t )  and 
Y( t )  a r e  ampli tude and phase f l u c t u a t i o n s .  It is  assumed t h a t  ~ ( t )  i s  
very  small wi th  respect:  t o  Vo and can be e n t i r e l y  neg lec t ed .  The in s -  
tantaneous frequency of the o s c i l l a t o r  i s  def ined  a s :  

where * ( t )  s t a n d s  f o r  dk?(t) 1 d t  . We a l s o  d e f i n e  t h e  f r a c t i o n a l  f r e -  
quency f l u c t u a t i o n  as:  

and we assume t h a t  

A proposed means t o  c h a r a c t e r i z e  t h e  frequency s t a b i l i t y  of an 
o s c i l l a t o r  is  t h e  s p e c t r a l  d e n s i t y  of y denoted by Sy( f )  . Its dimen- 
s i o n s  are HZ-' . A measurement g iv ing  an  e s t i m a t e  of S ( f )  would then  

Y c h a r a c t e r i z e  t h e  s t a b i l i t y  of t h e  o s c i l l a t o r  i n  t h e  frequency domain. 



T h i s  c a n  be done i n  p r a c t i c e  w i t h  a spec t rum a n a l y z e r .  However, onemust: 
be  aware t h a t  o n l y  e s t i m a t e s  of S ( f )  can be o b t a i n e d  b e c a u s e  o f  f r e -  
quency range  l i m i t a t i o n s  and f i n i 2 e  o b s e r v a t i o n  t i m e s .  

Exper imenta l  s t u d i e s  o f  v a r i o u s  f requency  s o u r c e s  have shown t h a t  
f o r  a l l  p r a c t i c a l  p u r p o s e s ,  t h e  f r e q u e n c y  f l u c t u a t i o n s  spec t rum of t h e  
most c o m o n  o s c i l l a t o r s  can  be  r e p r e s e n t e d  by a t r u n c a t e d  polynomial  i n  
t h e  F o u r i e r  f requency  domain: 

P" C1 
S ( f )  = h  f  , 

Y 

where a i s  a n  i n t e g e r ,  r a n g i n g  from -2 t o  I-2. The f requency  f l u c t u a -  
t i o n s  s p e c t r a l  d e n s i t y  can  b e  r e l a t e d  t o  t h e  phase  f l u c t u a t i o n s  s p e c t r a l  
d e n s i t y  th rough  t h e  r e l a t i o n  

s ( f )  = + Sy(') 
Y v 0 

The a h a s  been a s s o c i a t e d  w i t h  v a r i o u s  t y p e s  of f l u c t u a t i o n s  
e i t h e r  i n  t h e  phase  o r  f requency  r e p r e s e n t a t i o n .  

where < > means a n  a v e r a g e  o v e r  an i n f i n i t e  number of samples .  Without  
go ing  t o o  d e e p l y  i n t o  q u e s t i o n s  of s t a t i s t i c a l  c o n c e r a ,  w e  make a few 
assumpt ions .  F i r s t ,  w e  assume t h a t  s t a t i o n n a r i t y  a p p l i e s  t o  o u r  model. 
By t h i s  w e  mean t h a t  a d i sp lacement  of t h e  t ime c o o r d i n a t e s  does  n o t  
change the  s t a t i s t i c s  o f  o u r  ensemble.  Secondly we assme e r g o d i -  
city, t h a t  is ,  a v e r a g e s  o v e r  t h e  ensemble can b e  r e p l a c e d  by t ime aver -  
a g e s  on one of t h e  samples .  The s i g n  < > i n  e q u a t i o n  ( 7 )  t h e n  becomes 
a t i m e  a v e r a g e .  Fur the rmore ,  we can assume t h a t  < 7 > = 0 and u2(-r)  

i 
a 

2 
1 
0 
-1 
-2 

Type o f  f l u c t u a t i o n s  

White Phase  
F l i c k e r  o f  Phase  
White Frequency 
Fl icker  of Frequency 
Random Walk of Frequency 

However, ano the r  c h a r a c t e r i z a t i o n  of t h e  frequency stability c a n  be made 
by c o n s i d e r i n g  t h a t  y ( t )  is  a random f u n c t i o n  o f  t i m e .  Then, a  s tatis-  
t i c a l  p a r a m e t e r  measur ing i n  some s e n s e  t h e  e x c u r s i o n s  o f  t h e  v a l u e s  y 
o f  t h e  random f u n c t i o n  y ( t )  around i t s  mean v a l u e  s h o u l d  c h a r a c t e r i z e  
t h e  f r e q u e n c y  s t a b i l i t y  of t h e  o s c i l l a t o r .  I n  s t a t i s t i c s ,  t h e  s t a n d a r d  
d e v i a t i o n  (7 o r  t h e  v a r i a n c e  u2 is  o f t e n  used as s t a t i s t i c a l  pa ramete r .  
W e  c o u l d  d e f i n e  a v a r i a n c e  f o r  t h e  i n s t a n t a n e o u s  f requency .  Ln p r a c t i c e  
t h e  f requency  i s  measured o v e r  a  t i m e  i n t e r v a l  , T ,  c a l l e d  t h e  averaging 
t i m e  and t h e  v a r i a n c e  is  c a l c u l a t e d  th rough  t h e  r e l a t i o n :  



2 - 2 
becomes simply ( y )  > .  Since < ( y )  > imp l i e s  an i n f i n i t e  t ime aver- 
age t h i s  va r i ance  is  an i d e a l  t h e o r e t i c a l  concept which is  commonly cal- 

2 l e d  t h e  t r u e  va r i ance  I ( T )  . I n  p r a c t i c e  i t  is c l e a r  t h a t  one can only 
do measurements e i t h e r  f o r  a f i n i t e  time o r  on a f i n i t e  number of samples 
and thus o b t a i n  an e s t i m a t e  of this i d e a l  s t a t i s t i c a l  parameter .  Fur ther -  

2 more i t  i s  found t h a t  I ( T )  d ive rges  f o r  c e r t a i n  types  of n o i s e  such a s  
f l i c k e r  frequency f l u c t u a t i o n s .  I n  o r d e r  t o  avoid t h e s e  problems, va r ious  
s c i e n t i s t s  have proposed s e v e r a l  types  of va r i ances  obta ined  from l i m i t e d  
amount of samples.  A s  w i l l  be  expla ined  below, one of them, t h e  "two - 
a d j a c e n t  - sample var iance"  s t u d i e d  by Barnes and Al lan ,  has  been propo- 
sed as a time domain measurement of f requency s t a b i l i t y  [l]. 

Before d e f i n i n g  t h e  two sample va r i ance  l e t  us examine t h e  process  
of frequency measurement i t s e l f .  We assume t h a t  a d i g i t a l  frequency 
counter  i s  used t o  measure t h e  frequency. The measurement is then  made 
over  a f i n i t e  t ime T and one o b t a i n s  an  average of t h e  frequency over  
t h i s  t ime i n t e r v a l  T .  I n  o t h e r  words, t h e  counter  g ives  t h e  number of 
c y c l e s  nk dur ing  t h e  t i m e  i n t e r v a l  T .  Fi.gure 1 i s  afi exper imenta l  
arrangement by which t h e  frequency of o s c i l l a t o r  (1) i s  measured, o s c i l l -  
a t o r  (2)  be ing  used as t h e  t i m e  b a s e  of the coun te r .  For the  purpose of 
s imp l i fy ing  t h e  p i c t u r e  l e t  u s  assume t h a t  o s c i l l a t o r  (2)  is p e r f e c t  i n  
t h e  sense  t h a t  i t s  frequency i s  f ree  of f l u c t u a t i o n s .  A l l  f l u c t u a t i o n s  
i n  t h e  measurements would then  come from frequency f l u c t u a t i o n s  of os- 
c i l l a t o r  (I).  The counter  t akes  measurements i n  t h e  sequence shown i n  
f i g u r e  2 (a ) .  The r e s u l t  f o r  N measurements may be as shown i n  f i g w e  
2 ( b ) .  Here T = t k + l -  tk 

and 

The average va lue  of t h e  random v a r i a b l e  i s  only  an  e s t i m a t e  of t h e  
a c t u a l  average frequency,  average be ing  done on N samples. One m a y  then  
c a l c u l a t e  f o r  t h e  N samples t h e  var iance :  

I n  o r d e r  t o  cont inue  t h e  a n a l y s i s  i t  i s  assumed t h a t  t h e  o s c i l l a -  
t o r  does n o t  show systematic d r i f t s  w i t h  t ime. I f  such d r i f t s  are pre- 
s e n t ,  they  are removed from t h e  data and the fo l lowing  a n a l y s i s  a p p l i e s ,  

The va r i ance  of t h e  random v a r i a b l e  7 may be  r e a d i l y  w r i t t e n  a s :  



2 
1. F i r s t  we no te  t h a t  oy ( N ,  T , T )  is  i t s e l f  a random v a r i a b l e .  

It is a n  e s t i m a t e  of t h e  t r u e  va r i ance  I ~ ( T )  made on N samples.  I ts 
average va lue  made on s e v e r a l  s e t s  on N samples,  cs ( N ,  T ,  T ) , Y should 
be c lose  t o  t h e  t r u e  va r i ance .  A t  t he  l i m i t  where N t ends  t o  i n f i n i t y  
i t  should be equal  t o  (t) . 

2 .  The r e s u l t s  of t h e  experiments  d i scussed  above can be used t o  
form an h is togram as i l l u s t r a t e d  i n  f i g u r e  3. I f  t h e  number N of sam- 
p l e s  i s  l a r g e  enough t h e  f i g u r e  may be r a t h e r  smooth and a good e s t i m a t e  
of 6 ( N ,  T, T ) can be ~ b t a i n e d  from t h i s  curve through a measurement 

Y of t h e  h a l f  width a t  h a l f  t h e  h e i g h t .  ( F o r  a normal d i s t r i b u t i o n  
o = 1.17 ( b y ) +  ) . 

3 .  I f  t h e  experiment is  repea ted  f o r  o t h e r  averaging rimes T ,  

t h e  r e s u l t s  ob ta ined  wi th  t h e  histogram technique may behave as shown i n  
f i g u r e  4 .  The va lue  of do ( N ,  T ,  T ) f o r  each of t he  h i s  tograms may 

Y then  be p l o t t e d  as a func t ion  of T .  The r e s u l t s  a r e  shown i n  f i g u r e  5. 
These r e s u l t s  appear very i n t e r e s t i n g ,  and g ive  i n  a sense  an i n d i c a t i o n  
of the frequency s t a b i l i t y  of t h e  o s c i l l a t o r  i n  t h e  time domain, However, 
s e v e r a l  d i f f i c u l t i e s  a r i s e  when t h e  technique of  measurements is  changed. 
For example i t  i s  observed t h a t  i n  t h e  reg ion  where the  va r i ance  v a r i e s  

2 a s l l r  an  i n c r e a s e  i n  t he  number of samples N does no t  a l t e r  i t s  va lue ,  
p rovid ing  t h i s  number of samples i s  l a r g e  enough. This  i s  no t  t he  case  
i n  t h e  r eg ion  where o ( N ,  T ,  T ) i s  independe~rt  of r . In  t h a t  r eg ion  Y 
an i n c r e a s e  i n  t h e  number of samples N shows up by an i n c r e a s e  of t he  
va r i ance .  One i s  then  faced wi th  a problem of  a va r i ance  whose va lues  
depend on t h e  number of samples. Furthermore, i n  t h e  r eg ion  where u 2  
v a r i e s  a s  1 / T 2  t he  va lue  of o2 depends on the  frequency bandwidth of  
t h e  measurement system. 

The two-sample va r i ance  

In  o rde r  t o  avoid t h e s e  problems, and t o  f a c i l i t a t e  intercompari-  
son between t h e  r e s u l t s  r epo r t ed  by workers i n  va r ious  f i e l d s ,  one has 
then  t o  make a choice  on N and p r e f e r a b l  t he  r a t i o  T I T .  It has been 
proposed, fo l lowing  t h e  work of Al lan  [137: 

1) t h a t  t h e  fo l lowing  weighed sample va r i ance  b e  used: 

2)  t h a t  N =  2 + two-sample va r i ance  ; 
T 

3) t h a t  - = 1 , o r  no dead time between measurements 111. This  
T 

va r i ance  is  a random v a r i a b l e  and i t s  average,  ab rev ia t ed  



LT 2 ( ~ )  , i s  g iven  by: 
Y 

I t  i s  proposed a s  a c h a r a c t e r i z a t i o n  of f requency s t a b i l i t y  i n  t h e  time 
domain. 

This  va r i ance  has  very  i n t e r e s t i n g  p r o p e r t i e s :  

1. It i s  s t anda rd ized  i n  t h e  sense  t h a t  N and T a r e  f i xed .  

2 .  It i s  equal  t o  t h e  t r u e  va r i ance  I ~ ( , K )  f o r  wh i t e  frequency 
no i se .  It i s  equal  t o  312 I ~ ( T )  f o r  wh i t e  phase n o i s e  t hus  c l o s e  t o  i t .  

3. It i s  convergent f o r  a l l  types  of  f requency n o i s e  normally 
encountered i n  o s c i l l a t o r s ,  t h a t  is  t h e  f i v e  power laws mentioned e a r l i e r .  

4 .  Although by d e f i n i t i o n ,  one is  s t i l l  faced wi th  an average on 
an i n f i n i t e  number of samples ( i n  t h i s  s ense  0 2(r) i s  s t i l l  an idenl -  

Y 
i z a t i o n ) ,  good e s t i m a t e s  of i t  can be ob ta ined  by a r e l a t i v e l y  l i m i t e d  
number of measurem.ents,rn, of t h e  pairs:  

For n > 1 0  i t  has  been shown t h a t  t he  confidence i n t e r v a l  t o  be 
a s s o c i a t e d  t o  o ( r )  i n  such an  e s t i m a t e  if of t h e  o rde r  of [14]. 

Y 
Confidence i n t e r v a l  = K a ( T )  /&I , " Y 

where K, fs a cons t an t  depending on t h e  power law predominent, b u t  is 
no t  f a r  from un i ty .  

5. F i n a l l y ,  t a b l e s  have been compiled which t r a n s l a t e s  from one 
type of variance to ano the r  i n  r e l a t i o n  t o  v a r i a t i o n s  i n  N and t h e r a t i o  
T and t h i s ,  f a r  t h e  f i v e  power l a w s  commonly encountered i n  o s c i l l a -  
t o r s  [ l5] .  O f  p a r t i c u l a r  i n t e r e s t  is  t h e  b i a s  f u n c t i o n  

s i n c e  i n  gene ra l  a s i m p l e  counter  w i l l  be c h a r a c t e r i z e d  by a dead time 
(TIT +1) between succes s ive  measurements. 

The main d isadvantages  of o (T) are: 
Y 

1) i t  d ive rges  f o r  power l a w  s p e c t r a l  d e n s i t i e s  greater than  -2; 

2) i t  does n o t  d i s c r i m i n a t e  between wh i t e  phase n o i s e  and f l i c k e r  
of phase no i se .  



Rela t ion  between the time domain and t h e  frequency domain: o t h e r  types  -- 
of va r i ance  

The time domain frequency s t a l ~ i l i t y ,  as c h a r a c t e r i z e d  e a r l i e r  
e i t h e r  through the t r u e  va r i ance  o r  t h e  two-sample va r i ance ,  can be i n t e r -  
p r e t e d  i n  a d i f f e r e n t  way. The o p e r a t i o n  of t h e  counter ,  averaging t h e  
frequency f o r  a time r may be thought of as a f i l t e r i n g  ope ra t ion .  The 
t r a n s f e r  f u n c t i o n  , B ( f )  , of t h i s  equ iva l en t  f i l t e r  i s  then  t h e  Four i e r  
t ransform of t h e  impulse response h ( t )  . It can be  shown t h a t  t h e  ~ i m e  
domain frequency s t a b i l i t y  i s  then  g iven  by [ 1 6 ] ,  [17 . 

m 

< c r 2  ( N ,  T, T )  > = 

where S ( f )  i s  t h e  s p e c t r a l  d e n s i t y  of frequency f l u c t u a t i o n s .  I n  t h e  
Y case of t h e  t r u e  va r i ance  and of t he  Al lan  var iance ,  we have: 

W T  
s i n  -;;- 

2w.r 
s i n  7 

These r e l a t i o n s  a r e  i l l u s t r a t e d  i n  f i g u r e  6 .  

This  " t r a n s f e r  func t ion  approach" has been e x p l o i t e d  by s e v e r a l  
au tho r s  t o  e l a b o r a t e  new t y p e s  of va r i ances  f o r  c h a r a c t e r i z i n g  o s c i l l a t o r  
frequency s t a b i l i t y  i n  t he  time domain. It i s  t he  equ iva l en t  o f  d i g i t a l  
f i l t e r i n g  used i n  d a t a  process ing .  

Hadamard Variance - 

The sequence of measurements shown i n  f i g u r e  6 f o r  t h e  Al lan  
va r i ance ,  which c o n s i s t s  of two samples ( N = 2 )  can be expanded t o  a se-  
quence of a g r e a t e r  number of samples.  A sequence f o r  the  case where 
N = 1 0  i s  shown i n  f i g u r e  G ( e ) ,  where the  impulsc response of t he  equiva- 
l e n t  f i l t e r  ris p l o t t e d  a s  a  f u n c t i o n  of  t . The va r i ance  f o r  t h i s  se- 
quence i s  then  [la-1 : 

where T is  t h e  dead t ime between measurements. The square modulus of  t h e  
D 

t ransfer  f u n c t i o n  of t h i s  f i l t e r  i s  [20 : 



s i n  .rr T f s inN. r rTf  
) ( c o s n T f  3 

It is  i l l u s t r a t e d  i n  f i g u r e  6 ( f )  f o r  no dead time and N = 1 0 .  The charac- 
t e r i s t i c s  of t h i s  va r i ance ,  i n t e r e s t i n g  f o r  t h e  t o p i c  of f requency s tab-  
i l i t y  c h a r a c t e r i z a t i o n  a r e  a s  fol lows:  

a )  For t h e  case  of no dead time (TD=O) ,  t h e  t r a n s f e r  f u n c t i o n  of 
the equ iva l en t  f i l t e r  has  a  main l o b e ,  cen te red  a t  f l = 1 / 2 r ,  and whose 
width i s  equal to:  

I T Z  f =-  
16 T N 

( equ iva l en t  r e c t a n g u l a r  f i l t e r )  

It may thus  be made very  narrow by i n c r e a s i n g  N .  I n  t h i s  s ense  t h i s  
f i l t e r i n g  process  i s  w e l l  s u i t e d  f o r  s p e c t r a l  a n a l y s i s  and t h i s  p rope r ty  
has  been e x p l o i t e d  t o  o b t a i n  t h e  s p e c t r a l  d e n s i t y  of frequency f l u c t u a -  
t i o n s  us ing  time domain measurements PO]. This  is e a s i l y  seen  from re-  
l a t i o n  (15) by r e a l i z i n g  t h a t  I H ( f )  I can be approximated by a narrow 
square  window over  which S ( f )  does n o t  vary much. The s p e c t r a l  d e n s i t y  
is  then  given by: Y 

2 
S ( f )  - - - < U  ' ( N , T , T ) >  
y l  N H 

This  is seen  t o  l end  i t s e l f  t o  a s t r a i g h t f o r w a r d  computation, i n  o r d e r  t o  
o b t a i n  a n  e s t i m a t e  of the s p e c t r a l  d e n s i t y  w i thou t  the use  of a spectrum 
ana lyse r  . 

b)  However, one should  be aware of s e v e r e  l i m i t a t i o n s  i n  t h i s t e c h -  
nique.  There e x i s t  secondary s i d e  lobes  i n  HH(f) , which appear  a t  harmo- 
n i c s  of f = 1 / 2 ~ ,  f o r  no dead time between measurements. These can be  
minimized i~ y proper  adjustment  of t h e  dead time between measurements o r  
by proper  weighing of t h e  samples of t h e  measurements. The p r o p e r t i e s  of 
t h e  t r a n s f e r  f u n c t i o n  have been w e l l  s t u d i e d  i n  t h e  c a s e  of  a weighing by 
t h e  binomial  c o e f f i c i e n t s  and by a  p seudo- s inuso~da l  func t ion  [18], [19], 

r201 . 
Modified sample va r i ance  

Boileau and Picinbono have in t roduced  a va r i ance  which can be  in-  
t e r p r e t e d  i n  t h e  c a s e  of i ts  d i g i t a l  r e a l i z a t i o n  a s  a  modified sample 
va r i ance .  661 The i r  r e l a t i o n s ,  when t r a n s l a t e d  i n t o  t h e  notation gene ra l ly  
adopted i n  t h e  f i e l d  of f requency s t a b i l i t y  g ives  a va r i ance  a s  fol lows:  

1 
N 2 

u 2  mod ( N , T , T )  =5  (N+I)/Z-N i=1 1 'i) * 

where N i s  odd. Thus y(v+l),2 i s  t h e  c e n t r a l  sample of t h e  s e t  of N 



samples. Rutrnan has  examined t h e  case  when N = 3 and T = -r [8] . The mea- 
surement sequence and the square modulus of the t r a n s f e r  f u n c t i o n  are 
shown i n  f i g u r e  6(g) and 6(h)  r e s p e c t i v e l y ,  The va r i ance  is  given by: 

16  s i n 6  n r f 
di 0 ( 3 ,  T ,  T )  > = mod 

The modified sample va r i ance  has  t h e  advantage of be ing  convergent f o r  a l l  
f i v e  power law s p e c t r a l  d e n s i t i e s  examined up t o  now, p l u s  two o t h e r s ,  
where a = - 3  and a = - 4 .  However, i t  does not  d i s c r i m i n a t e  between whi te  
phase n o i s e  and f l i c k e r  phase no i se  b e t t e r  than  o ( T )  , 

Y 

A s p e c i a l  ca se  of t h e  sample va r i ance  

It is  g e n e r a l  p r a c t i c e  t o  s tudy  the  frequency s t a b i l i t y  o r  measure 
t h e  va r i ance  as a f u n c t i o n  of averaging time T . This i s  what i s  done i n  
t h e  sample va r i ance  descr ibed  above. I n  oppos i t i on  t o  this p r a c t i c e ,  
De P r i n s  and Corne l i ssen  [7] have s t u d i e d  frequency f l u c t u a t i o n s  over  in-  
t e r v a l s  T f o r  f ixed  averaging  t imes r . One can then  i n  p r i n c i p l e  s tudy  
t h e  va r i ance  o '(T) of t h e  in s t an t aneous  frequency ( T  -t 0) a s  a  f u n c t i o n  
of t h e  time int%rval T . This  va r i ance  i s  very  d i f f e r e n t  from t h e  one 
descr ibed  previous ly .  I n  t h e  p re sen t  ca se  a l l  va lues  of y ( t )  a r e  scan- 
ned a s  T is v a r i e d  i n  oppos i t i on  t o  t h e  averaging  over T considered up 
t o  now. 

In  t h e  case  where r does not  tend t o  zero h u t  is  f i x e d  a t  a  given 
va lue ,  t h e  va r i ance  then  becomes a s p e c i a l  ca se  of t h e  sample va r i ance  
and t h e  behaviour of o 2 ( ~ )  can be obta ined  from t h e  b i a s  f u n c t i o n ,  

Y B2 

The high pass  va r i ance  

A c l o s e  look a t  equat ion  (15) sugges t s  t h a t  a2(-c) can a c t u a l l y  be  
def ined  through t h e  t r a n s f e r  func t ion  H(f) of t h e  equ iva l en t  f i l t e r  cor- 
responding t o  t h e  measurement sequence. Rutman has  suggested t h a t  t h i s  
approach could be  taken  even i f  t h e  a c t u a l  measurement sequence was not  
e x i s t i n g  151. Then, H ( f )  could be given t h e  shape d e s i r e d .  Of course 
t h e  i n v e r s e  Four i e r  t ransform of H ( f )  i s  n o t  n e c e s s a r i l y  a  s t e p  wi se  
f u n c t i o n  t h a t  could be implemented i n  a s t r a igh t fo rward  manner by a 
counting technique.  Other measurement techniques have then  t o  be  imple- 
mented. 

I n  t h i s  approach the  va r i ance  is  w r i t t e n :  

where SF(£) i s  t h e  phase s p e c t r a l  d e n s i t y  and i s  r e l a t e d  t o  S ( f )  
through r e l a t i o n  ( 6 ) .  The va r i ance  i s  rhen def ined  i n  terms o? H e ( f )  
and n o t  i n  terms of t h e  measurement sequence. 



From equat ion  (23) one s e e s  t h a t  f o r  t h e  Al l an  va r i ance ,  t h e  squa re  
modulus of the  phase t r a n s f e r  funct ion of the equ iva l en t  f i l t e r  i s  

2 I HvA(f)  I = sin '  n f T . ( s ee  f i g u r e  ( 7 ) )  ( 2 4 )  

This  i s  e s s e n t i a l l y  a h igh  pas s  f i l t e r ,  having an o s c i l l a t i n g  n a t u r e  w i t h  
a pe r iod  l / r  . Low frequency components f  (TT)-' a r e  f i l t e r e d  o u t ,  t h i s  
be ing  an e s s e n t i a l  c h a r a c t e r  of t h e  Al l an  va r i ance .  Consequently i t  ap- 
p e a r s  t h a t  I H q ( f )  l 2  could be e s s e n t i a l l y  a h igh  pass  f i l t e r  and essen- 
t i a l l y  t h e  same c h a r a c t e r  f o r  t h e  va r i ance  would be  obta ined .  I n  f a c t ,  
c a l c u l a t i o n s  show t h a t ,  when a second o r d e r  h igh  pass  f i l t e r ,  w i th  c u t  
o f f  f requency f c  = (ITT)-l , is used t o  c a l c u l a t e  a s o  c a l l e d  "high pass  
var iance",  t h e  gene ra l  behaviour  w i t h  t h e  power law s p e c t r a l  d e n s i t y  i s  
e s s e n t i a l l y  t h e  same a s  t h e  behaviour  of t h e  Al l an  va r i ance .  Both v a r i -  
ances  have t h e  same asymptot ic  s l o p e s  w i t h  T and bo th  va r i ances  cannot  
d i f f e r e n t i a t e  between wh i t e  phase n o i s e  and f l i c k e r  phase n o i s e .  

Band pas s  v a r i a n c e  

Following t h i s  l i n e  of thought  and recogniz ing  t h e  n a t u r e  of t h e  
l i m i t a t i o ~ ~ s  of t h e  h igh  pas s  v a r i a n c e ,  Rutman [8] has  suggested t h a t  a 
bandpass f i l t e r  b e  used f o r  I H q ( f )  l 2  w i t h  a c e n t e r  frequency equal  t o  
(1122) and a cons t an t  Q f a c t o r ,  s a y  equa l  t o  1. I n  t h a t  c a s e  t h e  beha- 
v i o u r  of a (T) i s  q u i t e  d i f f e r e n t  from t h a t  of o (T) o r  cr ( T )  ; i t  

Y 
shows compf&e d i s c r i m i n a t i o n  between t h e  f i v e  power law m o d z s  i n  i ts  
asymptot ic  behaviour  a s  a f u n c t i o n  of T . 

O f  course ,  t h e  method f o r  measuring oBp(') is  no t  a convent iona l  
one i n c o r p o r a t i n g  a frequency counter .  One uses  a phase comparator 
(loose-phase-lock technique) ,  a bandpass f i l t e r  and a r . m . s .  vo l tme te r ,  
I n  t h i s  s ense ,  i t  is  t h e  same type  of system as the  one used i n  r e f e r e n c e  
[17] and e s s e n t i a l l y  f a l l s  i n  the c l a s s  of systems used f o r  s tudying  f r e -  
quency s t a b i l i t y  i n  t h e  frequency domain. It appears  n a t u r a l  t o  t h i n k  
of f requency s t a b i l i t y  measurements i n  t h e  t ime domain a s  be ing  done 
through a t ime s e q u e n t i a l  technique and a s t a t i s t i c a l  a n a l y s i s  of t h e  
r e s u l t i n g  d a t a .  This  should be  kep t  i n  mind i n  the p r a c t i c a l  implenenta- 
t i o n  of systems designed f o r  t h e  measurement of frequency s t a b i l i t y  i n  
t h e  time domain. 

An u n i f i e d  approach 

In  the previous  s e c t i o n s ,  v a r i o u s  types of v a r i a n c e  were examined. 
The approach taken has  been one i n  which t h e  measurement sequence was 
i d e n t i f i e d ;  t h e  t r a n s f e r  f u n c t i o n  of t h e  equ iva l en t  f i l t e r  implementing 
t h e  impulse response f o r  t h e  sequence i n  ques t ion  was e s t a b l i s h e d ,  and 
t h e  v a r i a n c e s  could be c a l c u l a t e d  through r e l a t i o n  (15).  This  method is  
ve ry  u s e f u l  i n  p o i n t i n g  o u t  t h e  l i m i t  of u t i l i z a t i o n  of a p a r t i c u l a r  va- 
r i a n c e  i n  r e s p e c t  t o  t h e  power l a w  frequency model and a l s o  i n  understaa-  
ding t h e  reason  of t h e s e  l i m i t s .  



These va r i ances  however have a l l  been in t roduced  as p a r t i c u l a r  
cases f o r  s p e c i a l  needs. Recent ly ,  Lindsey, Chie, L e a v i t t  and Lewis [21], 
[22],[23] have in t roduced  i n  t h e  p i c t u r e  a method of a n a l y s i s  c a l l e d  t h e  

I I s t r u c t u r e  f u n c t i o n  approach1', which emphasizes t h e  fundamental t i e s  be t -  
ween these  va r i ances  r a t h e r  than  t h e i r  d i f f e r e n c e s .  

The kth average frequency f l u c t u a t i o n  over  t ime r can be w r i t t e n  
as a d i f f e r e n c e  of phase: 

We may d e f i n e  t h e  f i r s t  d i fEerencc  o r  f i r s t  increment i n  phase a s :  

-- 
The frequency d i f f e r e n c e  ( ~ ~ + ~ - y  ) appears  a s  a  second d i f f e r e n c e  i n  
phase : 

k 

and t h e  second phase increment i s  def ined  as :  

It i s  r e a d i l y  r e a l i z e d  t h a t  t h e  f i r s t  d i f f e r e n c e  i n  phase i s  used i n  t he  
d e f i n i t i o n  of t h e  t r u e  va r i ance ,  whi le  t h e  second d i f f e r e n c e  i n  phase i s  
used i n  the  dc f in i t i . on  of t h e  Allan va r i ance  (two samples) .  Lcsage and 
Audoin [20] have proposed t o  cont inue  t h c  process  f u r t h e r  and havc o b t a i -  
ned a n  expres s ion  Eor t he  nth d i f f e r e n c e  i n  phase,  wllich inc ludes  t h e  
binomial c o e f f i c i e n t  as a  weighing f a c t o r .  This  analysis has  led them to 
t h e  implementation of t h e  Hadamard va r i ance  i n  which the  measurement se-  
quence i s  weighed by t h e  bxnomkal  c o e f f i c i e n t s .  

From this j.t appears  t h a t  a  common b a s i s  may bc  expected under t he  
d e f i n i t i o n  of t he  v a r i o u s  variances examined above. The rank of t h e  phase 
increment appears  t o  p l a y  a major r o l e .  I n  the  approach of Lindsey and 
Chie t h i s  p o i n t  i s  s t r e s s e d .  The N~~ phase increment i s  de f ined  a s :  

N I 
(Binomial Coef £ i c i . en t )  . 

where [ L )  = k! (N-k) . 
The s t r u c t u r e  func t ion  of phase i s  then  def ined  as: 

D ' ~ )  ( r )  



S t a t i o n n a r i t y  of the difference i s  assumed i n  t h e  wide sense .  
It i s  then  shown t h a t  t h e  va r i ances  de f ined  e a r l i e r  can a l l  be expressed 
i n  terms of t h e s e  s t r u c t u r e  func t ions :  

True va r i ance  ------------- 

Al lan  va r i ance  -------------- 

Modified three-sample va r i ance  .............................. 

< o i m o d (  3 ,  7 ,  T )  > 
1 

( 3 )  ( T )  ; 
9(2n vo r )2  D4 

Hadamard va r i ance  (weighed by t h e  binomial  c o e f f i c i e n t s )  ----------------- 
< 0 2  ( N , T , T ) >  = 

H.B.C. 
~ ( ~ ) ( r )  ; 

(2.rrvo + r ) 2  'f 

This  approach thus  c l e a r l y  shows t h a t  t h e  va r i ances  u t i l i z e d  up t o  now by 
v a r i o u s  au tho r s  have a common basis, i n  occurence, a s t r u c t u r e  f u n c t i o n  of 
phase. On the o t h e r  hand, t h i s  s t r u c t u r e  f u n c t i o n  i s  r e l a t e d  t o  t h e  spec- 
t ra l  d e n s i t y  through t h e  r e l a t i o n :  

which e f f e c t i v e l y ,  a s  s t r e s s e d  e a r l i e r ,  p rovides  means f o r  e v a l u a t i n g  t h e  
s p e c t r a l  d e n s i t y  S ( f )  a s  f i l t e r e d  w i t h  a t r a n s f e r  f u n c t i o n  

Y 

through s e q u e n t i a l  measurements i n  t h e  t i m e  domain. 

I n  t h e  previous  paragraphs a s t r u c t u r e  f u n c t i o n  of phase was in-  
t roduced as a means for describing frequency s t a b i l i t y  i n  the t i m e  domain. 
A s t r u c t u r e  f u n c t i o n  of f requency,  however, can a l s o  be in t roduced  t o  
d e s c r i b e  frequency s t a b i l i t y ;  i t  i s  w r i t t e n  D (N) ( r )  . Lindsey and Chie 

Y [22J have shown, by s tudy ing  t h e  mathematical d i f f e r e n c e s  between t h e s e  
s t r u c t u r e  func t ions ,  t h a t  the t r u e  v a r i a n c e  is  e s s e n t i a l l y  a measure of 
phase i n s t a b i l i t y  wh i l e  t h e  Allan va r i ance  i s  a measure of f requency in-  
s t a b i l i t y .  This type of reasoning  has l e d  them t o  suggest  that a func- 
t i o n  of t h e  product  of the  two types  of va r i ance  could be  a parameter by 
which frequency s t a b i l i t y  i n  t h e  t i m e  domain could be cha rac t e r i zed .  



It should be  poin ted  o u t  t h a t  t h e  c h a r a c t e r i z a t i o n  of t h e  s t a b i l -  
i t y  of an o s c i l l a t o r  could i n  p r i n c i p l e  be made through t a b l e s  of t h e  
s t r u c t u r e  f u n c t i o n s  D ( ~ ) ( T )  , The u s e r  could c a l c u l a t e  from t h e s e  t a b l e s  
t h e  type  of va r i ance  t h a t  is b e s t  s u i t e d  f o r  h i s  p a r t i c u l a r  a p p l i c a t i o n .  
I n  a sense ,  t h e s e  s t r u c t u r e  func t ions  can b e  thought o f ,  as c h a r a c t e r i z i n g  
completely t h e  frequency s t a b i l i t y  of t h e  o s c i l l a t o r  i n  t h e  time domain 
i n  t h e  same sense  as S ( f )  , does i t  i n  t h e  frequency domain. 

Y 

Long t i m e  frequency f l u c t u a t i o n s  

I n  r e a l  o s c i l l a t o r s  i t  i s  p o s s i b l e  t o  observe very  long term £re-  
quency f l u c t u a t i o n s ,  t h a t  i s ,  very  slow f l u c t u a t i o n s  which may appear over  
pe r iods  of days, months and yea r s .  These may o r i g i n a t e  e i t h e r  from slow 
random f l u c t u a t i o n s  o r  from d e t e r m i n i s t i c  d r i f t s  i n  t h e  behaviour of t h e  
o s c i l l a t o r .  

Slow random f l u c t u a t i o n s  ........................ 
The above a n a l y s i s  was l i m i t e d  t o  f i v e  power laws of t h e  s p e c t r a l  

d e n s i t y  (-2 < a  <+2) .  Very slow frequency f l u c t u a t i o n s  predominate a t  
very  low f r equenc ie s  and a r e  t hus  r ep re sen ted  by more nega t ive  s lopepower 
laws such a s  a = -3  o r  - 4 .  The g r e a t e s t  nega t ive  s l o p e  t h a t  t h e  All-an 
va r i ance  can handle  i s  cl = - 2 ,  a  random walk of frequency type  of n o i s e ;  
f o r  more nega t ive  s lopes  i t  d ive rges .  Since d i r e c t  s p e c t r a l  a n a l y s i s  of 
t h e s e  slow f l u c t u a t i o n s  i s  no t  exper imenta l ly  f e a s i b l e ,  i t  appears  t h a t  
t h e  o t h e r  types  of va r i ance  mentioned e a r l i e r  may be  u s e f u l .  I n  f a c t  t h e  

f-" modified t h r e e  sample va r i ance  o:mod( 3, r, r ) converges f o r  and 
f-4 types  of n o i s e  w i th  respective s l o p e  .r2 and - c 3  . Consequently 
f o r  very slow frequency f l u c t u a t i o n s  one may then  have t o  use a  va r i ance  
d i f f e r e n t  from t h e  two sample va r i ance  i n  o rde r  t o  have meaningful1 in-  
t e r p r e t a t i o n  of t ime domain d a t a .  

De te rmin i s t i c  d r i f t s  .................... 
Systematic  d r i f t s  a r e  g e n e r a l l y  observed i n  o s c i l l a t o r s .  These 

d r i f t s  may be represented  by a polynomial [9]. A model f o r  frac- '  
t i o n a l  frequency d r i f t s  i s :  

For t h e  f i r s t  term, r ep re sen t ing  a  l i n e a r  frequency d r i f t ,  t h e  Al lan  va- 
r i a n c e  v a r i e s  a s  T~ . It is  time dependent f o r  h ighe r  o rde r  d r i f t s .  The 
o t h e r  va r i ances  mentioned above consequent ly a r e  found very  u s e f u l  i n  
c h a r a c t e r i z i n g  t h e s e  h ighe r  o r d e r  polynomial d r i f t s .  I n  p a r t i c u l a r  the 
modified three sample va r i ance  v a r i e s  a s  T~ f o r  q u a d r a t i c  f requency 
d r i f t s  wh i l e  t h e  Hadamard va r i ance  weighed by binomial c o e f f i c i e n t s v a r i e s  
a s  -r3 f o r  cubic  frequency d r i f t s .  The behaviour of t h e  asymptot ic  va lue  
of o(-r) ve r sus  -r f o r  va r ious  power laws of s p e c t r a l  d e n s i t y  and va r ious  
o r d e r s  of frequency d r i f t s  a r e  summarized i n  t a b l e  1. It  should be under- 



s tood  t h a t  t h e  s t r u c t u r e  func t ion  approach can a l s o  be  a p p l i e d  t o  ana lyze  
t h e s e  long t e r m  frequency f l u c t u a t i o n s ,  a l though emphasis has  n o t  been 
placed on t h i s  p o i n t  i n  t h i s  paper .  

I n  t h i s  s e c t i o n  we have examined t h e  p r o p e r t i e s  of s e v e r a l  types  
of v a r i a n c e s  t h a t  can be  used f o r  c h a r a c t e r i z i n g  frequency s t a b i l i t y  of 
o s c i l l a t o r s  i n  t h e  t ime domain. D i f f e rences  between t h e s e  va r i ances  
have been shown; t h e i r  i n t e r r e l a t i o n  through t h e  f r a c t i o n a l  f requency 
f l u c t u a t i o n s  s p e c t r a l  d e n s i t y  has  a l s o  been emphasized. I n  f a c t ,  i t  has  
been shorn  t h a t  t h e s e  v a r i a n c e s ,  i n  t h e  c a s e  of random f l u c t u a t i o n s ,  a r e  
e s s e n t i a l l y  e l e g a n t  means of r e p r e s e n t i n g  t h e  s p e c t r a l  d e n s i t y  S ( f )  
through parameters  which can be  measured w i t h  s imple systems imp?emented 
wi th  a frequency counter  and a c a l c u l a t o r  f o r  doing s t a t i s t i c a l  a n a l y s i s .  
Such systems w i l l  now be descr ibed .  

B - TIME: DOMAIN MEASUREMENT SYSTEMS 

I d e a l l y ,  f requency s t a b i l i t y  measurements r e q u i r e  a f requency r e f e -  
rence  much more s t a b l e  than  t h e  o s c i l l a t o r  t o  be s t u d i e d .  A system r e a l -  
i z i n g  t h i s  cond i t i on  can b e  implemented e a s i l y  f o r  t h e  measurement of t h e  
frequency s t a b i l i t y  of most common o s c i l l a t o r s .  However, f o r  s t a b l e ,  
s t a t e -o f - the  a r t ,  o s c i l l a t o r s ,  i t  i s  necessary  t h a t  t h e  r e f e r e n c e  o s c i l -  
l a t o r  be  a t  l e a s t  a s  s t a b l e  a s  the  o s c i l l a t o r  s t u d i e d .  Frequency s t ab -  
i l i t y  measurements i n  t h e  time domain can be  done by two d i f f e r e n t  methods 
which are r e l a t e d  t o  t h e  d e t e c t i o n  of two d i f f e r e n t  parameters:  f requency 
and phase.  

One can determine t h e  mean frequency over  f i n i t e  obse rva t ion  t imes 
and c a l c u l a t e ,  f o r  a given  number of samples,  a c e r t a i n  v a r i a n c e  as des- 
c r i b e d  i n  t h e  previous  s e c t i o n .  Although t h e s e  measurements i nvo lve  the 
w e l l  developed technology of f requency o r  per iod  count ing ,  t h e i r  use is  
l i m i t e d  by t h e  f a c t  t h a t  they  g ive  informat ion  only  on t h e  mean frequency 
and t h e  frequency f l u c t u a t i o n s .  Furthermore, i n  many systems,  t h e  mea- 
surement samples a r e  no t  a d j a c e n t  i n  t ime which, i n  some c a s e s ,  a l t e r t h e  
va lue  of t h e  s t a t i s t i c a l  parameter c a l c u l a t e d .  

Many exper imenta l  s e t  up's have been considered dur ing  t h e  l a s t  
s e v e r a l  y e a r s ,  a s  the technology evolved ( s e e  for example r e f e r e n c e  [24]  , 
[ 25 ]  and 1.261. We s h a l l  l i m i t  our  d i s c u s s i o n  t o  a few of them i l l u s t r a -  
t i n g  t h e i r  main p r i n c i p l e s .  

The most: s imple  set up i s  t h e  "Direct  Frequency Counting System" 
shown i n  f i g u r e  8. I n  t h i s  case the r e f e r e n c e  o s c i l l a t o r  is  the frequency 
counter  time base .  It is  s u i t a b l e  f o r  t h e  s tudy  of low performance o s c i l -  
l a t o r s .  The ou tpu t  of t h e  counter  g i v e s  t h e  mean frequency over  a prese-  
l e c t e d  t i m e  i n t e r v a l .  I ts  record ing  on a t r i p  c h a r t ,  magnetic t ape  o r  i n  
a d i g i t a l  memory a l lows  one t o  use  b e s t  e s t i m a t e  curve f i t t i n g  methods, 
i n  o r d e r  t o  f i n d  any sys t ema t i c  frequency t r e n d s  o r  d r i f t s .  T h e s e d r i f t s  
a r e  removed p r i o r  t o  s t a t i s t i c a l  a n a l y s i s .  The two sample va r i ance  (Allan 



va r i ance )  o r  any o t h e r  d e s i r e d  va r i ances  a r e  c a l c u l a t e d  from t h e  set of 
co r r ec t ed  da t a .  The main l i m i t a t i o n  of t h i s  s e t  up i s  t h e  k one count 
and t h e  accuracy of t h e  time base  r e f e rence .  

The "Frequency Heterodyne Technique", shown i n  f i g u r e  9 ,  is  ano the r  
important  s e t  up used when the  o s c i l l a t o r  t o  be s t u d i e d  i s  more s t a b l e  
than  t h e  frequency counter  t ime base.  One must u se  another  o s c i l l a t o r  a s  
t h e  r e f e rence .  F i r s t ,  t h e  o s c i l l a t o r  frequency i s  t r a n s l a t e d  down t o  a  
va lue  which can be  convenient ly measured by t h e  counter .  The t r a n s l a t i o n  
i s  r e a l i z e d  by mixing t h e  o s c i l l a t o r  s i g n a l  w i th  t h e  r e f e rence  s i g n a l  s e t  
a t  a  convenient  d i f f e r e n t  frequency and by d e t e c t i n g  only t h e  d i f f e r e n c e  
frequency (bea t  f requency) .  A s y n t h e s i z e r  can be very h e l p f u l  i n  many 
cases .  The opc ional  l i n k  between t h e  r e f e r e n c e  and t h e  counter  a l lows an 
i n c r e a s e  i n  t h e  counter  performance and a  p r e c i s e  measurement of t h e  ab- 
s o l u t e  frequency. S t a t i s t k c a l  a n a l y s i s  is  done on the  b e a t  f requency a s  
descr ibed  f o r  t h e  former s e t  up. One must r e f e r  t h e  f l u c t u a t i o n s  t o  t h e  
nominal f requency of t h e  o s c i l l a t o r .  

I f  t h e  o s c i l l a t o r  and t h e  r e f e r e n c e  f r equenc ie s  are very  c l o s e ,  
onc may mul t ip ly  each one by a  d i f f e r e n t  f a c t o r ,  c r e a t i n g  a  more s i z e a b l e  
b e a t  f requency.  Such a  system i s  shown i n  f i g u r e  1 0 .  Frequency counting 
and s t a t i s t i c a l  a n a l y s i s  a r e  achieved a s  i n  t h e  previous  s e t  up. Unfor- 
t u n a t e l y ,  n o i s e  may be  in t roduced  i n  t h e  m u l t i p l i e r  cha ins  which s e t  li- 
m i t s  t o  t h i s  technique.  

Measurements of s t a b i l i t y  i n  t h e  frequency domain r e q u i r e  t h e  de- 
t e c t i o n  of phase o r  frequency f l u c t u a t i o n s .  While equipped t o  do s o ,  
t h e  same s e t  up can be used t o  do measurements i n  t h e  t ime domain. These 
exper imenta l  systems a r e  c a l l e d  "Phase Locked Reference Systems". A 
v o l t a g e  c o n t r o l l a b l e  r e f e r e n c e  o s c i l l a t o r  i s  phase-locked t o  t h e  o s c i l l a -  
t o r  s i g n a l .  When l o o s e l y  locked,  a s  i n d i c a t e d  i n  f i g u r e  11, t h e  phase 
d e t e c t o r  d e l i v e r s  a  s i g n a l  which i s  p ropor t iona l  t o  t he  phase d i f f e r e n c e  
between t h e  two o s c i l l a t o r s .  If the  r e f e rence  i s  considered more s t a b l e  
than  the  o s c i l l a t o r ,  t he  f l u c t u a t i o n s  of t h i s  s i g n a l  i s  a t t r i b u t e d  t o  
t h e  random changes of t h e  o s c i l l a t o r  phase.  When t h i s  s i g n a l  i s  proces- 
sed  through a  d i f f e r e n t i a t o r ,  a  low frequency s i g n a l ,  p r o p o r t i o n a l  t o  the  
frequency f l u c t u a t i o n s ,  is  obta ined .  I t  i s  then  p o s s i b l e  t o  use a  v o l t -  
age t o  frequency conve r t e r  d r i v e n  by t h i s  s i g n a l ,  t o  gene ra t e  a  low f r e -  
quency o s c i l l a t i o n ,  f l u c t u a t i n g  i n  t he  same manner a s  t h e  frequency of 
the o r i g i n a l  o s c i l l a t o r .  Average f r equenc ie s ,  over time i n t e r v a l s  T , 
a r e  determined by a counter  and s t a t i s t i c a l  a n a l y s i s  i s  performed a s  i n  
t h e  previous  systems. 

If  t h e  r e f e rence  o s c i l l a t o r  i s  t i g h t l y  locked i n  phase t o  t h e  
o s c i l l a t o r  s t u d i e d ,  a s  shown i n  f i g u r e  1 2 ,  t h e  command s i g n a l ,  app l i ed  
t o  t h e  r e f e r e n c e  i s  p ropor t iona l  t o  t h e  frequency changes between t h e  
two o s c i l l a t o r s .  Again i f  t h e  r e f e rence  osc i l . l a to r  i s  much more s t a b l e  
than  t h e  o t h e r  o s c i l l a t o r ,  t h i s  command s i g n a l  f l u c t u a t e s  i n  t he  same 
way a s  does t h e  frequency of t h e  o s c i l l a t o r .  S t a t i s t i c a l  a n a l y s i s  of 



t h i s  s i g n a l  i s  performed w i t h  t h e  se t  up descr ibed  i n  t h e  l o o s e  phase 
locked r e fe rence  case .  

The two systems a c t  simply a s  frequency t r a n s l a t o r s  w i th  non u n i t y  
conversion f a c t o r .  The s e n s i t i v i t y  of t h e s e  systems i s  enhanced by a 
f a c t o r  p ropor t iona l  t o  t h e  r a t i o  of t h e  nominal o s c i l l a t o r  frequency t o  
t h e  nominal f requency of t h e  conve r t e r .  Time domain r eg ions ,  where t h e  
r e s u l t s  a r e  s i g n i f i c a n t ,  a r e  determined by t h e  se rvo  loop c h a r a c t e r i s t i c s .  
Usual ly a second o rde r  l oop  is  used i n  o r d e r  t o  achieve  optimum per for -  
mance; t h e  parameters  t o  a d j u s t  a r e  t h e  n a t u r a l  frequency and t h e  damping 
f a c t o r  [27], [28], 1291. The l o o s e  Phase Locked Reference System is  nor- 
mally used when frequency s t a b i l i t y  f o r  averaging  t imes below 1 s e c  i s  
needed, wh i l e  t h e  t i g h t  Phase Locked Reference System i s  p r e f e r r e d  f o r  
l onge r  averaging  t i m e s .  

Obviously these systems are w e l l  s u i t e d  f o r  t h e  measurement of phase 
o r  f requency f l u c t u a t i o n s  i n  t h e  frequency domain. For t h i s  type  of mea- 
surement,  i t  i s  necessary  t o  measure t h e  s p e c t r a l  d e n s i t y  a t  t h e  phase 
d e t e c t o r  i n  t h e  f i r s t  system o r  t h e  s p e c t r a l  d e n s i t y  of t h e  command s i g n a l  
i n  t h e  second system. Since f o r  h i g h l y  s t a b l e  o s c i l l a t o r s  t h e  informat ion  
l i e s  i n  a spectrum con ta in ing  f r equenc ie s  much lower than  one h e r t z ,  a 
very  low frequency spectrum a n a l y s e r  is requ i r ed .  D i g i t a l  r e a l  t ime spec- 
trum a n a l y s e r s  a r e  i n d i c a t e d  f o r  such measurement b u t  they a r e  expensive.  
The method of bandpass f i l t e r i n g  proposed by Rutman can be  app l i ed  t o g i v e  
measurements e i t h e r  i n  t h e  t ime domain o r  i n  t h e  frequency domain w i t h  
t h e s e  systems 151. 

A l l  t h e  exper imenta l  systems desc r ibed  p rev ious ly  d e a l  w i t h  t h e  
measurement of f r equenc ie s  o r  pe r iods  averaged over  a f i n i t e  obse rva t ion  
time, T .  C h a r a c t e r i z a t i o n  of frequency s t a b i l i t y  i s  done through s t a t i s -  
t i c a l  a n a l y s i s  on an  ensemble of t h e s e  averaged f r equenc ie s .  I t  was 
poin ted  o u t  i n  t h e  t h e o r e t i c a l  s e c t i o n  t h a t  t he  frequency s t a b i l i t y  of 
an o s c i l l a t o r  can  a l s o  be c h a r a c t e r i z e d  by a measurement of phase d i f f e -  
rences .  To do s o ,  one has  t o  measure t h e  phase of an  o s c i l l a t o r  and t o  
c a l c u l a t e  phase d i f f e r e n c e s ,  spaced i n  t ime by a n   interval,^ . Measure- 
ment techniques  of phase a r e  w e l l  developed i n  t h e  f i e l d  of t ime s c a l e  
implementation s i n c e  a t ime s c a l e  can be graduated i n  terms of phase 
wi th  2~ r ad i ans  as a u n i t  of t ime (one pe r iod ) .  Thus, measurements of 
phase d i f f e r e n c e s  correspond t o  time d i f f e r e n c e  measurements. 

We w i l l  d e s c r i b e  two systems f o r  measuring frequency s t a b i l i t y  by 
t i m e  d i f f e r e n c e s .  They a r e  t h e  Dual Mixer Time Di f f e rence  System [30] 
and t h e  Phase Modulated Phasemeter [31]. Both systems g ive  about t h e  
performance of +I picosecond time i n t e r v a l  r e s o l u t i o n  and a l i m i t  of 
r e s o l u t i o n  of roughly 1 x 10-I T-I when used t o  measure f r a c t i o n a l  f r e -  
quency s t a b i l i t y .  Since t h e s e  systems measure t h e  phase of o s c i l l a t o r s ,  
t h e  e v a l u a t i o n  of  t h e  two-sample va r i ance  can be done wi thout  dead time 
and no c o r r e c t i o n  f a c t o r s  a r e  needed. Furthermore t h e  systems can be used 
t o  compare o s c i l l a t o r s  of e x a c t l y  t h e  same nominal frequency ( c l o c k o s c i l -  



l a t o r s ) .  

The Dual Mixer T i m e  D i f f e rence  System i s  i l l u s t r a t e d  i n  f i g u r e  13 .  
The two o s c i l l a t o r s  a r e  of t h e  same type  and have the  same nominal Ere- 
quency, v,. A common o s c i l l a t o r  t r a n s l a t e s  down t o  vb each o s c i l l a t o r  
f requency i n  two i d e n t i c a l  channels .  Phase comparison i s  done between 
t h e  two b e a t  s i g n a l s .  Zero c ros s ing  d e t e c t i o n  on each s i g n a l  is  achieved 
and s e r v e s  t o  t r i g g e r  pu l se  gene ra to r s .  The time i n t e r v a l  between each 
p a i r  of p u l s e s  i s  a measure of t h e  r e l a t i v e  phase of the  two o s c i l l a t o r s ;  
t h e  system a c t s  as a s o p h i s t i c a t e d  phase d e t e c t o r .  Any f l u c t u a t i o n s  of 
t h i s  time i n t e r v a l  can be  considered a s  f l u c t u a t i o n s  of t he  phase of one 
o r  both o s c i l l a t o r s .  A time i n t e r v a l  counter  measures t h e s e  phase ( t ime) 
d i f f e r e n c e s  and s t a t i s t i c a l  a n a l y s i s  i s  done according t o  p re sc r ibed  theo- 
r e t i c a l  c a l c u l a t i o n s .  

The t r a n s l a t i o n  Ilns t h e  e f f e c t  of  i nc reas ing  the  system r e s o l u t i o n  
by a  f a c t o r  which i s  approximately vo / v  When used t o  c h a r a c t e r i z e  t h e  

b 
frequency s t a b i l i t y  i n  t h e  time domain, t he  sampling time i s  the  per iod  
o r  a  m u l t i p l e  i n t e g e r  of t h e  b e a t  s i g n a l .  Consequently a s y n t h e s i z e r  
used a s  common o s c i l l a t o r  becomes a  very  convenient  t o o l .  Noise c o n t r i -  
bu t ion  from t h e  common o s c i l l a t o r  i s  g r e a t l y  reduced when the  nominal 
phase s h i f t  between t h e  two b e a t  s i g n a l s  i s  s m a l l .  An a d j u s t a b l e  phase 
s h i f t e r  i s  then  placed i n  s e r i e s  w i th  one o s c i l l a t o r  i n  o r d e r  t o  s a t i s f y  
t h i s  condi t ion .  (See the Appendix f o r  a c a l c u l a t i o n  on t h a t  system.) 

The Phase Modulated Phasemeter System i s  i l l u s t r a t e d  i n  f i g u r e  14. 
Again two i d e n t i c a l  o s c i l l a t o r s  a r e  compared i n  phase.  Each s i g n a l  fre- 
quency is  m u l t i p l i e d ,  then mixed and f i l t e r e d  t o  g e t  a b e a t  s i g n a l .  A 
non zero frequency b e a t  i s  genera ted  by modulating t h e  phase of one o s c i l -  
l a t o r  w i th  a  low frequency s i g n a l .  Zero c ros s ing  d e t e c t i o n  of t h i s  s i g n a l  
g ives  pu l se s  which can be l o c a t e d  i n  time when compared t o  a  r e f e r e n c e  
s i g n a l  t r i g g e r e d  by t h e  modulating s i g n a l .  This  time i n t e r v a l  i s  a mea- 
surement of t h e  phase of  one o s c i l l a t o r  compared t o  t h e  o t h e r .  If one 
o s c i l l a t o r  is  considered a s  a  r e f e r e n c e ,  t h e  time i n t e r v a l  w i l l  be a mea- 
surement of t h e  phase of t he  o t h e r  o s c i l l a t o r .  A s  i n  t he  case  of t h e  
Dual Mixer Time Dif fe rence  System, t h e  frequency s t a b i l i t y  i s  c a l c u l a t e d  
from t h i s  t i m e  i n t e r v a l  record ing  f o r  d i f f e r e n t  obse rva t ion  times by 
s imple  phase d i f f e r e n c e s  and s t a t i s t i c a l  weighing. With t h i s  system, t h e  
measurement r e s o l u t i o n  i s  inc reased  by t h e  up conversion f a c t o r .  

The va r ious  rneasuremcnt systems descr ibed  show a  c e r t a i n  h i e r a r c h y  
i n  t he  parameters  eva lua ted .  When one has  acces s  t o  a s i g n a l  p ropor t iona l  
t o  t he  phase,  he is  allowed t o  c a l c u l a t e  any combination of phase d i f f e -  
r ences ,  t hen ,  any variances. I n  f a c t ,  i t  is  p o s s i b l e  t o  c a l c u l a t e  a l l  t h e  
s t r u c t u r e  func t ions  of the phase f l u c t u a t i o n s  which g i v e s  a complete mea- 
surement of t h e  frequency s t a b i l i t y  i n  t h e  time domain. This  is  p o s s i b l e  



wi th  t h e  two l a s t  sys tems  and t h e  l oose  Phase  Locked R e f e r e n c e  Sys tem 
wficn thc phase  i s  rccordcd  i n s t e a d  of b e i n g  d i f f e s e ~ t i a t e d .  All thc! o the r  
sys tems  d e s c r i b e d  g ive  access o n l y  t o  f r e q u e n c y  and i t s  f l u c t u a t i o n s ,  and 
t h i s  1 ia ; t s  t h e  amount of s t a t i s t i c a l  i n f o r m a t i o n  which  can h e  ob ta ined .  



APPENDIX: EXPRESSION OF THE FREQUENCY STABILITY IN THE TIME 

DOMAIN FOR THE DUAL MIXER TIME DIFFERENCE SYSTEM 

The phases a t  t h e  o u t p u t  of o s c i l l a t o r  1 and o s c i l l a t o r  2 are : 

and @ ( t )  = LC t + e2 + P 2 ( t )  , 2 2 

where w and w a r e  t h e  a n g u l a r  f r e q u e n c i e s ,  O l  and B 2  are thc  
1 2 

i n i t i a l  phase  o f f s e t s  and O l ( t )  and % ( t )  a r e  t h e  phase  f l u c t u a t i o n s .  

The phase  a t  t h e  o u t p u t  of t h e  common o s c i l l a t o r  i s  : 

w i t h  t h e  c o r r e s p o n d i n g  meaning f o r  each paramete r  o r  v a r i a b l e .  

A t  t h e  i n p u t  o f  each mixer ,  t h e  phase  o f  t h e  o s c i l l a t o r  s i g n a l s  

can be  r e p r e s e n t e d  by t h e  e q u a t i o n s  a l r e a d y  g i v e n  where @ i n c l u d e s  t h e  

phase  s h i f t  added by t h e  va r iab le  s h i f t e r  and .p l ( t )  and ' ~ ~ ( t )  i n c l u d e  

any phase  f l u c t u a t i o n s  added by t h e  t r a n s m i s s i o n  l i n k s .  The phase  of each 

r e f e r e n c e  s i g n a l  can be  w r i t t e n  a s  : 

0 (t) = wRt + U 
R ,  1 R,l 

+ t eR , l ( t )  

@ ( t )  = w R t  f 0 + 
R, 2 R,2 '+R,2 

(t) 

i n  o r d e r  t o  account  f o r  any phase  s h i f t s  and phase  f l u c t u a t i o n s  introduced 

by t h e  i s o l a t i o n  a m p l i f i e r s  and t h e  t r a n s m i s s i o n  l i n k s .  We w i l l  s e e  below 

how t h e s e  phase  p e r t u r b a t i o n s  can be made n e g l i g e a b l e  i n  t h e  measurement 

sys tem.  



The o u t p u t  of each  mixer d e l i v e r s  low f requency  b e a t s  whose phase  

a r e  : 

@ (t) = (wR - ul) t + (9 
B,  1 R,1 - el)  + .u, , l(c) - 'Pl(t) 

Q ( t )  = (wg-w2) t  + (9 - 0  ) + p  
B ,  2 R,2 2 R,  2 ( t )  - v*( t )  

These two s i g n a l s  have a t ime  e v o l u t i o n  r e p r e s e n t e d  as f o l l o w  : 

I 

f 
-* 

t 

The p o s i t i v e  z e r o  c r o s s i n g s  g ive  t ime  e v e n t s  t h a t  are a measurement 

of t h e  r e l a t i v e  phase  between t h e  two o s c i l l a t o r s .  

A t  a c e r t a i n  t i m e ,  t l , i  , t h e  phase  of t h e  f i r s t  b e a t  s i g n a l  i s  such  

t h a t  t h e  s i g n a l  is  ze ro ;  t h e n  

A t  a c e r t a i n  t ime  
t 2 , i  

t h e  phase  of the second b e a t  s i g n a l  cor responds  

t o  t h e  same c r i t e r i o n  : 



where m and n  a r e  i n t e g e r s .  

Now i f  w e  impose t h a t :  W2 I W1 and d e f i n e  w = w  - w  - B R 2 - wR - u1 , we 

o b t a i n  t h e  i d e n t i t i e s  

and by sub traction : 

In t h i s  exp res s ion ,  0 and 0 a r e  cons t an t s  d i f  1 c+rent by a value 
R, 2 R ,  1 

in t roduced  by the  i s o l a t i o n  a m p l i f i e r s  and cab le  l e n g t h s .  I t  i s  p o s s i b l e  

t o  d e f i n e  a cons t an t  phase o f f s e t ,  

which can b e  adjusted by the  phase s h i f t e r .  By doing s o ,  we a l s o  s e t  t h e  

nominal va lue  of  t - t f o r  smal l  time o f f s e t s ,  t he  two phase f luc -  
2 , i  1,i ' 

t u a t i o n  terms coming from t h e  r e f e rence  o s c i l l a t o r  a r e  c o r r e l a t e d  and t h e i r  

d i f f e r e n c e  i s  neg l igeab le  when compared t o  t h e  phase f l u c t u a t i o n  d i f f e r e n c e  

of the two o s c i l l a t o r s .  Within t h i s  approximation, t h e  time d i f f e r e n c e  

becomes : 



I f  we look a t  t he  next  p a i r  of zero c r o s s i n g s  we o b t a i n ,  i n  a 

s i m i l a r  way, t h e  time d i f f e r e n c e  : 

and f o r  t h e  fo l lowing  p a i r  

The d e f i . n i t i o n  of t h e  two sample va r i ance  i n  term of t h e  second 

d i f f e r e n c e  of phase is  : 

where t h e  averaging ti.me, T ,  is  t h e  time i n t e r v a l  between 
ti 

and t 
i+l 

o r  the  time i n t e r v a l  between two succes s ive  phase mcasurements of each 

o s c i l l a t o r .  Such a l i n e a r  combination of phase f l u c t u a t i o n s  can be 

obta ined  by grouping the time d i f f e r e n c e s  j u s t  der ived .  Then 

I f  t he  two o s c i l l a t o r s  are s t a t i s t i c a l l y  independent ,  we can w r i t e  : 

and i n  terms of t h e  two sample va r i ance  of each o s c i l l a t o r  : 



This r e l a t i o n  i s  t h e  c o r n e r  s t o n e  of  t h e  Dual Mixer Time D i f f e r e n c e  System. 

It shows t h a t  a l i n e a r  combinat ion of t h e  t ime i n t e r v a l  measurements g i v e  

a v a l u e  p r o p o r t i o n a l  t o  t h e  two sample v a r i a n c e  of each o s c i l l a t o r ,  When 

the  two o s c i l l a t o r s  a r e  i d e n t i c a l ,  0 2 ( r )  = o:(r) , and t h e  c a l c u l a t e d  v a l u e  
2 

is  t w i c e  t h e  v a l u e  f o r  each  o s c i l l a t o r .  I f  one o s c i l l a t o r  i s  much more 

s t a b l e  t h a n  t h e  o t h e r  o s c i l l a t o r ,  o2 ( r )  *< o;(r) , t h e  c a l c u l a t e d  v a l u e  i s  
1 

d i r e c t l y  the  v a l u e  f o r  t h e  i n s t a b l e  o s c i l l a t o r .  I n  t h e s e  c a l c u l a t i o n s ,  we 

c o n s i d e r  three  s u c c e s s i v e  p a i r s  of t i m e  e v e n t ;  t h e y  a r e  t h e n  spaced  i n  t i m e  

by a n  i n t e r v a l :  r = (vg)- l  , che b e a t  p e r i o d .  I t  i s  a l s o  p o s s i b l e  t o  s k i p  

a de te rmined  number o f  z e r o  c r o s s i n g s  be tween each p a i r  of t ime e v e n t s .  In 

t h i s  c a s e ,  t h e  o b s e r v a t i o n  t i m e  i s  a m u l t i p l e  i n t e g e r  o f  (vg ) - l  . 

A similar t y p e  of c a l c u l a t i o n s  a p p l i e s  t o  t h c  phase  rnodulafed phase- 

meter. 
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Figure 1. Block diagram of the ideal experimental set up used to  measure the frequency 
of oscillator (1) over an averaging time T. The frequency of oscillator (2)  is 
assumed to  be free of fluctuations. 
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I Figure 4. Hypothetical histograms obtained by repeatinq the measurements of freauencv on N samnles for various 
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T r u e  V a r i a ~ c e  Allan Variance 

Figure 6. Impulse response htt) and square modulus of the transfer function H(f) of the equivalent filters used in the 
calculations of variances (a) and (b): True variance; (c) and (d): Allan variance; (e) and If):  Hadarnard variance; 
(g) and (h): Modified sample variance. 
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Modified Three-Sample Variance. 
Figure 6 (Cont,) 





DIRECT FREQUENCY COUNTING 

REFERENCE 

Figure 8. Block diagram illustrating the Direct Frequency Counting method. 
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Figure 12. Block diagram illustrating the Phase Locked Reference oscillator in the 
tightly locked mode. 
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Figure 14. Block diagram illustrating the Phase Modulated Phasemeter System. 



Table 1 

Asymptotic Behaviour of Various Variances for Power Law 
Spectral Models and Polynomial Drifts 

5, (f) = hot f C* 
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QUESTIONS AND ANSWERS 

GERNOT M. R. WINKLER, U. S. Naval Observatory: 

1 have no th ing  t o  c r i t i c i z e .  I t h i n k  i t  was a very  c l e a r  explana- 
t i o n .  However, I t h i n k  t h e r e  i s  s t i  11 a problem i f  you want t o  i n -  
t roduce a g e n e r a l l y  educated person t o  t h e  sub jec t  because o f  t h e  
terminology,  which was, o f  course, adopted a long t ime ago; i t  i s  
mis leading.  And I would 1 i ke t o  suggest an a d d i t i o n a l  approach t o  
such a general l y  educated person. 

There a re  two ways, two main d i s t i n c t i o n s ,  i n  which we can 
measure and/or cha rac te r i ze  frequency i ns tab i  1 i t y .  The f i r s t  one, 
c a l l  ed t ime domain measurement, e s s e n t i a l  l y  measures and/or charac- 
t e r i z e s  t h e  i n s t a b i  1 i t i e s  by measuring phase d i f f e rences .  And we 
o b t a i n  a s t a t i s t i c a l  d i s t r i b u t i o n  o f  t h e  c a r r i e r  frequency, and we 
cha rac te r i ze  t h a t  s t a t i s t i c a l  d i s t r i b u t i o n  o f  t h e  c a r r i e r  frequency. 

I n  t h e  frequency domain, we i n t e r p r e t  t h e  v a r i a t i o n s  and meas- 
u re  them as v a r i a t i o n s  o f  t h e  modulat ion frequency o r  o f  a modula- 
t i o n  frequency around a f i x e d  c a r r i e r .  

Now, I t h i n k  t h a t  t h i s  i s  t he  f i r s t  t h i n g .  Now i n  t h e  t ime do- 
main, t he re  a re  again two e s s e n t i a l l y  d i f f e r e n t  methods t o  do it. 
One i s  t o  o b t a i n  samples o f  t he  t ime readings which are  e q u a l l y  
spaced, and then you l o o k  a t  t he  s t a t i s t i c s  and have var ious  ways t o  
cha rac te r i ze  it. 

The o the r  way e s s e n t i a l l y  i s  count ing  phase d i f f e r e n c e s  between 
zero c ross ings ,  and you o b t a i n  your  des i red  s t a t i s t i c s  t h i s  way. 
Now by do ing  t h a t  you i n e v i t a b l y  have the  quest ion  o f  whether you 
have dead t ime o r  n o t  dead t ime. And you have the  var ious  v a r i a t i o n s  
o f  your  methods. 

But  I b e l i e v e  t h e  e s s e n t i a l  p o i n t  which we t r i e d  t o  g e t  across 
i s  t h a t  t h e  d i s t i n c t i o n  o f  t ime domain o r  frequency domain i s  n o t  i n  
frequency, b u t  i t  i s  t h e  d i s t i n c t i o n  o f  frequency measurements o f  a 
c a r r i e r  o r  frequency measurements o f  a modulat ion frequency around a 
f i x e d  c a r r i e r .  

I n  bo th  cases, we r e a l l y  measure frequency, But  they  mean two 
d i f f e r e n t  t h ings .  Thank you. 

HARRY PETERS, Sigma Tau: 

I a l s o  thought  t h a t  was one of  t h e  b e s t  summaries t h a t  I have ever 
heard on t h e  sub jec t .  I f  you w i l l  a l l o w  me, I would l i k e  t o  make 
one comment regard ing  t h e  use o f  such systems. 

I n  t h e  use o f  any o f  these systems, you need a frequency r e f -  
erance. And p r e f e r a b l y  t h e  reference should be much b e t t e r  than t h e  
t h i n g s  you wish t o  measure. I f  you wish t o  measure a c r y s t a l  i n  a 
rub id ium i n  1 t o  100 seconds averaging t ime,  o f  course you have no 
standard which i s  s i g n i f i c a n t l y  b e t t e r .  And f o r  such systems, t h e  



use o f  a  cesium as a r e f e r e n c e  i n  a1 1 o f  t h e s e  systems i s  p a r t i c u -  
l a r l y  i n a p p r o p r i a t e  because you  need a s u b s i d i a r y  s tandard  as s o r t  
o f  a f l ywhee l  f o r  a l l  measur ing t imes  o u t  t o  on t h e  o r d e r  o f  a  thou-  
sand seconds. And t h i s  i s  why many people  want hydrogen masers i n  
t h e i r  systems. For  any o f  these  systems, you  would 1  i ke a s tanda rd  
which i s  s u p e r i o r  t o  a l l  t h e  o t h e r  s tandards f o r  a l l  t h e  measur ing 
t imes  i n  which you  a r e  i n t e r e s t e d .  I had many o t h e r  ex tens ions  o f  
these  comments, b u t  I t h i n k  I w i l l  s t o p  here.  Thank you. 

MR. DAVE ALLAN, N a t i o n a l  Bureau o f  Standards:  

L e t  me c l a r i f y  one t h i n g  t h e  nov i ce  t o  t h e  community. I t h i n k  t h e y  
have done an o u t s t a n d i n g  j o b  i n  shawing how you can c h a r a c t e r i z e  an 
o s c i l l a t o r  as t o  t h e  random f l u c t u a t i o n s  b a s i c a l l y .  One must be 
v e r y  c a r e f u l ;  t o  r e a l l y  c h a r a c t e r i z e  an o s c i l l a t o r ,  t h e r e  are  a l l  
k i nds  o f  s ys tema t i c  e f f e c t s  t h a t  must be i n c l u d e d  as f a r  as t h e  
manufac tu re r  and t h e  use r  a r e  concerned. The dependence upon 
temperature,  p ressu re ,  hun i i d i t y ,  whatever you  have, t h a t  t h e  o s c i l -  
l a t o r  may depend upon, i s  a  whole s e t  t h a t  must be i n c l u d e d  i n  a 
p r o p e r  c h a r a c t e r i z a t i o n  o f  an o s c i  1 1  a t o r .  




