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Th is  a f te rnoon session considers improved t im ing  devices, namely Rubidium 
Frequency Standards, and a con t i nua t i on  o f  a t o p i c  o f  Synchronizat ion. 

Several years ago, I t h i n k  i t  was i n  1978, according t o  the  proceed- 
i ngs  o f  t h i s  conference, I made some remarks, du r ing  one o f  t he  panel ses- 
s ions regard ing  the  l a c k  o f  research and development i n  rubid ium f re -  
quency standards. And even the  possi b l  e obsol escence of t h e  standard. 

C l  a r k  osc i  11 a t o r s  promi se quantum improvements and cesium standards 
were suppose t o  become smal ler  and cheaper, and rubid ium was being squeezed 
i n  t h e  middle. A t  t h a t  t ime, and s ince then I have rece ived severe r e -  
a c t i o n  t o  those coments,  and I t h i n k  i n  t h i s  same s p i r i t  t he  organ iz ing  
committee considered i t  p o e t i c  j u s t i c e  t h a t  I should c h a i r  t h i s  session 
on R&D and Rubidium Frequency Standards. 

Before I c a l l  the  f i r s t  paper, I would 1 i ke t o  r e l a t e  t o  you an 
i n c i d e n t  I had t h i s  weekend. I was over a t  some f r i e n d ' s  house and she 
showed me a c o l l e c t o r ' s  bound volume o f  t he  i l l u s t r a t i v e  London News 
from 1871, which was a b e a u t i f u l  copy o f  a combination o f  1 i f e  and t ime 
type o f  t h i n g  o f  today. Today i t  has a l i t t l e  b i t  o f  tlmes, a l i t t l e  b i t  
o f  spor ts ,  and has every th ing  e lse .  I n  t h a t  one i t  was r e l a t e d  t h a t ,  i n  
t h e  June 3 rd  issue o f  1871 t h a t  was c a l l e d  c locks and photographs. And 
e v i d e n t l y  M r .  Norman Lockyer, who I ' m  t o l d  by D r .  Winkler  i s  a known 
astronomer, gave h i s  s i x t h  l e c t u r e  on ins t rumenta t ion  us ing  modern as- 
tronomy, t h a t  was devoted t o  c locks  and photographs, as such. And he 
went on t o  rev iew the  h i s t o r y  o f  t he  development o f  c locks  s t a r t i n g  w i t h  
Archimedes and the  wheels moved by weight,  And then he mentioned t h a t  
t h e  f i r s t  c l ock  i n  England was i n  Court Place Yard i n  Westminister i n  
1268. And then he s t a r t e d  w i t h  the  f u r t h e r  development i n  1639 by 
Gal i leo, who discovered the  isochronal  p rope r t i es  of o s c i l  l a t i n g  bodies 
suspended by equal s t r i n g s  and hope t h a t  would apply i n  1658 by Huygens 
t o  the  suspended pendulum and th ings  1 i ke t h a t .  And then he r e c a l l e d  
the  f u r t h e r  developments o f  Hooke, Clemens, Grayham and Harr ison.  

L e t  us j u s t  cont inue then, M r .  Lockyer by 8 o f  diagram expla ined 
t h i s  successive improvement and then proceeded t o  e x h i b i t  i n  a c t i o n  a 
splended modern astronomical c lock,  loaned t o  him by Colonel Strange 
s t a t i n g  t h a t  the  p r i n c i p l e s  now demanded i n  such c locks  are  t h a t  t he  
weight  s h a l l  be smal l ,  and the  pendulum heavy, and t h a t  there  s h a l l  be 
as s o l i d  a connect ion between the  two as poss ib le .  A word t o  the  pre-  
caut ions  necessary t o  be observed t o  preserve the  pendulum from the  
a c t i o n  o f  temperature as much as poss ib le  i n  order  t o  take advantage 
of t he  compensated pendulum. Then he went on t o  say, M r .  Lockyer then 
r e f e r r e d  t o  S i r  Char1 i e  Whi t s t o n e ' s  pa ten t  i n  1840 t o  apply the  e l e c t r o -  
magnetic f o r c e  t o  record a very minute sec t i on  o f  t ime and thought t h a t  



a tenth of a second o r  less they could do i t  t h a t  way. Then M r .  Lockyer 
concluded by demonstrating the great  Importance of photographs i n  tha t  
the determination of the longitude o f  distance places, such as Washington. 

This was Ill years ago. I j u s t  wonder i f  anyone 111 years from to- 
day w i l l  read our proceedings; What's t h e i r  opinions of our world, one 
hundred and eleven years from now? 
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ABSTRACT 

The e r r o r  s i g n a l  which i s  used t o  c o n t r o l  t h e  f r e -  
quency o f  the  q u a r t z  c r y s t a l  osc i  11 a t o r  o f  a pas- 
s i v e  r ub id i um cel l  f requency s tandard  i s  consider- 
ed. The va lue o f  the  s l ope  o f  t h i s  s i g n a l ,  f o r  an 
interrogation frequency c lose  t o  the atomic t ran-  
si t i  on frequency i s  calculated and measured f o r  var- 
ious phase (o r  frequency) modulation waveforms, and 
f o r  several values of the  modulation frequency. 
A theoret ical  analysis  i s  made using a model 
which app l i es  t o  a system i n  which t he  o p t i c a l  
pumping r a t e ,  t h e  r e l a x a t i o n  r a t e s  and t h e  r.f. 
f i e l d  are homogeneous . Resul ts  are g i ven  f o r  
s i  ne-wave phase modul a t i o n ,  square-wave f r e -  
quency modul a t i  on and square-wave phase modul a- 
t i o n .  The i n f l u e n c e  o f  t h e  modu la t ion  frequency 
on the  s l ope  o f  t he  e r r o r  s i g n a l  i s  s p e c i f i e d .  
I t  i s  shown t h a t  t he  modu la t ion  f requency can 
be chosen as l a r g e  as t w i c e  t he  non-sa tu ra ted  

- . .  
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f u l l  -w id th  a t  half-maximum w i  t h o u t  a  d r a s t i c  l o s s  
o f  the  s e n s i t i v i t y  t o  an o f f s e t  o f  the  i n t e r r o -  
g a t i o n  f requency f rom 1  i n e  cen te r ,  p rov ided  t h a t  
the power s a t u r a t i o n  f a c t o r  and t he  amp1 i tude o f  
modul a t i o n  a re  p r o p e r l y  ad justed.  The i n t e r e s t  o f  
square-wave phase modu la t ion  i s  po in ted  o u t  f o r  
l a r g e  modu la t ion  f requencies.  
Experimental  da ta  has been ob ta ined  on a labo-  
r a t o r y  set-up i n  which a  rub id ium c e l l  f i l l s  a  
TE microwave c a v i t y .  
~ x b d b i m e n t a l  r esu l  t s  achieved w i  t h  t h i s  conf ig-  
urat ion are i n  excel  l e n t  agreement wi  t h  t he  
p r e d i c t i o n s  o f  the  g iven  model. 

1. INTRODUCTION 

I n  pass ive  frequency s tandards,  such as the  r u b i  d i  um c e l l  frequency standard, 
f requency c o n t r o l  r equ i res  t h a t  t he  microwave i n t e r r o g a t i o n  s i g n a l  i s  phase 
( o r  f requency)  modulated. An e r r o r  s i g n a l  i s  obta ined,  which i s  p r o p o r t i o n a l  
t o  t h e  o f f s e t  of the i n t e r r o g a t i o n  frequency from the  l i n e  cen te r ,  i f  t h i s  
o f f s e t  i s  smal l  enough. The e r r o r  s i g n a l  d r i v e s  t he  f requency c o n t r o l  loop. 
The s lope  o f  t h i s  e r r o r  s i g n a l  has t o  be op t im ized  i n  o rde r  t o  achieve the 
b e s t  f requency s t a b i l i t y  o f  t he  c o n t r o l l e d  qua r t z  c r y s t a l  o s c i l l a t o r .  I n  
p r a c t i c e ,  the modu la t ion  frequency should be l a r g e  enough, i )  t o  a l l o w  ampl i -  
f i c a t i o n  o f  the  modulated atomic c e l l  response i n  a frequency range where 
s h o t  no ise  dominates f l i c k e r  no ise  and i i )  t o  enable a  r e d u c t i o n  o f  t he  a t -  
tack t ime o f  the  f requency c o n t r o l  loop,  i n  o rde r  t o  ensure a  b e t t e r  a t tenua-  
t i o n  o f  t h e  e f f e c t  o f  p e r t u r b a t i o n s ,  such as acce le ra t i on ,  which m igh t  a f f e c t  
the frequency o f  the  q u a r t z  c r y s t a l  o s c i l l a t o r .  

Al though i n v e s t i g a t i o n  o f  f requency modulat ion e f f e c t s  has been performed by 
severa l  authors  i n  the  framework o f  magnet ic resonance exper iments,  very  few 
a n a l y s i s  o f  f requency modulat ion has been g iven ,  which a re  d i r e c t l y  appl  i ca- 
b l e  t o  t h e  f i e l d  o f  atomic f requency standards 11-41. Furthermore, p rev ious  
r e s u l t s  a re  of l i m i t e d  p r a c t i c a l  i n t e r e s t  because r.f. power s a t u r a t i o n  e f -  
dec ts  were n o t  taken i n t o  cons ide ra t i on .  

I n  t h i s  paper we g i v e  : 
i )  a n a l y t i c a l  expressions f o r  the  s l ope  o f  t he  e r r o r  s i g n a l  as- 

suming, a t  f i r s t ,  t h a t  the modu la t ion  i s  slow. Optimum values o f  the  sa tu ra -  
ti on f a c t o r  and o f  t he  modu la t ion  depth are s p e c i f i e d  f o r  sine-wave phase 
modul a t i o n  and square-wave frequency modulat ion.  The achieved r e s u l t s  a re  
used as a  b a s i s  f o r  f u r t h e r  comparison w i t h  r e s u l t s  d e r i v e d  when t he  dynami- 
c a l  behaviour  o f  t he  atomic medium has t o  be taken i n t o  cons ide ra t i on  i .e. 
when t h e  modu la t ion  frequency i s  n o t  smal l  compared t o  the  atomic l i n e - w i d t h .  

i i )  a n a l y t i c a l  express ions f o r  the  s lope  o f  t he  e r r o r  s i g n a l ,  
f o r  a r b i t r a r y  values o f  t h e  modu la t ion  depth and o f  t h e  modulat ion frequency, 
b u t  f o r  weak s a t u r a t i o n .  We show t h a t  the  r e s u l t s  de r i ved  by Andres e t  a1 111 
and which were the  o n l y  a v a i l a b l e  f o r  a  l o n g  t ime  are n o t  exac t .  



i i i ) computed va lues o f  t h e  s lope  o f  t he  e r r o r  s i g n a l  , f o r  a 
l a r g e  range of va lues o f  t he  s a t u r a t i o n  f a c t o r ,  t h e  modu la t ion  depth and t h e  
modu l a t i o n  f requency. S i  ne-wave phase modu la t ion ,  square-wave f requency modu- 
1  a t i  on and square-wave phase modu la t ion  a re  cons idered.  The i n f  1  uence o f  t h e  
va lue o f  t h e  modu la t ion  f requency on t he  s lope  o f  t h e  e r r o r  s i g n a l  i s  spec i -  
f i e d .  The values of t h e  s a t u r a t i o n  f a c t o r  and o f  t h e  modu la t ion  depth which 
maximizes t he  s l ope  o f  t h e  e r r o r  s i g n a l  a re  g i ven .  

i v )  exper imenta l  values o f  t h e  s lope  o f  t h e  e r r o r  s i g n a l  f o r  a  
r ub id i um c e l l  f i l l i n g  a TE microwave c a v i t y .  Resul ts  a re  ob ta ined  f o r  t he  
t h r e e  cons idered modul a t i  ohlJaveforms. They c o n f i  r m  t h a t  t he  r e d u c t i  on o f  t he  
e r r o r  s i g n a l  i s  smal l  a t  modu la t ion  f r equenc ies  up t o  t w i c e  the non-sa tu ra ted  
a tomic  1  i n e  w id th .  

2. THE MODEL USED FOR THE THEORETICAL ANALYSIS 

I n  o r d e r  t o  p o i n t  o u t  t h e  r e s u l t s  o f  ma jo r  i n t e r e s t ,  we w i l l  consi !der a  mod- 
e l  i n  which the  f o l l o w i n g  simp1 i f y i n g  assumptions a re  made. 

i) the  p r o p e r t i e s  o f  t h e  r u b i d i u m  c e l l  a re  homogeneous. Th is  
means t h a t  any e f f e c t  r e l a t e d  t o  t h e  p rog ress i ve  abso rp t i on  o f  1  i g h t  i n s i d e  
t h e  atomic c e l l  i s  neg lec ted  and t h a t  the 1  i g h t  i n t e n s i t y  i s  a cons tan t  
across t he  1 i g h t  beam c ross - sec t i on .  I n  p a r t i c u l a r ,  t he  l o n g i t u d i n a l  and 
t r ansve rse  r e l a x a t i o n  t imes T and T , r e s p e c t i v e l y ,  w i l l  be assumed con- 
stant ove r  the  c e l l  volume. ~ o i i o n a l  gverag ing i n  a coated c e l l  w i t h o u t  b u f -  
f e r  gas would y i e l d  homogeneous values o f  T and T2. 

i i )  t h e  microwave f i e l d  i s u n i ) o m  over  t h e  r ub id i um c e l l  v o l -  
ume.This c o n d i t i o n  i s  app rox ima t i ve l y  v e r i f i e d  c l ose  t o  t h e  c e n t e r  o f  a 
microwave c a v i t y  i n  which the  TEOll mode i s  e x c i t e d .  On the  c o n t r a r y ,  t h e  
amp l i tude  o f  the  microwave f i e l d  v a r i e s  1  a r g e l y  ove r  t h e  volume of a  
r u b i d i  urn c e l l  f i l l i n g  t he  e n t i  r e  volume o f  a TE c a v i t y ,  an arrangement 
which i s  used w i d e l y  i n  p r a c t i c e ,  i n  o rde r  t o  rAd?ce t he  s i z e  o f  t h e  f re -  
quency standard.  However, we show i n  Sec t i on  7, t h a t  t he  exper imenta l  r e -  
su l  t s  a re  i n  ve ry  s a t i s f a c t o r y  agreement w i t h  the  t h e o r e t i c a l  p r e d i c t i o n s  
and t h a t ,  consequent ly,  t h e  model chosen i s  adequate. 

i i i )  r ub i d i um atoms behave as  a two- leve l  quantum system i n  
whi ch o p t i  c a l  pumpi ng has c rea ted  the  necessary popul  a t i  on d i  f ference . 
The g i ven  r e s u l t s  a re  v a l i d  f o r  pass ive  f requency s tandards i n  which t he  
atomic resonance i s  probed v i a  a  measure o f  t h e  p o p u l a t i o n  d i f f e r e n c e  be- 
tween the  two i n v o l v e d  atomic  l e v e l s .  Th is  measure c o n s i s t s  e i t h e r  i n  t he  
m o n i t o r i n g  of t h e  abso rp t i on  o f  t h e  pumping 1  i g h t ,  as i n  the pass ive  r u b i -  
dium c e l l  f requency s tandard,  o r  o f  t h e  f l uo rescence  o f  t h e  o p t i c a l l y  pump- 
ed medium, as i n  t h e  mass 199 mercury i o n  dev ice .  

Throughout t h i s  paper, we w i l l  assume t h a t  t he  f o l l o w i n g  c o n d i t i o n  i s  f u l -  
f i l  l e d  : 

Wi - '"0 
<< W (1) 



X where wi i s  the  i n t e r r o g a t i o n  angular  frequency , w i s  the atomic t r a n s i t i o n  
angular frequency and W i s  the f u l l - w i d t h  a t  h a l f -  O maximum o f  the  atomic 
resonance 1 i ne (expressed i n angul a r  frequency un i  t )  . 
The modulat ion depth w i l l  be charac ter ized by a dimensionless parameter, u2, 
de f ined as : 

u2 = T2  um ( 2 )  

where w i s  the ampli tude o f  the p e r i o d i c  angular frequency dev ia t ion .  
Simi 1 a # l  y, we w i  11 i ntroduce the normal i zed modul a t i o n  frequency v p  d e f i  ned 
as : 

v 2 = T  w 2 M ( 3 )  
where w M  i s  the modulat ion angul a r  frequency. 
We w i l l  assume t h a t  synchronous de tec t i on  cons is ts  i n  the  m u l t i p l i c a t i o n  o f  
the fundamental component o f  t h e  p e r i o d i c a l l y  modulated c e l l  response by a 
demodul a t i o n  func t i on  g 4 ( t )  such as : 

+ 1 f o r  0 < t < TM/2 

- 1 f o r  TM/2 < t < TM 

3. THE STATIC LINE SHAPE 

I t  may be shown t h a t  the  i n t e n s i t y  I o f  the  1 i g h t  t ransmi t ted  by t h e  rubidium 
c e l l  i s  g i  ven by : 

where I i s  a background component, I depends on the atomic dens i t y  i n  the  c e l l  
and on !he p rope r t i es  o f  the l i g h t  f 1 8 ~  emi t ted  by the  rubid ium lamp. The 
q u a n t i t y  S i s  the  s a t u r a t i o n  f a c t o r  def ined as : 

S = T1T2b 2 
(6 

where TI and T p  are the l o n g i t u d i n a l  and t ransverse r e l a x a t i o n  t imes, respec- 
ti ve ly  and b hs a measure o f  the  microwave f i e l d  app l i ed  t o  r u b i d i  um atoms. 

Equation (5)  describes the  resonance 1 i n e  as a l o r e n t r i a n  f u n c t i o n  of the d i  f- 
ference between the angul a r  frequency w o f  the microwave f i e l d  and the  angu- 
l a r  t r a n s i t i o n  frequency o,. The f u l l  -width-half-maximum o f  the 1 ine ,  W, i s  
given by : 

*) The internogation &epue.ncy .i6 t h e  mean v&e 06  the moddated irwtanXane- 
o u  &equency. Themdohe, e q u d o n  ( 1 ) doe6 not mean &at we &e.bZkict o m e l h  

;to am& $ h e  dependent drr.equency d e v i d o n b .  On $.he con;Drarry, we d l  comi -  
dek 6hequency excuhaiam wkich m 05 $he okdeh 06 magnitude ad f ie  a.tomic 
f ine-wid~h.  



Jm W=r; ( 7 )  
and t h e  h e i g h t  o f  t h e  resonance 1 i n e  i s  I k  such as : 

- S 
'e - - Io i~ ( 8 

where t h e  minus s i g n  i n d i c a t e s  t h a t  t h e  resonance appears as a d i p  i n  t he  
t r ansm iss i on  p r o f i  1  e o f  the  resonance c e l l  . For  ve r y  1  arge values o f  S, we 
have I Q  = - IO. 

4. THE NORMALIZED SLOPE OF THE E R R O R  SIGNAL 

The e r r o r  s i g n a l ,  which i s  usefu l  f o r  f requency c o n t r o l  o f  t h e  q u a r t z  c r y s t a l  
osc i  1 1  a t o r  i s p r o p o r t i o n a l  t o  t h e  low-pass component o f  t he  synchronous detec-  
t o r  ou tpu t .  Under t he  c o n d i t i o n  g i ven  by equa t i on  ( I ) ,  i t  i s  p r o p o r t i o n a l  t o  
the angu la r  f requency o f f s e t  o f  t h e  i n t e r r o g a t i o n  frequency from t h e  l i n e  cen- 
t e r .  We then  d e f i n e  the f o l l o w i n g  normal ized slopes o f  t h e  e r r o r  s i g n a l  f o r  

where I ( t )  i s  t he  component o f  the  fundamental o f  t h e  c e l l  response which i s  
i n  phase w i t h  the modu la t ion  waveform. The b a r  means t ime average. 

where I ( t )  i s  the  component o f  the fundamental o f  t he  c e l l  response which i s  
i n  quad?ature w i t h  the modu la t ion  waveform. 

Th is  i s  t he  s lope  o f  t h e  e r r o r  s i g n a l  when the phase o f  the  fundamental of 
the  c e l l  response and o f  t he  demodulat ion s i g n a l  are matched. 

5 .  SLOW FREQUENCY MODULATION 

I n  t h e  c o n d i t i o n  o f  s low f requency modulat ion,  the  p e r i o d  T = 2v/w o f  t h e  
f requency modu la t ion  i s  l a r g e  compared t o  t he  atomic 1  ongi t b d i n a l  a#d t r ans -  
verse r e l a x a t i o n  t imes.  We then have : 

I n  t h i s  quas i  s t a t i c  approx imat ion,  t he  atomic medium i s  assumed t o  reach a  
s teady s t a t e  f o r  eve ry  va lue o f  the angu la r  f requency w o f  the  a p p l i e d  m i c ro -  
wave f i e l d .  Equat ion ( 5 )  i s  then v a l i d ,  w i t h  w depending on t ime.  



5.1. Square-wave frequency modul a t i o n  

The instantaneous angu la r  f requency w ( t )  i s  g iven  by  : 

w ( t )  = wi + w,g(t) ( 13) 
where g ( t )  i s  t h e  modu la t ion  f u n c t i o n  which descr ibes  t he  frequency modul a- 
t i o n  waveform. For  square-wave f requency modulat ion,  i t  i s  g i ven  by  : 

I t  can e a s i l y  be seen t h a t  under c o n d i t i o n  ( I ) ,  t h e  fundamental component o f  
the  modulated l i g h t  i n t e n s i t y ,  which i s  t r a n s m i t t e d  by t he  rub id ium c e l l  i s  
i n  phase w i t h  the  frequency modu la t ion  waveform. 
We have : 

8 Su T ( w  -w ) 
I p ( t )  = 7 I. ,, 2 s i n  w M t  

The fundamental component o f  t h e  demodulat ion waveform g ' ( t )  be ing  ( 4 / ~ r )  s i n  
wMt, t h e  normal ized s lope  a o f  t h e  e r r o r  s i gna l  i s  g iven  by : 

16 a = -  
2 

* 
n ( ~ + s + u ~ ~ ) '  (16)  

I t  can e a s i l y  be shown t h a t  t h e  maximum va lue  of a = 0.203 occurs f o r  S = 2 
and u = 1. These values de f i ne  t he  optimum ope ra t i ng  c o n d i t i o n s  f o r  a p p l i e d  
microaave power and modulat ion depth. F i g u r e  l a  shows the  v a r i a t i o n  o f  a 
versus the q u a n t i t y  u2 f o r  d i  f f e r e n t  va l  ues o f  S. 

5 .2,  Si  ne-wave frequency modulat ion 

The frequency modu la t ion  waveform f u n c t i o n  g ( t )  o f  equa t i on  (13)  i s  now : 

g ( t )  = s i n  wM t (17)  

The fundamental component o f  t he  t r a n s m i t t e d  1 i g h t  i n t e n s i t y  can be e i t h e r  
de r i ved  d i r e c t l y  thanks t o  s tandard techniques o f  c a l c u l a t i o n  o f  t h e  coe f -  
f i c i e n t s  of  the  F o u r i e r  s e r i e s  expansion o f  the response, o r  us i ng  genera l  
r e s u l t s  ob ta ined  by Arndt  [ 5 ]  who has analyzed the  q u a s i - s t a t i c  sine-wave 
frequency modul a t i  on o f  a 1 o r e n t z i  an 1 i ne. 

The fundamental o f  the  c e l l  response i s  i n  phase w i t h  t h e  frequency modula- 
t i o n  waveform, and we have : S  uo 

n 

The maximum value o f  a = 0.189 i s  achieved f o r  S = 2, as i n  the  p rev ious  case, 
b u t  f o r  u = 1.22. F i g u r e  l b  shows t h e  v a r i a t i o n  o f  a versus the  q u a n t i t y  up 
f o r  d i f f e z e n t  values o f  S. 



Fig .  la F i g ,  l b  

F i g .  1 .  Quas i  s t a t i c  approximat ion.  V a r i a t i o n  of t h e  normal ized 
s lope  a of t h e  e r r o r  s ignal  v e r s u s  t h e  normal ized modula- 
t i o n  d e p t h  u  = T w f o r  d i f f e r e n t  v a l u e s  of t he  s a t u r a t i o n  

2 2 m .  f a c t o r  S ,  i n  t h e  q u a s r - s t a t i c  approximat ion.  
a) s q u a r e w a v e  f requency modulat ion w i t h  narrow band 

f i l t e r i n g  of the response ,  a t  the modulat ion £re-  
quency. 

b) sine-wave f requency  modulat ion w i t h  narrow band 
f i l t e r i n g  of t h e  response, a t  t h e  modulat ion f r e -  
quency. 

6. INFLUENCE OF THE MODULATION FREQUENCY ON THE SLOPE O F  THE ERROR S I G N A L  

6 .1 .  Bloch equat ion o f  t h e  modulat ion problem 

I n  g e n e r a l ,  the behav iour  of any two l e v e l  quantum system w h i c h  f o l l o w s  as- 
sumptions i ) t o  i i i )  of S e c t i o n  2 can be described by Bloch equa t ions  [ 6 ]. 
For a AF = 1, AmF = 0 t r a n s i t i o n ,  a s  used i n  an a tomic  f requency s t a n d a r d ,  
t h o s e  e q u a t i o n s  a r e  b e s t  expressed  i n  terns of  t h e  s o - c a l l e d  coherence o f  
the atomic medium, a ( t ) ,  and of t h e  popul a t i o n  d i  fference between the two 
atomic l e v e l s ,  a j ( t ) .  The q u a n t i t y  a ( t )  i s  a  complex one, and we s e t  a ( t )  = 
a l ( t )  + i a 2 ( t ) .  

I t  can be shown t h a t ,  i n  t h e  presence  of m o d u l a t i o n ,  the Bloch e q u a t i o n s  o f  
the cons idered  problem a r e  the fo l lowing  : 



where the  do t  means t ime d e r i v a t i v e .  The q u a n t i t y  h i s  the  c r e a t i o n  r a t e  o f  
the popu la t i on  d i f f e rence  which i n  t he  p resen t  case i s  ob ta ined  by o p t i c a l  
pumping. The t ime dependent q u a n t i t y  9 i s  the instantaneous phase o f  t he  m i  - 
crowave i n t e r r o g a t i o n  s i g n a l  , and t h e  instantaneous angul a r  f requency i s  : 

w ( t )  = wi + u (20 
The q u a n t i t y  o f  i n t e r e s t  t o  us i s  t he  popu la t i on  d i f f e r e n c e  a ( t )  mere ly  be- 
cause the t r a n s m i t t e d  1 i g h t  i n t e n s i t y  changes are proportions? t o  a3( t )  We 
w i l l  cons ider  t he  fundamental component o f  a j ( t )  i n  the presence o f  s p e c i f i e d  
phase modu la t ion  waveforms. From now on, t h e  i n  phase and i n  quadrature compo- 
nents o f  the  fundamental o f  the  c e l l  response w i l l  be r e f e r r e d  t o  the p h m ~  
modu la t ion  waveform r a t h e r  than t o  t h e  6neyuncy modu la t ion  waveform. 
A look  a t  equat ions (19) shows the  f o l l o w i n g  : 

i ) they  a re  coup1 ed t o  a  degree which depends on the microwave 
f i e l d  ampl i tude b, and thus of  the  s a t u r a t i o n  f a c t o r  S 

i i )  t he  d r i v i n g  terms i n  t h e i r  r i g h t  hand s ides  are p e r i o d i c  func- 
t i o n s  o f  t ime which need t o  be represented by F o u r i e r  s e r i e s  w i t h  i n  genera l  
an i n f i n i t e  number o f  terms. Equat ions ( 19) then generate,  i n  genera l ,  an 
i n f i n i t e  s e t  o f  coupled equat ions.  

Consequently, i t  i s  n o t  t r a c t a b l e  t o  d e r i v e  a n a l y t i c a l  s o l u t i o n s  f o r  t h e  quan- 
ti ty a , unless s i m p l i f y i n g  assumptions are made. One o f  them i s  t he  weak 
sa tu raz ion  assumpti on which w i l l  be cons idered i n  Sec t ion  6.2. Equat i  ons ( 19) 
have a l s o  been a n a l y t i c a l l y  so lved f o r  a r b i t r a r y  s a t u r a t i o n ,  b u t  under the 
assumption o f  f a s t  modulat ion,  f o r  which t he  spectrum o f  the c e l l  response 
can be l i m i t e d  t o  f requencies -wM, 0  and + The r e l a t e d  r e s u l t s  w i l l  be 
pub1 i s h e d  e l  sewhere. 

For  ope ra t i ng  condi t i o n s  p reva i  1  i n g  i n  r u b i d i  um c e l l  f requency standards, 
equat ions (19)  must be so lved by numerical  techniques. The r e s u l t s  are 
g i ven  i n  Sec t ion  6.3. 

6.2. A n a l y t i c a l  s o l u t i o n  f o r  weak s a t u r a t i o n  

As i t  w i l l  be shown 1 a te r ,  ope ra t i ng  c o n d i t i o n s  are op t im ized  f o r  s a t u r a t i o n  
f a c t o r s  l a r g e r  than u n i t y .  However, we wish t o  cons ider  weak s a t u r a t i o n  
( i . e .  S << 1) a t  f i r s t  w i t h  the  purpose o f  p o i n t i n g  ou t  t h a t  one should n o t  
r e l y  on p r e v i o u s l y  pub l i shed  r e s u l t s  [ l ]  e s t a b l i s h e d  under t h i s  assumption. 

I n  quantum e l e c t r o n i c s ,  i t  i s  usual p r a c t i c e  t o  expand the q u a n t i t i e s  such as 
a19 a2 and a3 i n  i nc reas ing  powers of  t h e  f i e l d  ampl i tude, and t o  d e r i v e  so-  
l u t i o n s  f o r  components o f  a g iven  degree. However, the  equat ions ob ta ined  are 
more and more i n t r i c a t e d  as the  degree of the  cons idered component increases.  



We w i  11 1  i m i  t t h e  expansion t o  degree two o f  f i e 1  d  amp1 i tude, i .e. t o  degree 
one o f  s a t u r a t i o n  f a c t o r .  The v a l i d i t y  o f  t h e  r e s u l t s  i s  then l i m i t e d  t o  smal l  
values o f  S, i . e .  S << 1. 

This  p e r t u r b a t i o n  expansion has been cons idered  f o r  sine-wave phase modu la t ion ,  
square-wave f requency modul a t i  on and square-wave phase modul a t i o n  [ 4 ] .  
We wi 11 focus here on sine-wave phase modu la t ion .  

We d e f i n e  the s lopes p ( * )  and q ( * )  o f  t h e  e r r o r  s i q n a l  when t he  fundamental 
o f  the  c e l l  response i s  observed i n  phase o r  i n  quadra tu re  w i t h  r espec t  t o  t h e  
phase modul a t i o n  waveform. The s u p e r s c r i p t  means t h a t  r e s u l t s  a re  v a l i d  t o  
o rde r  two o f  f i e l d  amp l i tude  on ly .  I t  comes : 

where we have v  = T  w and where t h e  q u a n t i t i e s  n' and a12 are  g i v e n  by t h e  
1 M f o l l  owi ng equat+ons . 

JQ i s  Bessel f u n c t i o n  o f  o r d e r  2 .  The q u a n t i t y  m i s  t h e  phase modu la t ion  
index such as m = w /aw P i s  an i n t e g e r .  

m 

I n  p r a c t i c e  r e l a x a t i o n  t imes T and T have va lues which a re  ve ry  c l ose  t o -  
gether ,  i n  the cons idered atomfc medigm. I n  o r d e r  t o  d e r i v e  genera l  in for rna-  
t i o n  on the  s lope  o f  t h e  e r r o r  s i g n a l ,  we s e t  : 

T 1 = T  = T  
2 ( 2 3 )  

i n '  equa t ions  2 1  and 22. 
We then  have : v  = v2 = v  = Tw and u2 = u  = Tw . The phase modu la t ion  index  
i s  m = u/v.  1 M m 

F igures  2a and b show t h e  v a r i a t i o n s  o f  p ( 2  ) and q ( 2 )  , r e s p e c t i v e l y ,  versus 
t he  normal i zed modul a t i o n  f requency v  f o r  d i  f f e r e n t  va lues o f  t he  normal i zed 
modu la t ion  depth u. These s e t s  o f  curves d i f f e r  s i g n i f i c a n t l y  f rom t h a t  g i ven  
by Andres e t  a1 [ I ] .  An examinat ion o f  t h e i r  d e r i v a t i o n  shows t h a t  the  l o n -  
g i  t u d i n a l  r e l a x a t i o n  was n o t  p r o p e r l y  accounted f o r .  I n  f i g u r e s  2a and b ,  t he  
undu la t i ons  a re  r e l a t e d  t o  a d d i t i o n a l  resonance f ea tu res  which occurs  a t  f r e -  
quencies wo + XuM, i n  the presence o f  p e r i o d i c  phase modu la t ion .  



Fig.  2a Fig. 2b 

Fig .  2.  Sine-wave phase modulation and weak s a t u r a t i o n  ( S  << 1 ) .  
The curves show the  v a r i a t i o n  of the s lope  of the  e r r o r  
s i g n a l  versus the normalized modulation angular frequency 
v = TW and f o r  d i f f e r e n t  values of the normalized modula- 

M t i o n  depth u = Tw . 
a) the  fundamentaff of the  c e l l  response i s  observed i n  

phase with the  phase modulation waveform. 
b) t he  fundamental of the  cell response i s  observed i n  

quadrature w i t h  the phase modulation waveform. 

6.3. Computed r e s u l t s  f o r  values o f  t he  modu la t ion  f requency o f  t h e  modu- 
l a t i o n  depth and o f  t he  s a t u r a t i o n  f a c t o r  i n  ranges o f  p r a c t i c a l  
i n te res  t 

The s e t  o f  equat ions (19)  has been i n t e g r a t e d  numer i ca l l y ,  assuming TI = T p  = 
T f o r  s i  ne-wave phase modul a t i  on, square-wave f requency modul a t i o n  and 
square-wave phase modulat ion.  The q u a n t i t y  ( w .  - w ) has been f i x e d  t o  a  
va lue  which equals 1/10 o f  t he  h a l f - w i d t h  a t  ia l f - f iax imum o f  the  non- 
sa tu ra ted  resonance l i n e  (i . e .  T2(wi - w ) = 0.1). It has been checked t h a t  
t h i s  o f f s e t  i s  smal l  enough t h a t  i t  811ows a  p r e c i s e  enough c a l c u l a t i o n  
o f  t he  s l ope  o f  the  e r r o r  s i g n a l ,  and o f  t h e  phase o f  t h e  fundamental of t h e  
c e l l  response, f o r  w. = w . P h y s i c a l l y  sound i n i t i a l  c o n d i t i o n s  have been 
chosen and the  nurnerj c a l  i 8 t e g r a t i  on has been performed un ti 1  t r a n s i e n t  



e f f e c t s  van ish .  The components o f  t h e  fundamental  o f  t h e  p o p u l a t i o n  d i f f e r -  
ence change wh ich  a r e  i n  phase and i n  q u a d r a t u r e  w i t h  t h e  m o d u l a t i o n  wave- 
f o r m  a r e  e x t r a c t e d  u s i n g  s t a n d a r d  techn iques  o f  F o u r i e r  c o e f f i c i e n t s  compu- 
t a t i o n .  The va lues  o f  t h e  s l o p e s  p  and q  a r e  t h e n  d e r i v e d .  P h y s i c a l l y ,  t h e y  
a re  o b t a i n e d  when t h e  fundamental  o f  t h e  c e l l  response i s  observed i n  phase 
o r  i n  q u a d r a t u r e  w i t h  r e s p e c t  t o  t h e  phase m o d u l a t i o n  waveform. 

I n  t h e  f o l l o w i n g  we w i l l  g i v e  t h e  va lues  o f  t h e  s l o p e  a  , d e f i n e d  by  equa- 
t i o n  ( l l ) ,  wh ich  i s  o b t a i n e d  when t h e  r e f e r e n c e  s i g n a l  a p p l i e d  t o  t h e  syn- 
chronous d e t e c t o r  i s d e l  ayed i n  o r d e r  t o  match i t s  phase t o  t h a t  o f  t h e  f u n -  
damental  component o f  t he  c e l l  response.  The phase o f  t h i s  fundamenta l ,  r e l a -  
t i v e  t o  t h e  phase m o d u l a t i o n  w a v e f o ~ m  i s  9 g i v e n  by : 

t a n  I$ = 4 
P ( 24)  

Double p r e c i s i o n  combu ta t i on  techn iques  have been used t o  d e r i v e  n u m e r i c a l  
r e s u l t s .  Fur thermore,  i t  has been checked t h a t  t h e  computed r e s u l t s  agree 
w i t h  a n a l y t i c a l  ones, i n  t h e  l i m i t s  o f  weak s a t u r a t i o n ,  o r  f a s t  f r e q u e n c y  
modu la t i on ,  f o r  t h e  t h r e e  cons ide red  t ypes  of  phase modul a t i o n .  

6.3.1. Resul t s  f o r  s ine-wave phase m o d u l a t i o n  

F i g u r e s  3a t o  3e show t h e  computed v a r i a t i o n  o f  t h e  s l o p e  a o f  t h e  e r r o r  s i g -  
nal  and o f  t h e  phase @ o f  t h e  fundamenta l  o f  t h e  p o p u l a t i o n  d i f f e r e n c e  
change versus t h e  n o r m a l i z e d  m o d u l a t i o n  dep th  u  = Tw f o r  d i f f e r e n t  va lues  
o f  t h e  s a t u r a t i o n  parameter  S = T T b2, wh ich  i s  p r o p o r t i o n a l  t o  t h e  m i c r o -  
wave power. F i g u r e s  d i f f e r  b y  the1  v a l u e  o f  t h e  n o r m a l i z e d  m o d u l a t i o n  f r e -  
quency v  = TwM. 

On f i g u r e  3a  e s t a b l i s h e d  f o r  a  re1 a t i v e l y  s low  f r e q u e n c y  modul a t i o n  such as 
v  = 0.1, t h e  c i r c l e s  r e p r e s e n t  va lues  c a l c u l a t e d  under  t h e  q u a s i - s t a t i c  ap- 
p r o x i m a t i o n  i .e. f o r  v  = 0, a c c o r d i n g  t o  e q u a t i o n ( l 8 ) .  F o r  v  - 0, t h e  funda- 
menta l  o f  t h e  popul  a t i  on d i f f e r e n c e  change i s  i n  q u a d r a t u r e  w i  t h  t h e  phase 
m o d u l a t i o n  o f  t h e  i n t e r r o g a t i o n  microwave f i e l d .  One sees t h a t  t h e  v a l i d i t y  
o f  t h e  q u a s i - s t a t i c  a p p r o x i m a t i o n  i s  e x t r e m e l y  good f o r  v  = 0.1. 

F i g u r e s  3a t o  3e a r e  f o r  i n c r e a s i n g  va lues  o f  t h e  m o d u l a t i o n  f requency .  The 
o r i g i n  o f  t h e  u n d u l a t i o n s  i s  t h e  same as i n  f i g u r e s  2 a  and 2 b .  

Table  1 g i v e s ,  f o r  s p e c i f i e d  va lues  o f  t h e  n o r m a l i z e d  modul a t i o n  f requency  v, 
t h e  va lues  o f  t h e  s a t u r a t i o n  f a c t o r  S and o f  t h e  n o r m a l i z e d  m o d u l a t i o n  dep th  
u  f o r  w h i c h  t h e  s l o p e  a  o f  t h e  e r r o r  s i g n a l  i s  a  maximum. I t  shows o f f  t h e  
main r e s u l t  : t h e  s l o p e  o f  t h e  e r r o r  s i g n a l  does n o t  depend s t r o n g l y  on t h e  
modul a t i  on f requency  p r o v i  ded t h a t  t h e  s a t u r a t i  on f a c t o r  and t h e  modul a t i  on 
depth  a r e  p r o p e r l y  i n c r e a s e d  as t h e  modul a t i  on f requency  takes  1  a r g e r  val U ~ S  . 
For i n s t a n c e ,  f o r  v  = 1.9, i . e .  f o r  a m o d u l a t i o n  f r e q u e n c y  a lmos t  equa l  
t o  t h e  n o n - s a t u r a t e d  f u l l - w i d t h -  a t  half-maximum, t h e  s l o p e  a  may be made 
equa l  t o  i t s  v a l u e  f o r  s low  f r e q u e n c y  m o d u l a t i o n .  I t  may a l s o  be n o t i c e d  t h a t  
t h e  l o s s  i n  t h e  v a l u e  o f  t h e  s l o p e  remains  s m a l l  f o r  v  - 4. 
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Fig. 3e 

F ig .  3.  Sine-wave phase modulation computed &u&&. Varia t ion  of 
the s lope  of  the e r r o r  s igna l  and of t h e  phase $J, ve r sus  
t he  normalized modulation depth u and f o r  d i f f e r e n t  values 
of t he  s a t u r a t i o n  f a c t o r  S .  
a )  v = 0 .1 .  C i r c ~ l e s  represent  the values  c a l c u l a t e d  under 

the quas i  s t a t i c  approximation, according t o  equat ion (18) 
b) v =  1.0 
c) v = 1.9 
d )  v = 2 . 8  
e )  v = 3 . 7  



Table 1. Sine-wave phase modu la t ion  compuXed va&a.  For  a  g iven  
va lue o f  t he  normal i z e d  modu la t ion  frequency v, t he  s l ope  
a o f  the e r r o r  s i g n a l  shows a maximum f o r  t he  s p e c i f i e d  
values o f  the  s a t u r a t i o n  f a c t o r  S and o f  the  normal ized 
modu la t ion  depth u. 
Fo r  v  = 0, r e s u l t s  are d e r i v e d  f rom t h e  q u a s i - s t a t i c  
approx imat ion.  The quoted u n c e r t a i n t i e s  on S and u 
a re  equal t o  t h e  s t e p  o f  change of these parameters 
i n  the computat ions made. The phase @ i s  expressed i n  
r a d i  an. 

6.3.2. Resul t s  f o r  square-wave frequency modul a t i  on 

F igure  4 shows an example o f  t h e  computed v a r i a t i o n  of the  s lope  a o f  t he  
e r r o r  s i g n a l  and of the  phase + o f  the  fundamental o f  the  popu la t i on  d i f fe r -  
ence change versus the  normal ized modulat ion depth u, f o r  d i f f e r e n t  values 
o f  t he  s a t u r a t i o n  parameter S. 

Table 2 g ives,  f o r  s p e c i f i e d  values o f  the normal ized modulat ion frequency v, 
the values o f  t h e  s a t u r a t i o n  f a c t o r  S and o f  t h e  norma l i zed  modu la t ion  depth 
u f o r  which the s lope  a o f  t h e  e r r o r  s i g n a l  shows a maximum. 

For v  = 0.1, the  computed r e s u l t s  a r e  c l o s e l y  i d e n t i c a l  t o  t h e  r e s u l t s  obtain-  
ed under the  q u a s i - s t a t i c  approx imat ion,  and g i ven  by equat ion  (16 ) .  The 
same s o r t  o f  remarks and conc lus ions  which have been made f o r  sine-wave phase 
modul a  t i on apply  f o r  square-wave frequency modul a t i  on. 



F i g .  4 .  Square-wave f requency modu- 
l a t i o n  cumputed t ~ a d , t h .  V a r i a t i o n s  
of t h e  s l o p e  a oS t h e  e r r o r  s i g n a l  
and of  the phase $, f o r  v = 3 . 7 ,  
v e r s u s  t h e  normal ized modulat ion 
dep th  u and f o r  d i f f e r e n t  values 
o f  t h e  s a t u r a t i o n  f a c t o r  S .  

s i g n a l  shows a  maximum f o r  t h e  s p e c i f i e d  va lues o f  t h e  s a t u r a t i o n  
f a c t o r  S and o f  t h e  no rma l i zed  m o d u l a t i o n  depth  u .  Fo r  v = 0, re- 
s u l  t s  are d e r i v e d  f r o m  t h e  q u a s i - s t a t i c  approx ima t ion .  The quoted 
u n c e r t a i n t i e s  on S and u  a re  equa l  t o  t h e  s t e p  o f  change o f  these  
parameters i n  t h e  computat ions made. The phase $ i s  expressed i n  
r a d i a n .  



6.3.3. Resul t s  f o r  square-wave phase modul a t i o n  

For square-wave phase modulat ion,  t he  atomic medi um response i s  e n t i  rely found- 
ed on t r a n s i e n t  e f f e c t s  which occur  a f t e r  phase jumps. I n  t h a t  case,the quas i -  
s t a t i c  approx imat ion i s  then meaning1 ess, because the  f i r s t  harmonic con ten t  
o f  the  c e l l  response vanishes f o r  v  - 0. I n t u i t i v e l y ,  one m igh t  t h i n k  t h a t  
the c e l l  response i s  s i g n i f i c a n t  when t he  modu la t ion  f requency i s  o f  t h e  o r -  
de r  o f  the atomic l i n e - w i d t h .  Th is  i s  v e r i f i e d ,  i n  o r d e r  o f  magnitude, by 
quan t i  t a t i  ve resu l  t s  . 
F igures  5a t o  5d show the  computed v a r i a t i o n s  of the  s l ope  a of t he  e r r o r  
s i g n a l  and o f  the phase $ o f  t he  fundamental of  the  p o p u l a t i o n  d i f f e r e n c e  
change versus t he  amp1 i t u d e  o f  t he  phase d e v i a t i o n  9 f o r  d i f f e r e n t  values 
o f  t h e  s a t u r a t i o n  parameter S ( i t  should be n o t i c e d  " t h a t  t he  phase s teps 
amount t o  2 'Pm).  F igures d i f f e r  by t he  va lue  o f  the  normal ized modu la t ion  
frequency v. 

Table 3 summarizes t h e  impo r tan t  r e s u l  t s .  It g i ves  f o r  t h e  s p e c i f i e d  va l  ues o f  
the normal ized modu la t ion  f requency v, t he  values o f  the  s a t u r a t i o n  f a c t o r  
and o f  t h e  ampl i tude o f  t h e  phase change? f o r  which the  s lope  a o f  t h e  
e r r o r  s i g n a l  shows a maximum. The optimum va lue  o f  V m  i s  c l ose  t o  n/4. This  
s l ope  decreases o n l y  very  s l i g h t l y  f rom v = 1.9 t o  3.7, i n  the  exp lo red  
range, when t he  s a t u r a t i o n  f a c t o r  S and t h e  phase change vm are ad jus ted  t o  
t h e i r  i n c r e a s i n g  optimum values. 

Table 3. Square-wave phase modu la t ion  comp&ed v&en, Fo r  a g i ven  va lue  o f  
the  normal ized modu la t ion  frequency v, t he  s l ope  a o f  t he  e r r o r  
s i g n a l  shows a maximum f o r  the s p e c i f i e d  values o f  t h e  s a t u r a t i o n  
f a c t o r  S and o f  t h e  ampl i tude o f  phase d e v i a t i o n  '4 ,. The quoted 
u n c e r t a i n t i e s  on the  values o f  these parameters are equal t o  
t h e i r  s t ep  o f  change i n  t h e  computat ions made. The phases vm 
and @ a re  expressed i n  rad ian .  



Fig. 5 a  F i g .  5b 

Fig ,  5c 
Fig. 5d 



F i g .  5 ,  Square-wave p h a s e  modulation compu;tcd ku&. 
Variation of t h e  s l o p e  a of the  e r r o r  s igna l  and 
of the  phase 4,  ve r sus  t h e  amplitude of the phase 
change (Cm and for d i f f e r e n t  va lues  of the s a t u r a -  
tion f a c t o r  S .  
a )  v * 1.0 
b)  v  = 1.9 
c) v  = 2 . 8  
d)  v  = 3 . 7  

7. EXPERIMENTAL RE5 ULTS 

Exper imenta l  r e s u l t s  have been ob ta ined  w i t h  a  se t -up  hav ing  a w i d e l y  usedg7 
c o n f i g u r a t i o n .  An i s o t o p i c  f i l t e r ,  w i t h  80 T o r r s  o f  argon i s  used. The Rb 
c e l l  c o n t a i n i n g  20 To r r s  o f  n i t r o g e n  i s  operated a t  60' C. I t  f i l l s  a lmost  
e n t i r e l y  a c y l i n d r i c a l  microwave c a v i t y  operated i n  t he  TE mode. I n  t h i s  
exper imenta l  arrangement, o p t i c a l  pumping and re1  a x a t i  on a M 1  n o t  hornoge- 
neous i n  t h e  c e l l .  I n  a d d i t i o n  t he  microwave magnet ic f i e l d  amp1 i tude shows 
1  arge v a r i a t i o n s  over  t he  c e l l  volume. The exper imenta l  r e s u l t s  can then be 
used t o  check t he  a b i l i t y  o f  o u r  model t o  p r e d i c t  the  i n f l uence  o f  t h e  modu- 
l a t i o n  f requency on a  p r a c t i c a l  dev ice.  

An average s a t u r a t i o n  f a c t o r  S '  i s  d e f i n e d  f rom t h e  d i p  o f  t h e  t r a n s m i t t e d  
l i g h t  a t  microwave resonance. We have, from equa t i on  (8)  : 

The va lue o f  t he  t r ansve rse  re1  a x a t i o n  t ime T  i s  measured b y  e x t r a p o l a t i n g  
the  atomic  l i n e - w i d t h  t o  ze ro  microwave power? I t  i s  found t h a t  t h e  f u l l  - 
w i d t h  a t  h a l f  maximum W v a r i e s  as f o l l o w s  : 

where No = 2 /T  i s  the non-sa tu ra ted  1  i new id th .  Expe r imen ta l l y ,  one has 
a =  5.2  and 2 

T2 = 1.77 + - 0.18 ms 

I t  can be shown t h a t  t h e  va lue o f  a depends on t he  microwave f i e l d  c o n f i g u -  
r a t i o n ,  the  1  i g h t  i n t e n s i t y ,  t h e  1  ength o f  t h e  c e l l  , the  temperature and 
a l s o  on t he  area o f  t he  photo c e l l  exposed t o  t h e  t r a n s m i t t e d  l i g h t .  

The va lue o f  t h e  l o n g i t u d i n a l  r e1  a x a t i o n  t ime i s  measured by obse rv i ng  t h e  
exponen t ia l  v a r i a t i o n  o f  t h e  t r a n s m i t t e d  1  i g h t  i n t e n s i t y  a f t e r  t he  microwave 
power has been swi tched o f f .  We have 

T1 = 1.82 + 0.04 ms 

Thus i t  tu rns  o u t  t h a t  the  c o n d i t i o n  TI 7 TZ which has been assumed i n  Sec- 
t i o n  6.3. i s  f u l f i l l e d  q u i t e  s a t i s f a c t o r i l y .  



The s lope  o f  t h e  e r r o r  s i g n a l  i s  measured as f o l l o w s .  A quar tz  c r y s t a l  o s c i l -  
l a t o r  i s  f requency locked  t o  t he  r ub id i um c e l l ,  b u t  w i t h  a vo l t age  added t o  
the  synchronous d e t e c t o r  ou tpu t .  The f requency o f  the  q u a r t z  c r y s t a l  o s c i l  1  a- 
t o r  i s  measured f o r  two oppos i te  va lues o f  t h e  vo l tage ,  and the norma l i zed  
s lope  o f  the  e r r o r  s i g n a l  i s  ob ta ined .  I t  has been checked t h a t  the  o f f s e t  
o f  t he  i n t e r r o g a t i o n  f requency f rom the  resonance frequency remained smal l  e r  
than  1/10 o f  t he  f u l l - w i d t h  a t  half-maximum. The phase o f  the fundamental 
component o f  the  l i g h t  i n t e n s i t y  changes shows an extremum f o r  w .  = w , so 
t h a t  i t s  measurement was p r e c i s e  enough w i t h  the  s t a t e d  exper imeata l  Opro- 
cedure . 
Sine-wave phase modulat ion,  square-wave f requency modu la t ion  and square- 
wave phase modu la t ion  have been appl i e d  t o  the  microwave s i g n a l  . 
F igures  6a t o  6d show the  r e s u l t s  f o r  sine-wave phase modu la t ion .  The va lue  
o f  t h e  measured s l ope  i s  sma l l e r  than  t he  va lue  c a l c u l a t e d  f rom t h e  model, 
and t h e  optimum occurs f o r  sma l l e r  values o f  t h e  s a t u r a t i o n  f a c t o r  ( f o r  
v  = 0 .1  t h e  optimum va lue o f  S '  i s  1 .3) .  However, f o r  a g iven  va lue  o f  v, 
the  shape o f  t h e  computed and o f  t h e  measured v a r i a t i o n s  i s  q u i t e  s i m i l  a r .  
Table 4 summarizes the  exper imenta l  r e s u l t s .  I t  shows t h a t  the  optimum va lue  
o f  a does n o t  depend d r a s t i c a l l y  on t he  va lue o f  t h e  modu la t ion  frequency. 

T a b l e .  4. Sine-wave modulat ion.  ExpqtirnenXal v d u e n .  Fo r  a  g iven  va lue 
o f  the norma l i zed  rnodu la t~on  f requency v, t he  s lope  a o f  t he  
e r r o r  s i g n a l  shows a maximum f o r  the s p e c i f i e d  values o f  t he  
s a t u r a t i o n  f a c t o r  S '  and o f  t h e  normal ized modu la t ion  depth u. 
The quoted u n c e r t a i n t i e s  on S '  and u  are equal  t o  t he  s t e p  o f  
change o f  these parameters i n  t h e  measurements made. The phase 
@ i s  expressed i n  rad ian .  

F igure  7 shows an example o f  measured r e s u l t s  f o r  square-wave frequency modu- 
l a t i o n  w i t h  v = 3.7 and Table  5 g i ves  t he  main r e s u l t s ,  w i t h  t h e  same genera l  
conc lus ions  as f o r  sine-wave phase modul a t i  on. 



Pig.  6a 

P /- -c.j Zi-7 

Fig. 6b 

F ig .  6c F ig .  6d 

Fig.  6. Sine-wave phase modulation. Expehirn~nkd t ~ ~ u b 2 .  
Var i a t i on  of the  s l ope  a of t h e  e r r o r  s i g n a l  and o f  
t h e  phase $, ve r sus  the normalized modulation dep th  u  
and f o r  d i f f e r e n t  va lues  of the  s a t u r a t i o n  f a c t o r  S ' .  
Ci rc l e s  r ep re sen t  the experimental  po in t s .  
a)  v = 0.11 b_) v = 1.0 
c )  v = 2.9  d)  v = 3 . 7  



Fig .  7 .  Square-wave frequency modulat ion.  
Expenirn~nkcLe k ~ h u & b .  V a r i a t i o n  
of the s l o p e  a of  the  e r ro r  
s i g n a l  and of the phase 4 ,  f o r  
v = 3.7, versus the  normalized 
modulat ion dep th  u and f o r  d i f -  
f e r e n t  va lues  of t h e  s a t u r a t i o n  
f a c t o r  S t .  C i r c l e s  r e p r e s e n t  
the exper imenta l  p o i n t s .  

Tab1 e 5 .  Square-wave f requency modulat ion.  ExpetLimenkaL v&en. For  a 
g i v e n  va lue o f  t h e  norma l i zed  modu la t ion  f requency v, t h e  
s lope  a o f  t he  e r r o r  s i g n a l  shows a maximum f o r  t he  s p e c i f i e d  
values o f  the s a t u r a t i o n  f a c t o r  S '  and o f  the normal ized mod- 
u l a t i o n  depth u. The quoted u n c e r t a i n t i e s  on S '  and u are 
equal  t o  t he  s t e p  o f  change o f  these parameters i n  the  mea- 
surements made. The phase $ i s  expressed i n  rad ian .  



Figures  8a t o  8c show t h e  v a r i a t i o n  o f  t he  normal ized s lope  a  i n  t he  case o f  
square-wave phase modu la t ion  as a  f unc t i on  o f  the  amp1 i t u d e  o f  t he  phase dev i  a- 
t l o n  % f o r  d i f f e r e n t  values of t h e  s a t u r a t i o n  f a c t o r  S '  and o f  the  normal- 
i z e d  modu la t ion  frequency v. Again, t h e  shapes agree q u i t e  s a t i s f a c t o r i l y ,  
b u t  w i t h  sma l l e r  values o f  a and 5 ' .  Table 6 shows t h a t  the optimum values o f  
9 agree c l o s e l y  w i t h  t he  computed ones. 

Comparison o f  Tables 4 t o  6 shows t h a t  square-wave phase modulat ion y i e l d s  an 
optimum value o f  the s lope  a which i s  even l a r g e r  than w i t h  t h e  two o t h e r  
types o f  modu la t ion  f o r  v  = 4. 

1 : : : .  0 . 5 . : ,  , ?  1 5  
cf,l , ,, . ,, , ,, . , 

fad t i ~A-"T S't s 

Fig.  8a 

Fig ,  8. Square-wave phase modulat ion,  
Expehimentd  teclula2. Varia-  
t i o n  o f  t h e  s l o p e  a of t h e  
e r r o r  s i g n a l  and of t h e  phase 
$ ?  v e r s u s  the normalized modu- 
l a t i o n  d e p t h  u and f o r  d i f f e -  
rent v a l u e s  o f  t h e  s a t u r a t i o n  
f a c t o r  S '  . C i r c l e s  r e p r e s e n t  
t h e  exper imenta l  p o i n t s .  
a) v = 1.0 
b )  v = 2 .9  
c)  v = 3.7 

Fig .  8b 

EFI 

F i g .  8c 



TABLE 6. Square-wave phase modulat ion.  E x p d m e n t d .  va&en. Fo r  a  
g iven  va lue  o f  t he  norma l i zed  modu la t ion  f requency v, the  
s lope  a  o f  t he  e r r o r  s i g n a l  shows a  maximum f o r  t h e  spec i -  
f i e d  values o f  t he  s a t u r a t i o n  f a c t o r  5 '  and o f  t he  ampl i -  
tude o f  phase d e v i a t i o n  9 m. The quoted u n c e r t a i n t y  on t he  
values of these parameters a re  equal  t o  t h e i r  s t e p  of change 
i n  the  computat ions made. The phases \P and 4 are expres-  
sed i n  r ad ian .  

8. CONCLUSIONS 

Our t h e o r e t i c a l  a n a l y s i s  has been made w i t h  t h e  assumption t h a t  o p t i c a l  pump- 
ing, r e l a x a t i o n  and t he  r.f. f i e l d  a re  homogeneous ove r  t h e  rub id ium c e l l .  
Our exper imenta l  da ta  has been ob ta ined  w i t h  a  r ub id i um c e l l  i n  a T E l l l  c a v i t y  
and those condi  t i o n s  are n o t  s a t i s f i e d .  However, these r e s u l  t s  agree 
s a t i  s f a c t o r i  1  y w i t h  t he  t h e o r e t i c a l  p r e d i c t i o n s .  Consequently, we may con- 
c lude  t h e  f o l l o w i n g  : 

i ) f o r  sine-wave phase modul a t i o n  and square-wave frequency modu- 
l a t i o n ,  the  r e s u l t s  o f  t h e  q u a s i - s t a t i c  approx imat ion can be used up t o  v  = 1, 
as f a r  as the s l ope  a  o f  the  e r r o r  s i g n a l  i s  concerned. I t  y i e l d s  a s a t i s -  
f a c t o r y  es t ima te  o f  t h e  va lues o f  the s a t u r a t i o n  f a c t o r  and o f  t h e  norma l i zed  
modu la t ion  depth f o r  which t h i s  s l ope  i s  maximum. 

i i )  f o r  sine-wave phase modu la t i on  and f o r  square-wave frequency 
modulat ion,  the s l ope  a  of t he  e r r o r  s i g n a l  decreases o n l y  s l i g h t l y  i f  t h e  
modul a t i o n  f requency i s  inc reased  up t o  a va lue such as v  - 4, p rov i ded  t h a t  
the s a t u r a t i o n  f a c t o r  and the  modu la t ion  depth are ad jus ted  t o  i n c r e a s i n g  op- 
timum va lues s p e c i f i e d  i n  Tables 1 and 2. One sees t h a t  when the  modu la t ion  
frequency inc reases ,  t he  1  i n e  must be power broadened i n  o rde r  t h a t  t h e  
1  i newi d t h  tends t o  f o l l  ow the  va lue o f  the  modul a t i  on f requency.  S i m i l  a r i  l y  , 
t h e  frequency excu rs i  on around the  i n t e r r o g a t i  on f requency has t o  be increased. 

i i i )  f o r  square-wave phase modulat ion,  t h e  optimum modul a t i o n  f r e -  
quency i s  such as v  2 2 and t h e  s l ope  a  f a l l s  o f f  very s l i g h t l y  f o r  v  2 
when t h e  values o f  t h e  s a t u r a t i o n  f a c t o r  and of  t h e  amp1 i tude o f  t h e  p e r i o d i c  
phase change are ad jus ted  t o  t h e  values g iven  i n  Tables 3 or 6. 

i v )  f o r  l a r g e  modu la t ion  f requency such as v  2 4, t he  s lope  a  
becomes a  l i t t l e  l a r g e r  f o r  square-wave phase modu la t ion  than f o r  t he  two 
o t h e r  s o r t s  o f  modu la t ion  which have been cons idered.  Square-wave phase mod- 
u l a t i o n  m igh t  then be t h e  b e s t  modu la t ion  method i n  a p p l i c a t i o n s  where f a s t  



f requency modulat ion i s  requi red.  I n  add i t i on ,  i t  has o t h e r  known s p e c i f i c  
advantages such as ease of implementat ion and e x c e l l e n t  imnun i ty  t o  non- 
1 i n e a r  d i s t o r t i o n  of t h e  phase modul a t o r .  
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QUESTIONS AND ANSWERS 

(Signals inadequate f o r  t r ansc r i p t i on  f o r  Paper t 4 .  ) 




