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I n  time and frequency met,ro:!.ogy, the prot:le:!:s o f  c.i-~ara.c t e r i  zatl on, pre- 
d i c t i o n ,  appsoximatiori and  modc?lizat,ion xre 12.: fundarnent.i;.l lI:!y:crtance 
f o r  t h e o r e t i c a l  and e x p e r i n e n t a l  s,t~td!.es. I n  ~ , ' r ~ i z  paper., a.1-1 Iln,prov-ed 
u n i f i e d  approach i s  proposed and d e v e l o p e d ,  wh:i.c,h i s  based on t h e  o p t i -  
m a l  e s t ima t ion  theory and the dj .gi ta .1 r ecu r s ive  processing methods. For 
two d i f f e r e n t  models of  non-stati  onary l;irr!e seri  e s  , ,the digl. .ta.? :T'~CUT- 

s i v e  methods o f  optimal estimati.r,ri a r e  pr.esen.t,eci. 3y these i l n i f ~ e d  Ine- 
thods one can ~ynthesize some di-gi . t i .  pred i  c t o r s  , d i g i  t a . 1  f i.~. t e : x  and 
d i g i t a l  differentiators. These d ig i t a l  e:-;timatc:rs are used to chnra.c-- 
t e r i z e  the frequ-ency i n s t a b i l i t i e s  o f  atomi c c locks ,  t o  p r e d i c t  the 
random v a r i a t i o n s  of atomic time s c a l e s ,  ar id  -to smooth t.,i.i+? t ime s e r i e s  
data,. For the  mndel izat ion of  the s t a t i s  t i c s  o f  f'requencljr an< 1)i;ase 
f l .uc tua t ions  some analyti.ca1 procedures  a r e  proposed .  The71 ti1e Karkov 
models of atomic clock i n s t a b i 1 i t i . e ~  can be deriuced. 1-n order. t,n empha- 
s i z e  the u t i l i t y  o f  the  t h e o r y ,  a p p l i c a t i o l i  exa~nples a r e  gj,vert f o r  some 
time comparison da,ta. ketween corntriercia1 c ~ s i ~ ~ n r  atomic c i c l cks ,  

I. INTRODUCTION 

I n  time and frequency metrology,  there arbe some prcl t l tms 0:' f-nrldanental i m -  
portance f o r  the t h e o r e t i c a l  and experirnexitni s tud: '  es of osci? lator.: hncl atomic 
clocks: ( 1 )  m o d e l i z a t i o n  of the s t a t i s t i c s  ~ : f  Er.cq~lency and !I~:ISFS E~i-!~ct~ua.ti.(3ns; 
( 2 )  c h a r a c t e r i z a t i o n  of frequency ;inti phase ins+,alr.il:i.t.ies; ( 3 )  ;,:redictii?rl of 
random v a r i a t i o n s  of a tomic t i n e  sca; e s ;  (/;) appr.c,ximatiol-! 01, sn:foc-tl-l:.ng c ~ f  t h e  
frequency and t i m e  mea.surevent data. 

?he commonly used methods o f  model i za.t.icn a,r:e. churec  t e r i  za tic:,ri ;ire h e e d  
on s t a t i o n a r y  models as t h e  bas i c  aesl imption.  Tr: ger jera l ,  one m u s t  assunie the 
non-stat ionary models o f  va s i a t i o r l s  o f  f ' requenc;~ a1-1d --lin:e, In i,,f:is Gase, the  
method of  s t r u c t u r e  f ~ ~ n c t i o n s  i s  used f ' o ~  +.:IF? cilaracteri  za t i  or: probl.~rwr, tile 
leas t - squares  method i s  used ?sr t . l -~e t.-i:l:,~'osima t:i I: r: -;:.r.c>?: ;.ri!, FI I::: ; i - ! ~  fi.x cd f i 1.- 
t e r  method or the ARI?!A me t,hod arc  11,c/+d I'c,Y: t h c  J . I ' c ~ ~ c : ~  c)n ~::c-o'!:::? IVII:. 311"t the SO- 

l / ~ t i o n s  of  problems provided kj- t,he :q.tnvt: ~ r e n t i c ~ n e d  ne'r,ilnils are ~ l r ? t  a.l,wa.krs corn- 
p l e t e l y  s a t i s f a c t o r y .  

I n  t h i s  paper ,  improved u r ~ i f l e i l  methods a r e  pr .opcs~ci  ; ~ n d  d.evt+l(jps-~r,  which 
are based on the optimal es t imat i -on  t h e o r y  a.nd the d i g i i , : ~ i  r.~cursj:vs prncesslng 
methods. For the  s tudy  of: non-stat,ioxiary f luctua,t i . r :ns 'J? f requency anil phase 



i n  atomic c locks ,  two d i f f e r e n t  approaches are used. The f i r s t  approach re- 
l i e s  on determini s t i c  polynomial models with exponent ial  weighting of da ta .  
The second approach u t i l i z e s  non-stat ionary s t o c h a s t i c  models with s t a t i o n -  
a r y  increments.  The o p t i m a l  digital recursive methods f o r  the es t ima t ion  of 
non-stat ionary time s e r i e s  are developed f o r  each of t hese  two approaches. 
By the  u n i f i e d  methods one can syn thes i ze  d i g i t a l  p r e d i c t o r s ,  d i g i t a l  f i l -  
ters  and d i g i t a l  d i f ' f e r e n t i a t o r s .  'I'hese d i g i t a l  r e c u r s i v e  e s t ima to r s  are used 
f o r  s o l v i n g  t h e  problems of c h a r a c t e r i z a t i o n ,  p r e d i c t i o n  and approximation. 

From time comparison data Fetween atomic c locks ,  one can use t he  d i g i t a l  
d i f f e r e n t i a t o r s  f o r  t he  c h a r a c t e r i z a t i o n  of  frequency i n s t a b i l i t y .  The t rans-  
f e r  func t ions  o f  t he  d i f f e r e n t i a t o r s  a r e  composed by two opera t ions :  pure 
d i f f e r e n t i a t i o n  and low-pass f i l t e r i n g .  This method a l lows  u s  t o  es t imate  
t h e  va r i ance  func t ion  and t h e  power s p e c t r a l  d e n s i t y  func t ion .  Therefore one 
can c h a r a c t e r i z e  frequency i n s t a b i l i t i e s  both i n  t h e  time and i n  t he  Four ie r  
frequency domains only from clock time comparison da t a .  

From time comparison d a t a  between atomic c locks ,  one can use  t h e  d i g i t a l  
r e c u r s i v e  p r e d i c t o r s  f o r  t he  p r e d i c t i o n  of random v a r i a t i o n s  of atomic time 
sca l e s .  I n  t h e  des ign  of  optimal p r e d i c t o r s  t he  a d d i t i v e  measurement noise  
i s  taken  into account ,  which i s  n o t  n e g l i g i b l e  f o r  t he  time comparisons bet- 
ween d i s t a n t  atomic clocks.  

Time comparisons between at0mi.c c locks  v i a  a s a t e l l i t e  provide time se- 
r i e s  data. The convent ional  method f o r  t h e  smoothing of  time series d a t a  i s  
the  c l a s s i c a l  l eas t - squares  method. Put t h i s  method i s  n o t  s u i t e d  f o r  t he  
real-time data processing,  One can use  the d i g i t a l  r e c u r s i v e  f i l t e r s  f o r  the 
smoothing of time s e r i e s  by real-time d a t a  processing,  

For t h e  model izat ion of the  s t a t i s t i c s  o f  frequency and phase f luc tua-  
t i o n s ,  some a n a l y s i s  of  internal no i se s  i n  atomic c locks  w i l l  be given,  and 
some t h e o r e t i c a l  Markov models of  atomic c locks  w i l l  be deduced. Then some 
a n a l y t i c a l  procedures of  spec t - ra l  approximati on and model i d e n t i f i c a t i o n  
w i l l  be proposed. One can ob ta in  t h e  corresponding ARIMA models by the  ne- 
thod of  2-transformation. 

IT. METHOD FOR OPTIMAL RECIJRSIVE ESTIMATION OF NON-STATIONARY TIPE SF:RIES 
REPRESENTED BY DETEIEMINISTIC POLYNOMIAL EODELS 

2.1 Problem Statement 

I n  time and frequency metrology one o f t en  encounters  problems where op- 
t i m a l  e s t ima to r s  must be determined, which reproduce o r  transform random 
signals carrying u s e f u l  information cons ti t u t i n g  non-s t a t i o n a r y  random pro- 
cesses .  I n  t h i s  paragraph one w i l l  d i s cuss  t h e  methods fox  determining op- 
t i m a l  e s t ima to r s  i n  t he  case  where bes ides  a s t x t i o n a r y  random process  the 
i n p u t  d a t a  con ta in  a mathematical expec ta t ion  which can be represented  i n  
the form of  a polynomial of f i n i t e  o rde r  with r e s p e c t  t o  time. 

When an optimal es t ima to r  i s  determined where t h e  non-stationary p a r t  
o f  t he  s i g n a l  i s  p r e s e n t ,  a more complica.ted problem must be solved f o r  t he  
cond i t i ona l  minimum of t h e  e s t ima t ion  e r r o r .  Addit ional  cond i t i ons  arise 
from the f a c t  t h a t  the mathematical expec ta t ion  o f  t h e  s i g n a l  v u s t  be e s t i -  
mated with a g iven  accuracy. A t  the  same t ime, i t  i s  necessary t o  s a t i s f y  
t h e  cond i t i on  of "exponent ia l ly  f ad ing  memory" of the  e s t ima to r ,  which re- 



duces  t o  t h e  c o n d i t i o n  t h a t  t he  s i g n a l  a t  t h e  o11CpuC of  t h e  e s t i m a t o r  must 
be formed from t h e  observed values o f  the i n p u t  s ignal  w i t h  an e x p o ~ l e n t i a l  
weight ing.  

I n  t h e  s o l u t i o n  of  the above mentioned problem, t h e  c l a s s i c a l  Wiener 
f i l t e r i n g  t h e o r y  i s  n o t  appl i  c a l l @  for two reasons :  ( 1 )  i t  assumes t h a t  t h e  
i n p u t  signals a r e  s t a t i o n a r y  random p r o c e s s e s  with zpro rnathernatjcal expec- 
t a t i o n s ,  ( 2 )  i t  assumes that t h e  o u t p u t  s i g n a l  i s  formed i'rom a n  i n p u t  s ig-  
n a l  observed over the semi- inf i  n i  t e  t ime i r i t e r v a l  w i t h o u t  we igh t ing .  Some 
a u t h o r s  have solved t h e  f i ?  t e s i  ng problem f o r  nnn-s tat . ioriary polyx~arr~i a1 in-  
puts with  f i n i t e  o b s e r v a t j o n  time. 5 u t  t h e  opzjrnal f i l t e r s  r e s u l  t i n y  from 
their methods are d i f f i  c111 t tc r e a l i  zc i n  appli c a t i o n s .  [I 51 

I n  t h i s  paragraph t h e  main a t t e n t i o n  i s  focussed on t h e  solution o f  t h e  
problem o f  syn t ,hes i s  of  op t imal  d i g i t a l  e s  t in la to r s  for polynomial mode l s  
with e x p o n e n t i a l  we igh t ing  o f  d a t a .  Piis approack~ has n o t  t e e n  considered 
u n t i l  very r e c e n t l y .  Flxt i t  can y i e l d  some i m p o r t a n t  results for p r a c t i c a l  
x p p l i c a t i  ons  . 
2.2 Opt imiza t ion  wi th  klxponcntial WeigkiCj ng 

One assumes  t h a t  the time s e r i e s  data n f  rr edsurements i s  r ~ p r e s e n t d  
by y ( i ~ ) = g ( i l ) + n ( i ~ )  and g ( i l l ) =  ff; gj (il')' (;.I) 
where g(i'I1) i s  t h e  d ~ t c m i i n i s t i c  polynomial c n r ~ ~ ~ a r i e n t ,  n( i7 ' )  i s t h e  sta- 
t i o n a r y  random component w i t h  a u t o c o r r ~ l a t i o x i  f u n c t i o n  ~ n ( 1 ~ ' )  and power 
spec t ra l  d e n s i t y  S , ( z ) .  The o u t p u t  o f  t h e  ~ s t i m a t o r  is d e s i g n a t e d  hy x ( i  T ) ,  
and the d e s i r e d  o u t p u t  t ~ y  xd ( i ~ ) .  T ~ P  inpulse response  o f  t h e  rpal eetima- 
t o r  i s  k ( i l ) ,  and t,he impulse resporlse of' t h e  j i lca l  e s t i m a t o r  i s  h ( i r l ) .  
There fore  one can o b t a i n  

x, (lrl)=T g h(iT)g( lT-i 'P)  
i=+ 

(2.2) 

x(~T)=T 5 1=0 k(i~)[~(l~-i~)+n(l~-ill)] (2.7) 

The e r r o r  of e s t i m a t i o n  i s  E ( l l ' )=x4  (111)-x(l T)= $(IT)+ E , ( ~ T )  (2.4) 
where C, (IT).? t g ( l l l - i ~ ) h ( i l ' ) - ~  e ( l ~ - i f l ' ) k  ( i ~ )  

i=-00 i = O  
( 2  -4.1 

€,,(IT)=-T & n(l7'-i ~ ) k ( i T )  
+=O 

The variance of random e r r o r  o f  t h e  est imat, i .on i s  
CQ 

C=T k ( i ,  T)T I= R,, (il 1'-i. l ' ) k ( i , ~ )  
i , = O  %*-a 

( 2 . 5 )  

One can de te rmine  t h e  op t ima l  impulse  response  filnc t i o n  k ( i l l )  by t h e  varia- 
t i o n a l  calculus w i t h  Lagrange m u l t i p l i e r s .  The rriinirnum o f  t h e  f o l l o w i n g  ex- 
press ion  w i l l  be determined.  

?he decomposi t ion o f  g(l'i'-i, T )  t o  the  T a y l o r  s e r i e s  g ives  
( i ,  T)' 

g(1~-i, ~ ) = ~ ( l l ' ) - i ,  'I g' (IT)+ 2! i2)(11)+. . - * ( - I )  ( i l  ~r z)(ly) 
r! ( .- 7 ) 

m L13 

Thus one can a h t a i n  ~ { k ) = ~ ~ k ( i ,  T ) ( T ~ F ~ ,  (i, T-i,~)k(i, T)-[2p,+ip, (i, T)+ 
t,=o LZ=O 

1 
+2p, (i, T) + - - - +2pr ( i ,  TY] exp(-ai ,  T))+PT ~ ( l ~ - i ,  i) h ( i ,  'I1)exp(-ail 1.) 

i l = O  

(- ( 2 4  
where 2p, = p g ( i ) ( l ~ )  f o r i = ~ : , 1 , 2 , . . - , r  i! 



By t h e  r u l e s  of t he  ca l cu lus  of v a r i a t i o n s ,  t h e  optimal impulse response 
k ( i T ) ,  t ransforming the  express ion  ~ { k )  i n t o  a minimum, i s  determined from 

a 
~ { k +  A k)l., =O (2.9) 

where a i s  a n  a r b i t r a r y  number. This  formula i s  a necessary and s u f f i c i e n t  
cond i t i on  f o r  obtaining the minimum of ~ ( k )  . I n  t h i s  way, s u b s t i t u t i n g  
k ( i ~ ) + ~ k ( i T )  f o r  k ( i ~ )  i n  ( 2 . 6 ) ,  one ob ta ins  J{~+A~)=J{~)+~AE,+~E~ (2.10) 

m 

q = T  k ( i ,  T)T= k ( i ,  T)R.(~,  T-i, T) 
tr=O tr=O 

(2.10a) 
QP 

E , = T F  k ( i ,  T) ~ - i ~ l ~ ) - [ ~ , + p ,  i, T+pl (i, T). +-..+p,(il  ~ ) r ) e x ~ ( - a i , ~  
\ ,PO (2.10b 

Thus one f i n d s  t h a t  t h e  cond i t i on  f o r  the minimum of ~ { k )  i s  determined by' 
E l =  0 ,  o r  equ iva l en t ly ,  by the  fo l lowing  equat ion  : 

2.) S o l u t i o n  of the  Equation f o r  t h e  Optimal Impulse Response of  t he  
D i g i t a l  Estimator 

Gne w i l l  now so lve  the equat ion  (2.1 l ) ,  which determines t h e  impulse 
response of a n  optimal es t imator .  I f  the  noise  n ( i ~ )  i s  a s t a t i s t i c a l l y  in -  
dependent time s e r i e s ,  then the c o r r e l a t i o n  func t ion  of  n( iT)  can be expres- 
sed by R ~ ( ~ ? ' ) = R ~ ~ & ( I T )  (2.12) 
where g( iT)  i s  the honecker  func t ion  def ined  by t h e  following condit ions:  

b(iT)= 1 fox i=0 , and 6 (i~)= 0 f o ~  if 0 (2.12a) 
I n  t h i s  case  one can o b t a i n  
k(iT)=[& +A, IT+A,(~T)' +-  - - +  A r  (iT)*] e x p ( - a i ~ )  (2.13) 
where A, =R:,, p, , Al =R:, p, , A = p , . , A, =R& p, (2.1 3a) 
By performing the  Z-transformation one can f i n d  the  t r a n s f e r  func t ion  

I n  t h i s  formula A, ,AI  ,A2 ,- - - ,Ar are t h e  cons t an t s  t o  be determined. 
I f  the no i se  n ( i ~ )  i s  a s t a t i s t i c a l l y  c o r r e l a t e d  time s e r i e s ,  t he  so- 

l u t i o n  of equat ion (2.11) i s  more complicated. One supposes that the spec- 
tral d e n s i t y  f u n c t i o n  of the noise n ( i ~ )  can be represented  by 

-Kt1 
a,zK+a,,, zk- '+-* .+a ,z+a ,+a ,  z-I +-.-+a,-,z +akz-K 

=&zm+&-, zm-l+. . . +b, z+bo+b, z- l  +...+b,-, z*+l+b, z-m 
( 2 * 1 5 )  

@,+el z+e,zZ+-- * +e, zK 

One supposes t h a t  t he  funct i .on N ( Z )  has  n e i t h e r  zero nor pole  o u t s i d e  the  
u n i t  cycle i n  the Z plane. I n  t h i s  case ,  i t  can be demonstrated that  the  
s o l u t i o n  o f  equat ion  (2.11) i s  the  fo l lowing  : 

~ ( I T ) = [ A . + A ,  ~ T + A , ( ~ T ) '  +.. +Ap (i~)'] exp(-aiT)+I3, d + ~ , d : + * * *  +B, c& (2.16) 
In this formula A. ,AI  ,-- - ,AI ,B, , B , , - -  - , B ~ K  are  the  cons t an t s  t o  be de ter -  
mined, and dl ,d, , . - - , dw are the r o o t s  of  the equat ion 

K A(z)=~~z +a, z" + -  - - +a, z+a,+a, z"+* - .  +a,, z4'+aK zrK =O (2 .17)  
By performing the  Z-transformation one can f i n d  the  t r a n s f e r  f u r ~ c t i o n  

The optimal e s t ima to r  must s a t i s f y  the  fo l lowing  a d d i t i o n a l  
( 2 . 1 8 )  



condition: E~(~T)=T~~~~(~T-~T)~(~T)-T$ g ( l ~ - ~ ~ ) k ( i ~ ) =  0 (2.19) 
S u b s t i t u t i n g  the formula (2.7)  i n t o  tgfs condj.t ion one can ob ta in  

Y 

5 ( i ~ ) = Z , - m 3  I=0 = 0 ( 2 . 2 0 )  

where dl=T f (iTY h(i~), rn* = T g  ( i ~ ) ' k , ( i T )  (2.20a) 
Therefore o&%ust satisfy the  fo1,lowing ( r + l  ) conditions: 

m~ =dl or T S ( i ' l ' ) '  t=o k ( i ~ ) = T e ( i T ) ' h ( i T )  ¶.= -[D f o r  1=0 ,1 ,2 , - .  . ,r (2.21 ) 

In the case of p r e d i c t i o n  for a time i n t e r v a l  t,=l,T,one can ob ta in  
m II h(iT)=Q(iT+lOT)* Thus dg=T&(i!Py 6 ( i 1 1 + ~  T)=(-~ .T)  f o r  1=0,1,2 ,*  - .  ,r 

Therefore the (r+l) c o n d i t i o n s  a r e  the  following: 
OD e 

r n , = ~ ~ ( i ~ ) % k ( i ~ ) = ( - l . T )  L= o f o r 1 = 0 , 1 , ~ , . - - , r  (2. ~ 2 )  
rn 

In the  case o f  f i l t e r i n g  one can ob ta in  h ( i ~ ) = J ( i T ' ) ,  d p = T ' ~ ( i f f  b ( i ~ )  
Therefore the  (r+l) conditions a r e  t h e  following: 

I=-w 

rn,=l, %=O f o r  1=1,2,.-• ,s (2.23) 
I n  t h e  case of estimation of t he  first d e r i v a t i v e  one can o h t a i n  t h e  fo l -  
lowing ( r+ l  ) conditions: m o d ,  m, =-I ,  and mR=O f o r  l=2,3, + .  - ,r (2 024) 
I n  the case of e s t ima t ion  of t he  second d e r i v a t i v e  one can o b t a i n  t h e  fo l -  
lowing ( r + l )  condi t ions:  rn,=O, m, =O, rn,=2, and mn=C f o r  1=3,4,* - .  ,r  (2 .25)  

2.4 Synthesis of Some D i g i t a l  Recursive Es t imators  

Using the  general method, presented in the sections 1.2 and 2.3,  one can 
syn thes i ze  some d i g i t a l  recursive e s t ima to r s  ( F r e d i c t o r s , f i l t e r s  and d i f f e -  
r e n t i a t o r s ) .  The r e s u l t s  o f  synthesis are presented in the fo l lowing  t a b l e  , 
where the  s imp l i f i ed  no t a t i o n  @=exp(-aT) i s  used throughout. . 

Estimator Signal Noise Transfer  func t ion  
type g( i T) Hn ( i ~ )  '4 2) 

filter 43 o % , s ( i ~ )  z(  1-0) 
z -e 

R , & ( ~ T )  
1-8') z+2ea -28 

f i l t e r  g,+g, ill z (  ( z-@)a 

d i  f f eren- 
R n o V  i ~ )  

(2-1 ) ( I -@)= 
g,+g, iT z t i a t o r ( 1 )  T ( 2 - 8 ) l  

filter f%Q+$liT + 
R,F(~T) B 

(I-e3 ) ~ * - j e ( i - e ~ ) ~ + j e ~ ( ~ - e )  
g 2 ( i ~ ) 2  (z- 013 

dif f eren- 
tiator(2) 

R ~ X ( ~ T )  
g z ( i ~  

differen- g,+g, i T  + 2 (z-1)[1 .5(1+8)~-0.5(58+1)] 
g 4 ( i ~ ) a  R ~ Z (  i T)  

z ( 1 4) 
tiator(1) T (z-el3 
p r e d i c t o r  g,+g, iT ~,,b( i ~ )  ( 1 - e ~ ) ( 1 + ~ ~ ) ~ - 2 8 ( 1 - 0 )  [I+g(l-e] 
f o x  t o = l , T  z 

( z - 0 ) '  



TI1 METHODS FGEI OFTSKAL HE:CliRSIVE ESTlNATION OF NON-S'I'ATIONARY TTNE; SERIES 
RE:FRE:SFh'TEI) BY STOCHASTIC YODELS WITIi Sr?ATTONARY INCREMENTS 

3.1 Problem Statement 

The random v a r i a t i o n s  o f  frequency and phase of o s c i l l a t o r s  and atomic 
c locks  a r e  non-stat ionary processes.  I n  t h j s  paragraph one will develop the  
methods f o r  optimal r e c u r s i v e  e s t ima t ion  of nnn-stat ionary time s e r i e s  with 
s t a t i o n a r y  increments,  represented  Try the  A R I M A  models o r  the Farkov models. 
If the  f reg~iency  f l u c t u a t i o n s  of atomic c locks  are s t a t i o n a r y  and the  fre- 
quency d r i f t  i s  n e ~ l  i g i h l e ,  one must cons ider  the phase  ( t ime) f l u c t u a t i o n s  
o f  atomic c locks  as non-stat ionary processes  with the  s t a t i o n a r y  increments 
of f i rst  order .  If t h e  frequency f l u c t ~ ~ a t i o n s  of  atomic clocks are s t a t i o n a -  
r y ,  and t h e  frequency d r i f t  has a constant  v:ilue and i s  not n e g l i g i b l e ,  one 
must cons ider  t he  phase ( t ime)  f l u c t u a t i o n s  of atomic c locks  as ncn-stntiona- 
r y  precesses with the  s 'a t ionary inc r .~men t s  of second order .  This  s t o c h a s t i c  
apprnzch i s more complicated than the ( l e t ~ s m i n i s t i c  approach presented i n  
t he  previous paragraph, because the s t a t i s t i c s  of  random rrocesses must be 
taken i n t o  account ,  I n  o rde r  t o  s y n t , h e s i z , e  t h ~  optimal e s t ima to r s  one must 
have the  knowledge of t he  s igna l  and noise  s t a t i s t i c s .  But from the view- 
p a i n t  of  the  phys ica l  phenomena i n  the  o s c i l l a t o r s  and atomic c locks ,  t h e  
stochas ti c approach i s more reasonable.  

I n  the s o l u t i o n  o f  the  above mentioned problem, the  c l a s s i c a l  Wiener 
f i l t ~ r i n g  theory i s  not  d i r e c t l y  a p p l i c a b l e ,  because i t  assumes t h a t  t h e  
s i g n a l  and She noise  are s t a t i o n a r y  random processes .  One w i l l  r e so lve  t he  
problem of s y n t h e s i s  of d i g i t a l  e s t ima to r s  by the  method of v a r i a t i o n a l  cal-  
culus. This i s  a modi f ica t ion  and ex tens ion  o f  the  Wiener's method t o  t he  
op t imiza t ion  problem f o r  the non-stat ionary sampled random s i g n a l s  with sta- 
t i o n a r y  increments,  By t h i s  method one can determine the  transfer funct ions  
of  optimal r e c u r s i v e  d i g i t a l  e s t ima to r s .  One can also deduce the  a lgor i thms 
f o r  t h e  r e a l i z a t i o n  of  t hese  d i g i t a l  es t imators .  I n  s e c t i o n  5.2 w i l l  be pre- 
sented the d i r e c t  method of optimal s y n t h e s i s  o f  d i g i t a l  e s t ima to r s ,  I n  some 
cases ,  one can a l t e r n a t i v e l y  use  the  i n d i r e c t  method of  syn thes i s .  That i s  
t o  say t h a t  one w i l l  s yn thes i ze  the  optimal continuous e s t ima to r s  a t  f i r s t .  
And then one can ob ta in  t h e  corresponding d i g i t a l  e s t ima to r s  by the  t rans-  
formation methods. The i n d i r e c t  method f o r  s y n t h e s i s  of digital es t ima to r s  
w i l l  be presented i n  s e c t i o n  3.3. I n  s e c t i o n  9,4 w i l l  be presented the  me- 
thod f o r  optimal syn thes i s  of d i g i t a l  e s t ima to r s  f o r  Markov models. For the  
non-stationary time s e r i e s  with s t a t i o n a r y  increments and f o r  the  case of 
s teady-s ta te  opt imiza t ion ,  u s ing  the  genera l  theory of Kalman f i l t e r i n g ,  
one can o b t a i n  the  t trne-invariant d i g i t a l  f i l t e r s .  And the t r a n s f e r  func- 
tions of t hese  d i g i t a l  r e c u r s i v e  f i l t e r s  can be deduced. 

3.2 D i r e c t  Method f o r  Optimal Synthes is  o f  D i g i t a l  Est imators  

3.2.1 General Method f o r  Optimal S y n t h e s i ~  of D i g i t a l  Est imators  

One assumes t h a t  t h e  time series i s  represented  by y(i~)=u(i~)+n(i?') 
where T i s  the  sampling per iod ,  u ( i ~ )  i s  a non-stationary s i g n a l  with sta- 
t i o n a r y  increment of m-th o rde r ,  n ( i ~ )  is a s t a t i , ona ry  noise. One can re- 
p re sen t  t he  problem of optimal e s t ima t ion  by the  fol lowing diagram. 



Fig. 3,1 

where w ( ~ T )  is t h e  impu2ee r o s o f i s r  fir a ~ v a i  es t i - la tcr ,  which is a linear 
constant system,  I ( ~ T )  i s  the ; i ' ~ . i l ~ ~  r.eeyor.se -?f t h ~  ideal estimator. One 
wishes t o  minimize the  mean-square crror 
s,* =E[ef. ( i  T)] = E [y: ( i ~ ' ) - 2 ~ ,  ( i ~ ) ~ ( i ~ ' ) + ~  ( i ~ ' ) ]  ( 3 - 2 0 1 )  
By performing the Z-transformat ion one can o h t a i n  

Because u( i17)  i s  a n o n - s t a t i o n a r y  s i g n a l  with s t a t i o r~a ry  increment o f  m-th 
order, one ob ta ins  U ( Z ) z  &- ( 3 - 2 - 3 )  
where D(Z is a stat,ionar.y L i r n e  series. Thus one can obtain 

& k ( z ) - ~ ( z ) i  -W:~)N(.J E(z)=  q M Z -  (392 .4 )  
If one a s s u m e s  no c o r r e l a t i o n  between signal and noise. then - 
Sdn (z)= 0, Snd (z)= 0.  The expected value of  L(z)E(z-' becomes 

€[E(Z)E(Z-I )b s,, - z (a)=*[~(z)-~(z)] 1 - z [I(&)-~(i')] + W ( ~ ) W ( ~ ' ) S . , ,  (z) 
(3.2.5) 

This expression gives t h e  spetral d e n s i t y  of t h e  e r r o r  i n  terms of  the spec- 
tral d e n s i t y  o f  the d e r i v a t i v e  of the signal and the spectral density of  the 
noise. One uses t h e  formula nf i n v e r s i o n  t o  obtain the mean-square error as 

S,, (z)z- '  dz  (392.6) 

One will derive the eqtlat,ior, f o r  t h ~  b e s t  'd(z), which minimizes the mean- 
square error 6,' . By us ing  t;hs following short r io ta t ions  
w(z)=w+, W ( E - I  )=w..) I(Z)=I+~ ~(z*' )=I- (3-2.7) 
one obtains m 

b;=&f 
( 2 )  ( I - z 4  jm(i-Z) (L -x+ ) (i--w- )+s,,,(~)w, W-} it d~ 

171. - 4 .  

By the ru les  of v a r i a t i  u n a l  calculus, t o  deterniine the m i n i m u m  of 682 one must 
gfve a variation d l ( % )  tcr the transfer fur~ctinrn w(z) and f i n d  the  quant i ty  
~ ' { W + & I ) .  In th i s  case the optimal transfer function is determined from 

a x6b{~+41i lb ,  =O. Tn t h i s  way one can o b t a i n  6:{w+nl}= 

Lf fi* (I+ -w+ -Al+ )(I-. -h- - b ~ .  )+s,,~ ( a )  (w, +*I+) (K +nl.)} z-I dz 
2 ~ j  ,,,, (3.2.9) 

daywtay}( an e = { - - - -  kI+-i+ ) (-1- )+ y+) (I--% 1 + 
I 3 4  251.j (zl=l ( I - z - ' y  ( 1-z? 

+ s,, (z)(w,rl- tbLq*)j z-' fir, = o ( 3 . 2 . 1 0 )  
T h i s  may be w r i t t e n  as the sum o f  two  integrals : 

yisAd ( 2 )  (1-z-I )* (I-zym (k -I-* )+snn ( z ) k ]  zA' cix = 0 
251 J lxlrl 

(3.2.11) 

I f ,  i n  the second i n t e g r a l ,  one makes the change of variable 2-3 



and uses the  evenness property of Sdl  ( z )  and S,, ( 2 )  , one can show t h a t  the  
two i n t e g r a l s  are i d e n t i c a l .  Thus one ob ta ins  

~ o w ' b n e  def ines  the s p e c t r a l  f a c t o r i z a t i o n  as fol lowing 
Sdd (~)(l-Z" )-"' (A-z)-" +Snn (z)= A ( z )  A(2-l  ) (392.19) 
and r equ i re s  t h a t  ~ ( z )  has poles  and zeros i n s i d e  the  u n i t  c i rc le  only,  and 
t h a t  A(z-I ) has  poles  and zeros ou t s ide  the  u n i t  c i rc le  only. 

Using the no ta t ion  r(%)=Sdd (z)(l-z-I Trn (1-z)l" ~ ( z )  (5.2.14) 

one  obtain^ M,*,s, ( - I  A z [WE) A ( 1 -  1 -  d u  0 (3.2975) 

Ekpanding the term F ( Z ) / A  (2-I ) in p a r t i a l  f rac t ions ,  one obtains 

[*I+ "h [*I - (3.2.16) 

where [s] has the poles inside t he  u n i t  c i r c l e ,  
t 

and has 
A Z - I  - - 

t he  poles  outxide the unit ci rc le .  - 

T&-$~=, l ( z - '  )A(z-' ) ~ ( z ) ~ ( z ) - [ ~ ~ - [ ~ ~ ] z - '  A 2'' A zq dz=O (3.2.17) 

Note t h a t  \(z-' )A(%+') [ r ( z ) / ~ ( z - l  )I has the  poles outside the  u n i t  c i rc le  -- - 

only, then one ob ta ins  
(7.2.18) 

Thus t h e  requirement of r e a l i e a b i l i t y  o f  the  optimal es t imator  becomes 

from which one obtains 

3.2.2.  Synthesis of some digital recursive es t imators  

Using the general  method, presented i n  the  s e c t i o n  3.2.1 , one can syn- 
t hes i ze  some d i g i t a l  r ecu r s ive  es t imators  f o r  the  non-stationary time se- 
r ies  with s t a t i o n a r y  increments of m-th order.  The r e s u l t s  of syn thes i s  of 
the  d i g i t a l  recurs ive  es t imators  can be represented i n  the  following t ab le .  

Transfer function Parameters ARTYLA 
snn(z) '('1 '4 2 )  values  ( P W  

dZ 
cz 1 

1 -r, 
Z- rl 

= 
(010) 1 -  ( ,,% ) 

da  (2-rl -ra ) z+r, ra -1 y, =2+ jd/c,  
(1-z')Yl-zy c' 1 ( %-??I ) ( Z-GI ya =2- jd/c, 

(020) 

r, -0,  :yl -J- - 
T r, =0.5~, - /0 .25~ ; - i (~ '~ )  

d l  1 - z  ( 5  ( 1  I - ( 1 )  r r and rr are  
(1-z-I)yl-zy c2 T' T ' (2-r, ) (2-r,)(z-r3) t he  rnot,s of equa 

d2 
t i o n  , 

1-2-' (2-1 )(z+G) (1-r,) (1-r,) (1-rJ - (2-1) --z =o 
c1 - da 3 

(1-zl)yl-zy T ( 1 + ( I - 3 1 ins ide  tge unit 
d2 1 



3.3 I n d i r e c t  Method f o r  Optimal Synthes is  of D i g i t a l  Es t imators  

I n  some cases ,  t h e  syn thes i s  of optimal d i g i t a l  e s t ima to r s  i s  more d i f f i -  
c u l t  than  t h e  s y n t h e s i s  of corresponding opt imal  continuous e s t ima to r s ,  be- 
cause t h e  a l g e b r a i c  procedure of s p e c t r a l  f a c t o r i z a t i o n  is more cumbersome. 
One can a l t e r n a t i v e l y  use t h e  i n d i r e c t  method of optimal syn thes i s .  A t  f i r s t  
one will syn thes i ze  optimal continuous e s t ima to r s .  Then one can ob ta in  t h e  
corresponding d i g i t a l  e s t ima to r s  by t ransformat ion  methods. 

3.3.1 General Method f o r  Optimal Synthes is  of Continuous Es t imators  

One d e f i n e s  u ( t )  as the  s i g n a l  and n ( t )  as the  a d d i t i v e  noise.  One can 
r e p r e s e n t  t h e  problem of optimal e s t ima t ion  by the  fnl lowing diagram. 
~ ( t )  i s  the  impulse response o f  a 
r e a l  e s t ima to r ,  ~ ( t )  i s  t h e  impulse 
response of a n  i d e a l  es t imator .  The 
c r i t e r i o n  of op t imiza t ion  is  t h e  YI  \ L J  

mean-square e r ro r  6: =E[eZ ( t ) ]  Fig. 3.2 
By performing the  Laplace t razs format ion  one can ob ta in  

E(~)=u(s) [I (s)-w(s)]-k(s)h~(s) ( 3 J - 7 )  
Because u ( t )  i s  a non-stat ionary s i g n a l  with a s t a t i o n a r y  increment of m-th 
o rde r ,  one ob ta ins  u(s)=D(s)/s" , where ~ ( s )  i s  a s t a t i o n a r y  signal. One 
assumes  that the spectral d e n s i t i e s  Sdn (S)=S,~ (s)=0, then  the  expected 
va lue  of  E (~)E( - s )  i s  

44 * 
E[E(s)E(-s)] =See (s)= M~(B)-w(~)] [I(-~)-w(-s)] +w(~)w( -~ ) s . .  (8) (3 .3 -2 )  

\ ,  

The mean-square error i s  - L s j w  6t-zn . j  -jm see ( s ) d s  ( ~ 5 3 )  
By the  rules of v a r i a t i o n a l  ca lcu ius-  one can o b t a i n  

Now -one de f ines  s p e c t r a l  f a c t o r i z a t i o n  as the  fol lowing 

and r e q k r e s  t h a t  A (8) has  poles  and zeros i n s i d e  the  l e f t  h a l f - p l a n e ( ~ ~ l ~ )  
only,  and A(-s) has po le s  and zeros i n s i d e  t h e  r i g h t  half-plane (RHP) only. 

men One obtains l j p  I ( - ~ ) ~ ( - ~ )  [ w ( ~ )  (s)-%] ds= 0 
2T j  -jco -S (3-3.6) 

where r (s)=Sdd ( s ) @  (-s)*I(s). Ekpanding the  term r ( s ) /  A (-3) i n  p a r t i a l  
f r a c t i o n s ,  one ob ta ins  

(7.3.7) 
where [f ( s ) /  A(-e)], only,  and [ ~ ( s ) / A  (+)I_ 
has the  poles  i n s i d e  the  RHP only. Noting t h a t  

l~'" I(-.) A (-s) [r(s)/  b (-s)]-ds = 0 
2lrj -j, (3-308) 

one can o b t a i n  t h e  t r a n s f e r  func t ion  of optimal continuous e s t ima to r  

(3.3.9) 

3.3.2 ~ ~ n t h e s i s  of  Some Optimal Continuous Est imators  

Using the  genera l  method, presented i n  t he  s e c t i o n  3.3.1, one can syn- 
thesize some optimal continuous e s t ima to r s  ( p r e d i c t o r s ,  f i l t e r s  and d i f f e -  
r e n t i a t o r s ) ,  The r e s u l t s  of s y n t h e s i s  are presented i n  t he  fol lowing t ah l e .  





d i g i t a l  estimator, one can perform the Z-transformation of these equations. 
one obtains X ( Z ) = ( Z I -  )-' r ZU(Z) 

Y(Z)=C x(z)+ D u ( z ) = [ c ( z I - + ) - I  r z+D]u(z) 
Therefore the t ransfe r  function of the d i g i t a l  estimator i s  

One w i l l  i l l u s t r a t e  t h i s  method by two simple examples. 
(1) The continuous estimator i a  1 

w(s)=*+j = Tcs + 1 (3*3*15) 
1 1 

Thus i(t)=--x(t)+-~(t) , Y ( t ) = ~ ( t ) .  
Tc Tc 

One obtains F=-~/Tc , G=~/T= , @=exp(liT)=exp(-T/TC ) , 
~ = l - e x ~ ( - ~ / ~ t  ) , C=1, D=O. The t ransfer  function of the d i g i t a l  estimator 

is W ( E ) S  C(ZI-+ 5 + D s z ( 3 . 5 0 7 6 1  

(*) me (3-3.17) 

One obtains the s t a t e  equations k( t ]=  F ~ ( t { +  G ~ ( t ]  
~ ( t  = C X(t + D ~ ( t  (3.3.18) 

1 
where x ( t ) = [ ~ ' ( ~ ] ]  x ~ t  , F=[!~. 1 ,  ] I C(I  J T T ~ ) ,  LO 

The s t a t e  equations f o r  d i g i t a l  estimator a r e  
XK+( =+ xlc+ r UK+I 
Yr =C XK+D UK (3-3-1 9) 

where +s ind  ) OT, e" s i n 4  
e-* s i n  d eUd (cosd  -s ind ) 1 

D=O, U.=ux, L=yw ~ = T / ( ~ ~ T T I )  

The - t ransfe r  function of the d i g i t a l  estimator f s - 
[l+e-d (sillol-cosd )] ~ + e " ~ - e - ~  ( s i n  d +cosd ) w(z)=c(zI-(P)-' T z+ D= z zl- 22e6 cosd + e-%* (3.3.20) 

Using t h i s  method, one can resolve more complicated problems. 

3.4 Optimal Synthesis of Digital  Estimators f o r  Markov Models 

For the  optimal estimation of non-stationary time se r i e s ,  represented 
by Markov modela, one can use the  Kalman f i l t e r i n g  theory. I n  general, one 
obtains d i g i t a l  estimators with time-varying parameters, which are d i f f i -  
c u l t  t o  r ea l i ze  i n  applications.  For the cases of non-stationary time s e r i e s  
with s ta t ionary increments, and f o r  the cases of steady-state optimization, 
one can obtain d i g i t a l  estimators with time-invariant parameters, which a r e  
eeLeJy t o  r ea l i ze  i n  applications. One w i l l  a t  f i r s t  summarize the  basic re- 
s u l t s  of Kalman f i l t e r i n g  theory, and then develop some aspects of applica- 
t i o n  t o  the  estimation problems of no-stationary time s e r i e s  with s ta t ion-  
ary increments. 

3.4.1 Basic Formulas of Optimal F i l t e r i ng  f o r  the Case of White Noise [17] 

One supposes t ha t  the  s t a t e  equations of the model a r e  the following 
xKs+fi,, &I + r ~ W ~  
Y H, Xu + VK (3-4-1)  

where WK and VK a r e  zero mean white noises, so t h a t  EWk=O, EXK =O, 
COV(W,,W~)= ~ ~ 6 . )  , C O V ( V ~ , V ~ ) -  RK6q , C O V ( W ~ , V ~  )= 0. 



C 

Then the  l i n e a r  optimal es t imat ion  XK f o r  the  time s e r i e s  XK can be deter-  
mined by the  following recursive formula : 

A A A 

XI(= #K,K-I Xk-1 + Klc (YK'HI($M,K-I X K - l  ) (3 ,402)  

The ga in  matr ix i s  Kr =PI+, HZ (H. pKk+ H;+ Rx (3 .403)  
The a p r i o r i  variance is P K , ~ + = $ ~ , ~ ~ P ~ - \ ~ ~ ~ ~ + ~ ~ ~ Q ~ ~ ~  ( 5 4 . 4 )  

The p o s t e r i o r  variance is  P, =(I-K,S3,)Pn/,, (I-& H~ )f + K ~  R ~ K :  
A 

( 5 4 - 5 )  
rV 

The es t imat ion  e r r o r  i s  YKl,-, = Y ~ - H K  %K-I XK-I (3.446) 
I n  general, the  matr ices  q d ,  ~4 , TK , HK , Qr , RK , KK , PK/K-1 and PK depend on k, 
so  t h a t  one ob ta ins  time-varying es t imators ,  But f a r  non-stationary time 
series with s t a t i o n a r y  increments,  one can have the  matr ices  $ , f ,  H ,  Q and 
R, which a r e  independent of k. For ease of implementation, one w i l l  focus 
t he  main a t t e n t i o n  on the  opt imiza t ion  f o r  the  steady s t a t e ,  but  not  f o r  
the t r a n s i e n t  state. I n  this case ,  one can obtain t h e  matr ices  X, and P ,  
which are independent of k. Therefore, one can ob ta in  suboptimal es t imators  
with t ime-invariant parameters,  expressed by the  fol lowing equations : 
x ~ ~ = $ x , - ~  + r w ,  , Y~=HXK+VK (3e4 .14  

EWK=O, EXK=O, C O V ( W ~  ,w~)=Q 6b-r 9 C O V ( V ~  ,Vi ) = R ~ ~ + K ,  COV(WK ,Vj  )=o 
A A A 

The es t imator  equation i s  xK=9 XWI +K(Y, -H$ XK-I ) (3.4028) 

The gain matrix i s  K=$ gr (H$ ELr +RY' (3 .4 .34  

The a p r i o r i  var iance  i s  d =* P$' + T Q r' (3.4044 

The p o s t e r i o r  var iance  i s  P=(I-KH)P* ( I -KH)~  +KRK= (304.54 
YU n 

The es t imat ion  e r r o r  i s  YKIK-I =YK- H$ XK-I (3.4.6a) 
By performing the 2-transformation, one can determine t r a n s f e r  funct ions  of 
the  time-invariant es t imators .  One ob ta ins  

x(z)=(zI-  q)-I r Z W ( Z ) ,  Y(Z)=H(ZI -+ ) - I  r ZW(Z)+V(Z) 
A 

(3.4.7) 

( ) ( I -  I Kz?(z) ? ( Z ) = H @  i'?(z)s~@ (ZI-9 )"'K[Y(z)-Y(z)] (3.408) 
Thus the  t r a n s f e r  funct ion  o f  the  d i g i t a l  es t imator  i s  

A ( z ) = F ( z )  [Y(z)]-'=[I+H+ (ZI- +~'K]-'H+ (ZI-+)'K (3.4.9)  
The open loop t r a n s f e r  funct ion  of  the d i g i t a l  f i l t e r  i s  

B(E)= H@(ZI -  ~)'IK;. f (z)/?(z) (7+4*10) 

3.4.2 Method f o r  Solu t ion  of  Optimal F i l t e r i n g  Problems f o r  t h e  Case 
of Coloured Pe r tu rba t i an  

According t o  the d e f i n i t i o n ,  the  ARIMA(~ ,n,q) time series corresponds 
t o  a continuous process,  expressed by the  fol lowing s t a t e  variables equa- 
t i o n s  : x(t{= F ~ ( t )  + G ~ ( t )  

~ ( t  = H ~ ( t )  + ~ ( t )  
(394.11) 

where 0 1 0 - a  0' ' 0 %  

G= 
0 

. . * . * .  0 &(A 0 0 . - - 0 )  

0 0 O m . 1  
0 0 0 . - o , ,  r 1 1 ,  , X d t ) ,  9 

~ ( t )  i s  a coloured per tu rba t ion ,  ~ ( t )  i s  a white noise: One suppose. that 



L(s)&(s)w(s) ,  where M(s)=N(s)/D(s), ~ ( t )  i s  a white per turbat ion .  I f  a l l  
r o o t s  of the equation D(S)=O a r e  r e a l  and d i f f e r e n t ,  t he  s t a t e  equations f o r  
the coloured pe r tu rba t ion  ~ ( t )  become 

(3*4*12) 

where 0 1 ' 
c=(c, C, C p )  

One can a s s o c i a t e  the  state equations f o r  ~ ( t )  t o  the  s t a t e  equations of the  
model. One ob ta ins  F GC ~ ( t )  

[g[:f l=[O A] [ P ( t ) l +  [E] W(t) (3*4*13) 

One supposes t h a t  p, ( t )=x,+ , ( t ) ,  . , p, ( t ) = x P t p ( t ) ,  

F GC 

Then tGe extknded s t a t e V e q u a t i o n s  are the  following : 
F GC 

(3.4.14) 
* * 

By the methods of matrix calculus one can determine +=@XP(F T) and 

r'= ir@l.(q)~*d$.  Therefore the  extended d i sc re te  s t a t e  equations are t he  
following : XKtI = #*G + ~ * w K + I  

Y: = H X! + VK (3.4.15) 
Then one can use the basic formulas of  s e c t i o n  3.4.1 for resolve the  optimal 
f i l t e r i n g  problems f o r  the process model, expressed by the extended d i s c r e t e  
state equations,  

3.4.3 Calcula t ion  of Some D i g i t a l  Recursive F i l t e r s  

Using the  general  methods presented i n  sec t ions  5.4.1 and 3.4.2, One can 
design some digital recursive f i l t e r s ,  The results are presented i n  the  fo l -  
lowing table. 

K 
Transfer  funct ion  Coeff. 

A(z)  of E@ 
a 

(010) F=O, G=l, B=l $=I ,  f=T,  H=l a z-1+ a . cI =T/B 
c, =O 

(020) F=[: A], G=(:] a a+b) z-a co c, =O =O 

~ = ( l  0).  b/T z2+[a+b2)e+l-a  c, = 2 ~ '  / b 
9 where a = - b / 2 + K  

HP (1 0 ) .  

(a+ G b) z-a r, c, =O 
z2 +(a+r;b-l-rJitC~-%~r~ 

b'T where ~;=(BT) '  (eeT -1) 

rZ=exp (82'). 

'1 T ~ ~ / 2 '  a q. z2 fq ,  z+qO c, =O 

b / ~  z3 +pZ z2 +p, z+po C, =O 
0 0 1 , 2c/Tf where q,=a+b+c, c, E 0 

qa=a, p ~ = a + b f ~ - 3 ,  
p, =-2a-b+c+j, I c3 = 7 ~ ~  / c 

q ,  --2a-b+c. p, =-l+a, 



I V .  AFPLICATIPNS 01' D.IGTTAL RECIlHSTVE ESrJ'IMATORS TO ATOMIC TIME A N D  
FREQ CENCY NETROLOGY 

I n  t h i s  paragraph, orie will demonstrate t h e  a p p l i c a t i o n s  of d i g i t a l  re- 
cursi  ve es tima tos s  t,o c h a r a c t e r i z e  the frequency i n s t a h i l i  t i e s  of atomic 
c locks ,  t o  p r e d i c t  the  random var i .a t ians  of atomic time s c a l e s ,  and t o  ~rnooth 
time s e r i e s  data, obtained by t h e  comparisons o f  atomic clocks.  

4.1 Cha rac t e r i za t ion  o f  Frequency I n s t a b i l i t i e s  of  Atomic Clocks by Recur- 
sive D i  g i  ta l  Ui.f f e r e n t i a t o r s  

4.1 .I Est imation of Vari.ance Gy2 by Using Recursive D i g i t a l  D i f f e r e n t i a t o r s  

F'or the  c h a r a c t e r i z a t i o n  of frequency i n s t a b i l i t i e s ,  phaee comparison 
d a t a  o f  atomic c locks  w i l l  be used. For t h e  de te rmina t ion  o f  the f i r s t  de- 
r iva t i . ve  af  nkasc f l u . c t u a t i o n ~ .  one can use t h e  d i g i t a l  d i f f e r e n t i a t o r  u 

z- 1 z-1)(1-I-, ) (I-rx) w ~ ( z ) ,  where W L ( Z ) =  

?'he cnrrespandi ng continuous d i f  f e r e n t i a t o r  i s  
6 1 

W ,  (s)= T : ~ * + J ~ T ~ ~ + ,  =swL(s). where W L ( ~ ) =  ~ : ~ l + p ~ ~ ~ +  , (4.1 2) 
For the  det,erminatinn o f  the second derivative of  phase f l u c t u a t i o n s ,  one 
can use  t h e  digi till d i  f f e r e n t i a t o r  

. . 
where W L  (z)= ( -  ( 1 1 x 3  i~ t he  t r a n s f e r  func t ion  of  a d i g i t a l  low- (z-r, )(Z-T,)(Z-T~) 
pass f i  l t e r .  The corrsspondi ng cozitinuous di. f f e r e n t i a t o r  i s  

Therefore the t r a n s f e r  furictions of optimal d i f f e r e n t i a t o r s  a r e  composed by 
two opera t ions :  pure d i f f e r e n t i a t i o n  and low-pass f i l t e r i n g ,  The correspon- 
d ing  low-pass f i 1 t e r s  a,re t he  HutterwortIi f i l  ters , which are the approxima- 
t i o n s  t o  the i d e a l  ].ow-pass f i l t e r  wi th in  t h e  pass-band L & = I / T ,  , 
E'roni t he  t i m e  series y; obtained a t  the output  of t h e  d i g i t a l  d i f f e r e n t i a t o r  
W ,  ( z ) ,  one csn d ~ t e r m i n e  the  mean value  and the  va r i ance  by t h e  fol lowing 

For  each value  of Z,he parameter T'c one can o b t a i n  a value o f  t he  va r i ance  
dyZ . By changi ng the yarame t e r  TC , one can determine t h e  curve of va r i ance  
func t ion  q(1; ) . When the  parameter TC increases ,  the va r i ance  6; decreases.  
From the  curve b;(~=) one can o b t a i n  the curve 6;(wc) by a simple computa- 
tion. The curves 15~ (T, ) g ive  the  frequency i n s t a b i l i t y  c h a r a c t e r i z a t i o n  i n  
t he  time domain, ( See Appendices, Fig. A1 ). 

From the time series di obtained a t  t h e  output  of  t h e  d i g i t a l  d i f f e ren -  
t i a t n r  W2(z), one can determine the  mean va lue  and the  var iance  by the  fo l -  . . 
lowing fosmula,s : 1 m =- z l N  - - (d i -md? f di 9 c d  - N-1 iz, d N i=,  

The values of md and F t  give  the  frequency d r i f t  c h a r a c t e r i z a t i o n  of o sc i l -  
l a t o r s ,  

4.1.2 F i l t e r i n g  Method f o r  t h e  Power Spec t r a l  Densi ty  Determination 



One supposes t . h s  t, r,I1.?rp : r: 2- ::::;-v!? of - , ke  !.c;we.c5 spect,ra.l  derlsi t y  sy (w) . 
The spec t ra l  i'lznc t.ior1 .Fy ('4 4:ii r l  i : ~  :r P! r ~ . ~ , i . r : e d  1:iy 

I BV ( w )=: ( W  ) d ~  : r 'yr. 
And the  variance j . ~  Or" F! >.;,! ( 9%) }fi.bj -2-k Ff (. ,A> )I. d 

C ' 1'.3=m 
( 4  1 -7) 

One can o't;ta,in a l s o  ;i?l.d !' d 
$ ( kL, z ---LA- 

Y .  :? :.? (4.1 -8)  
, * , .  Therefore F ~ ( W  ) j . ~  'he ? r l . z ! ~ i . ~  Z'C fllnct.:?:~ ;_rf S y  1, and Sy ((,3 ) is the 

f i r s t  derivatfve of: P~ (1,d ) ,  'Y:iir iy-a:.u~: r ; \ f '  7, ((.A, ) f0.r w=cw i .3 t h e  t o t a l  var i -  
,, . 

~ Z ~ C C  6;, -v-a].in~ :: I !:., . > ?  ,- , . ' ,  . '  -. , ,  7 . ....t-",- 1. 1 :.j '. -vs,ri anc;e . 
pr (Wi)= ~ r k ~  ( fd ) d u ~  .n 1;: 4) + p1.c L tL, curve  d:( ic ) one can determine the 
curve 6; (a,). Then one can cori,p5~te t h e  sr~ec{;r;ql f i ~ ~ ~ c t i o n  PY (ac)=r6;(uc) 
f o r  d i f f e r e n t  values o F ( i j c  * ' I ' i io -i;,,we)- S P ~ C  I r - 3  I 4 ~ n ~ 7  i y  hy ( ~ 3  ) car, be obtai- 
ned by the di f f e ron t i  a t! on t.,: the , l rve  J',, ( (dr) : 

4.1 . j Rela t ions  to the Conven Lo l l a~  I ; , a : * ~ c - L r + ~ i z ~ t :  Fe thods  

It is of i n t e r e s t  tc ~!crnpaz@ tk! F yr.oy\osed c'ri~i.ra.cl.,~ri za , t ion method with  
the conventional met;klui?s, >s-peclz.:l!:; w i - t l - ,  ti15 fi.1is.r)-va.ria.nce method and the 
three samp1.e~ variance: :rl*?t*hai?., i'; {;:;is vv-l ; -b- '  .., . ,. ,. ,:)r:, s;:m;. cgmpari sons between 
these methods are given. 
( 1 ) Comparison w i t h  the  i\.IS.la~i-~,nri xr:w m c t h o d  

According to Lhr3 d c ? f i n i t < ~ ~ :  r,:' A774:tn ;.n.*.ia.nc:e cne 
1 i 

> 
6(2 ,~ ,72 )=  2((72-71 )f) . Thus 6 ~ [ ~ ~ : ) ~ : ~ ~ ~ ( ~ 7 ~ ~ - ~ ~ ~ +  v <. '! 

- ~ ~ ' t 8 ' C  
(4.1 - 1 0 )  

*,- where Y, =+[:"y(~)d~ , y 2 ' -  rl; S ( k ) d ~ ,  a n t ~  t,=t, -c2r.: 
I 

Hence one 0 b t a i . n ~  t h e  f ~ ~ ' ~ l o w i - n p  .i:r~:.~i:fn.?-- ! ' : JT~c%~c ' I I  
i" :sj. $''T~'-L H ( ~ ) = ~ J = ( I -  e-'~f, /i;( r~ i L! ) , ,  =-,---- 1-!,rT-\2 w:tl?re ?=,]t i !  =j>r f (4.1.11) 

1 . )  " 
According t n  the Pad6 s~~-ii-,,:r:im:: 7: ;r; ,.;!: ,-,3.L-i . .  ,-. .. ' . - - - ' 2  ,c,..L:', " , see b63 , 
e-ZS= 1-s2/'2 - I.; X 6 sd tila t I - . -- 

1 + 9 r / 2 ,  T;"-- t s / ~ 4 -  , (4.1 -12)  

1 --rs <Jj, ( c. ) > p;r>, ,.I :, ) - *-"+.-- H ( s ) -  e % z:.. *, t 2 .. L ,  !? , -  ,-r:;tT2/At + r 9 t  1 (4.1 *I  3) 
me equiva1en.t pa.ss--hand. u i  t h e  .I. .w-:;-r:3s ? il ter H,(S ! i s  f i= l / (4 . r  ) 
For the optimal con t inuous  d i  r f  F Y ( > r 1  Ti% 'or 

S 
"+- .-. c.* 

, , , . ! ',-- 
"I ")= T:s2 @ Tc s t 

, *,*k.,9J,,"(s:+ k*!-);?rc. F z  2 
1, s tnri; S f  I (4.01 014) 

-l 
the equivalent pass-band 07. - t r ; ~  ;.(:w--/::r, SB f; j 7 P:= ."  i j ~  ( S )  i s fe = ( 4 E  T, ) 
Theref o r e  the ::andi t i o n  3;  +c,!;i iir..~ F' r ~ c r ?  j s -,j (,';\, or r ~ c  = E /p (4.1 - 15 )  

The transfer f.'unct;,! cjn ::i .:hi c: ; p i ?  t:: ::: .,. : 

I . * :  , .. 
Using the F:idd n.prl~c-r->ma.-t.j on P c .. 4,TI.,. ? .,-< r, '~ s 

. ,? s*we;F-hT (!!(#I * I  f3) ' .??<,./ ( -C. " i t  

one can) ob ta in  thp npprox.in;afe t r a n ?  l ss f vr lct lor ,  o I tS11,-: me c h d  



-zs 1 H(B)=&(I- e f*- E's 'H , (B) ,  where ~ ' ( s ) =  3 (4-1 - 1 9 )  
The equivalent  pass-band of the  low-pass f i l t e r  H'(B)  18 f z = 3 / ( 1 6 r )  . . . . .  

For the  optimal continuous d i f  f e r e n t i a t o x  
s2 = s2 W, (s) , where WL (8)= 

1 
(')"I2 s3 +2Tl a' +2Tc s+l T: s3 +2T: sZ +2Tc 6+1 (4.1.20) 

the  equivalent  pass-band of the  low-pass f i l t e r  W , ( s )  i s  fe=(6~,)- '  
Therefore the condi t ion  of equivalence i s  9 

'C=- 8 T, or T , = Z  9 (4.1 -21) 

4.2 P r e d i c t i o n  of Random Var ia t ions  of Atomic Time Scales  by D i g i t a l  
Recursive p r e d i c t o r s  

4.2.1 Statement of  the  Atomic Time Scale  P red ic t ion  Problem 

The time s c a l e  p red ic t ion  problem i s  one of  p r a c t i c a l  importance i n  such 
areas as u t i l i z a t i o n  of po r t ab le  clock da ta ,  cont ro l  of time and frequency 
a t  remote autonomous s t a t i o n s ,  and atomic time s c a l e  formation with extrapo- 
l a t i o n ,  Several  p red ic t ion  methods have been proposed. They f a l l  i n t o  two 
general  c lasses :  f ixed  polynomial f i l t e r  methods and a u t o r e m e s s i v e  in tegra-  
t ed  moving average (ARIMA) methods. By these  methods, some r e s u l t s  of predic- 
t i o n  of atomic time s c a l e s  have been obtained. [ 9 ]  [ill. 

But the re  are th ree  main problems i n  p red ic t ion ,  which have not  been re- 
solved, (1 ) The f ixed  polynomial f i l t e r  method by the  leaat-squares i s  not  
a recur s ive  method. Thus i t  is not  app l i cab le  for real-time data processing. 
( 2 )  According t o  the  ARIMA p r e d i c t i o n  method of Box and Jenkins,  t he  addi- 
t ive measurement no i se  i s  not  taken i n t o  account. (3) By these  two methods 
one cannot make t he  p red ic t ion  of d e r i v a t i v e s  of t i m e  s e r i e s  da ta .  There- 
f o r e  they are not  applicable t o  the frequency p red ic t ion  problem. 

To resolve  t h e  above mentioned problems, one w i l l  use  d i g i t a l  recurs ive  
p red ic to r s  fox atomic time and frequency p red ic t ion ,  Hence the  a d d i t i v e  mea- 
surement noise can be taken i n t o  account,  and one can p red ic t  time and fxe- 
quency v a r i a t i o n s  simultan@ously. 

4.2.2 Real iza t ion  of D i g i t a l  Recursive Polynomial P red ic to r s  with 
Exponential Weighting of Data 

The t r a n s f e r  funct ion  of polynomial p red ic to r  o f  second degree i s  
(1-9') [ l + ~  (1-0)(1+9)-'1 -28(1-8)[1+1. (1-8)(28)-']z" 

1- 28z-' + 8'2" (4.2.1) 

Thus t h e  algori thm of t h i s  p red ic to r  i s  the  fol lowing : 
1-8 ~ , + , ~ = n e ~  ,+,., -eZx,,, +(I-ez ) (1+1.=)y,, -2e(l-e) (1 + L ~ ) & ,  

1 +8 (4.2.2) 

where the  p red ic t ion  time i s  t,=l,T , T i s  the  sampling period. 
The transfer funct ion  of polynomial p r e d i c t o r  of t h i r d  degree is 

A~T+~(-~A~T+A~T'+A,T~)Z-'+~~(A.T-A~T~+A~T~)Z~~ 
1- 30 2-I+ 3 e2z-2 - e 3 ~ - 3  (4.203)  

The algorithm of t h i s  p r e d i c t o r  i s  the  fol lowing : 



+A2 113 )yhA2 (42.4) 
4.2.3 Rea l i za t ion  of D i g i t a l  Recursive P r e d i c t o r s  Based on S t o c h a s t i c  

Models with S t a t iona ry  Increments 

I n  t he  paragraph 111 t he  syn thes i s  of optimal p r e d i c t o r s  f o r  s e v e r a l  mod- 
els  has been done by the  i n d i r e c t  method. A t  first, the  transfer func t ions  
f o r  continuous p r e d i c t o r s  have been obtained.  Then one must use the  Z-trans- 
formation method o r  t h e  s t a t e  v a r i a b l e s  method i n  o rde r  t o  o b t a i n  t h e  cor- 
responding digital recursive p red ic to r s .  

For the model ANIMA(~, 2 , 0 ) ,  t he  optimal continuous p r e d i c t o r  i s  

T,'s3+fl  Tc S+ 1 
where T,=m (4-2.5)  

For the  model ARIMA(O, J ,o) , t he  optimal continuous p r e d i c t o r  i s  
(2~,2+2~,71 + ~ ' / 2 ) s  + ( 2 ~ ~  +I )s+ 1 

'(')= F s 3  +2 T:sZ+ 2T.s + 1 where T,=m 
For the  model ARIMA(O, 3 ,o) , the  optimal continuous p r e d i c t o r  of f'irst deriv- 

where T,=W 

I n  orde r  t o  demonstrate the d i g i t a l  r e a l i z a t i o n  method o f  continuous predic- 
t o r s ,  one w i l l  t ransform a cont inuo~ls  p r e d i c t o r  o f  second degree by using 
t he  s t a t e  v a r i a b l e s  method. For a given t r a n s f e r  func t ion  (4.2.5) one can 
determine t h e  fo l lowing  s t a t e  equat ions:  ? ( ~ ) = F x ( ~ ) + G u ( ~ )  

y ( t I - cx ( t )+nu( t I  
(4.2.8) 

\ ,  , , . , 

VK 2, T , VK4 T and d =T/ (n~, ) . 
The s t a t e  variables equat ions  f o r  t he  d i g i t a l  p r e d i c t o r  are t h e  fol lowing : 

X K + ~  =@ Xk + f UW+I 
Y K  =C XK +D UK (4.2.9) 

-d 

where x [ XK+, = [""I] [ e (cosd+s ind  ) dt'e-* 5i.n d 
VK+I , - 2 d  eld sin d e-' (cos d -sin,) 

I-e-d ( s i n 4  +cos d ) r=[ 2d ~ - ~ s i n d  1, ~ = [ l  (d -$r / /~ ) ) ]  , D=0. 
1 

4.5 Approximation of  Non-stationary Time S e r i e s  Data by D i g i t a l  Recursive 
F i l t e r s  

4.5.1 Statement of t h e  Approximation Problem of Non-stationary Time 
Series D a t a  

I n  atomic time and frequency metrology, e s p e c i a l l y  f o r  t he  time compari- 
son between d i s t a n t  atomic clocks by s a t e l l i t e ,  one o f t e n  has  necessi-ty t o  
so lve  the  approximation o r  smoothing problem of  time s e r i e s  da t a ,  Conven- 
t i o n a l l y ,  one can use the  leas t - squares  method o f  approximation hy a l g e b r a i c  
polynomials. I n  order  t o  s imp l i fy  the  algori thm of computation, one can use 
t h e  leas t-squares method o f  approximation by orthogonal polynomials ( ~ e ~ e n -  
dre polynomials).  I n  t h i s  case, one can save t he  ope ra t ion  of  matrix inver-  
s i o n  i n  t h e  de te rmina t ion  of c o e f f i c i e n t s  of  polynomials. But t hese  l e a s t -  
squares  methods a r e  e s s e n t i a l l y  batch-wise process ing  methods. They are no t  
wel l  s u i t e d  f o r  real-time d i g i t a l  p rocess ing  o f  time s e r i e s  d a t a ,  

For t h e  process ing  of non-stat ionary time ser ies  of l ong  d u r a t i o n  and 



f o r  real-time process ing ,  one must use d i g i t a l  r ecu r s ive  f i l t e r i n g  methods. 
When one compares two d i s t a n t  atomic c locks  by a s a t e l l i t e ,  t h e r e  a r e  no 
knowledges of t h e  s t a t i s t i c s  of t he  process .  I n  t h i s  case, one can use  d ig i -  
tal r e c u r s i v e  polynomial f i l t e r i n g  w i  t h  exponsnt ia l  weight ing f o r  t he  d a t a  
approximation o r  smoothing. 

4.7.2 Time Series Approximation by D i g i t a l  Recursive Polynomial F i l t e r i n g  
with Exponential  Weighting of Data 

Using the  r e s u l t s ,  obtained i n  paragraph II, one can so lve  t h e  problem 
of  non-stat ionary time s e r i e s  approximation by d i g i t a l  recursive polynomial 
f i l t e r i n g ,  One w i l l  demonstrate t h i s  a p p l i c a t i o n  by two simple examples. 
(1 ) For the  smoothing of s t a t i o n a r y  time s e r i e s  d a t a ,  one can use t h e  d i g i t a l  
r e c u r s i v e  polynomial filter o f  first degree. The t r a n s f e r  func t ion  of  this 
f i l t e r  i s  1-8 1-8 - W(")=.% = - I-ez-i 

Thus t h e  a lgor i thm of r e a l i z a t i o n  of t h i s  f i l t e r  i s  the  fol lowing : 
xn= Q X , - , + ( I - ~ ) ~ ~  o r  x,=xn-,+(I-@) e n  , where e,=y,,-x,-, (4.302) 
( 2 )  If the time seri.es d a t a  con ta in  l i n e a r  d e t e r m i n i s t i c  component, one must 
use t h e  d i g i t a l  r e c u r s i v e  polynomial f i l t e r  of  second degree. The t r a n s f e r  
func t ion  of this f i l t e r  i s  

The algori thm of r e a l i z a t i o n  of  t h i s  d i g i t a l  filter i s  
x,=~Qx,,, -e2 X , , , + ( * I - ~ ~ ) ~ , . ,  +2@(8-1 )y,,, ( 4 4 . 4 )  
One can a l s o  use another  a lgor i thm f o r  realization of this d i g i t a l  f i l t e r ,  
expressed by t h e  fo l lowina  mat r ix  equat ion  : - 

1 q= en+, 9 where g, =y,, -x, -vi, [ :]-(::]+[1-" ] (403.5) 
Using t h i s  method, one can so lve  more complicated problems by the  same pro- 
cedure. 

Y. NON-STATIONARY TIME SERIES MODELIZATTON BY DIGITAL RECURSIVE MLTHODS 

5.1 Problem Statement 

The problem of  atomic time and frequency modelizati.on has  a fundamental 
importance f o r  t h e o r e t i c a l  and experimental s t u d i e s .  The convent ional  method 
f o r  model izat ion of t he  s t a t i s t i c s  of frequency f l u c t u a t i o n s  i s  based on 
s t a t i o n a r y  models. The commonly used model of frequency i n s t a b i l i t i e s  i s  t h e  
power-law s p e c t r a l  d e n s i t y  model, expressed by the fo l lowing  formulas: 

2 
s y ( f ) = = h d f d  f o r O S f S f k  and s~(~)=o f o r  f > f l  

d=-2 
(5.1*1> 

Based on this model, the phase f l u c t u a t i o n s  can be expressed by the  f o l l o w -  
i ng  model: ~ , ( f ) =  (4vZf2)- '  SY ( f )  (5.1 -2)  
The second widely used model i s  the  d e t e r m i n i s t i c  polynomial model. When 
t h e r e  i s  a l inear  frequency d r i f t ,  expressed by a f i r s t - o r d e r  polynomial 
model, t he  phase d r i f t  can be modeled by a second o rde r  polynomial. 
The t h i r d  proposed method f o r  model izat ion of  frequency and phase f luc tua -  
t i o n s  i s  t h e  ARIMA s t o c h a s t i c  models. These models can be used f o r  t he  mod- 
e l i z a t i o n  of non-stationary t i m e  series with stationary increments. 

But the re  are some problems i n  model izat ion of atomic c locks ,  which have 



no t  been reso lved  completely. ( I  ) l h e  power-law spectral  dens i ty  models are 
n o t  completely s u i t e d  f o r  model iza t ion  of  non-stat ionary frequency and phase 
f l u c t u a t i o n s .  And the  procedures of model izat ion a r e  not  n a t u r a l  and conve- 
n i e n t  f o r  computer s imula t ions .  ( 2 )  The d e t e r m i n i s t i c  polynomial models can 
n o t  r e f l e c t  the s t a t i s t i c s  of frequency and phase random f l u c t u a t i o n s .  ( 5 )  
The ARIMA models have been cons t ruc ted  ky empir ical  methods. The physical  
o r i g i n s  of d i f f e r e n t  ARIMA models have no t  been explained and derived.  The 
ARIMA r e p r e s e n t a t i o n s  o f  models can he f u r t h e r  modified i n  o rde r  t o  g e t  t he  
Markov r ep resen ta t ions ,  which a r e  more n a t u r a l  and convenient f o r  computer 
s o l u t i o n s  and s imulat ions.  

I n  the section 5.2 one w i l l  analyze the internal ng i se s  of atomic clocks 
i n  o r d e r  t o  i n t e r p r e t  t he  phys ica l  o r i g i n s  of d i f f e r e n t  ARIMA models. Then 
some t h e o r e t i c a l  Markov models can  be deduced. I n  t h e  sec t ion  5 .5 ,  ana ly t i -  
cal  procedures of  s p e c t r a l  approxjmation and model i d e n t i f i c a t i o n  w i l l  be 
proposed. 

5.2 Analysis  of  In te rna l  Noises and Deduction of  Theore t ica l  Models 
f o r  Atomic Clocks 

5.2,1 Analysis of Internal Noises of Atomic Clocks 

Consider t h e  system block diagram of  a cesium atomic clock,  shown i n  t h e  
fol lowing f igu re .  

"'"'7 -;;;)+ 

f d s )  Fig. 5.1 

One supposes t h a t  t h e  noise  of  the o s c i l l a t o r  fv(t), the noise  of t h e  f r e -  
quency m u l t i p l i e r  f,(t), and the  noise of the  atomic r e fe rence  fr(t)are un- 
co r re l a t ed .  Then t h e  random v a r i a t i o n s  of the  frequency of the atomic clock 
i s  determined by the  fol lowing formula : 

kt kt s kl ka 
f~ ( s  )=fr (9 s+k, k, k, + f %  s+k, k,k, - f m  (s) ~ + k ,  k,k3 (5 .2J)  

The random v a r i a t i o n s  o f  the phase of t h e  atomic clock i s  determined by the 
fo l lowing  formula : (5.2.2) 

Using these genera l  formulas,  one can ana lyze  frequency and phase f luctua-  
tions f o r  d i f f e r e n t  ca ses  of no ises  f r(s), f&) and f,(s) , And then  one can 
o b t a i n  d i f f e r e n t  t h e o r e t i c a l  mcdels f o r  atomic clocks.  The r e s u l t s  of some 
t h e o r e t i c a l  analysis can be rearesented i n  t he  follow in^ table. * - 

Noise fr(d f p ( 4  #(4 f'~ ( s ) (EdS) ARZMA 
type ( p * n , q )  

Nhi t e  
h 0 

b ( s+rb-' kl kp ) bk+ (s+rKf k, kl ) 
r 

no i se s  s+kl k, k, s 7 s+kl k, kg ) 
(1,191) 

Random 
r/s walks 

h'req. 
d/ s' 0 

d dk4 
d r i f t  s(s+k, k,k,) s 2 ( s + k l  k2k3)  ( I A O )  
W.N.+ bsa +rk kz s+d bsZ +rkl kz  s+d r b+ - P.1). :2 4 s2 (s+kI r2k3) 

O ( 1 , 2 9 2 )  



5.2.2 Deduction of Markov Models f o r  Atomic Clocks 

A l l  formulas, which express the theoret ical  models of atomic clocks, can 
be represented by Mrla~kov models. Using s t a t e  var iables  method, one can trans- 
form the  formulas of f ,  ( s )  and (P,(s) to  matr ix equations, which have the 
Gauss-Markov propert ies.  This method of representa t ion i s  more convenient 
for computer simulation and computer so lu t ion  of problems, 

From the formulas %(a) ,  expressed by the Laplace transformation, one 
can obtain the continuoue s t a t e  equations f (t]= F x ( ~ ] + G  ~ ( t )  

y0(t = C ~ ( t  +D ~ ( t )  (5.2.3) 
where ~ ( t )  is  a uni ty  white noise, which generates the s tochast ic  model, 
~ ( t )  i s  the noise of observation o r  addi t ive  measurement noise, 
Performing the transformation, one can obtain the d i s c r e t e  state equations 

*ltt =qX' where t$=exp(FT) , r = ~ ~ $ ( p ) ~ d p  ( P ~ K  =C XK +D VK a 

Performing the  2-transformation, one obtaina 

x(z)=(zI-@ y ' r  ZB(Z), IP,(Z)=CX(Z)+DV(Z)=C(ZI-@)-'~zB(z)+Dv(z) ( 5 * 2 . 5 )  
Therefore the t r ans f e r  function of the d i s c r e t e  model i s  
H(Z)E Y0(z ) /~ (z )=  C ( Z I - $ ) - I  r z (5.2.6) 
As an example, one w i l l  transform a simple atomic clock model t o  the corres- 
ponding Markov model. One supposes t ha t  

ub~S'=~- 

One can obtain the continuous s t a t e  eauations 

C=(rklk,k+ bky), D=O (5.2.8) 
9 

The d i sc r e t e  s t a t e  equations are 
X K + I = @ X K +  r BK+I - .  
YaK = C XK + DVK 

where 1 n ( 5 . 2 . 9 )  

I n  the fomulas  (5.2.8) and (5.2.9) the coef f ic ien t s  a r e  the following : 
d=klk.k. e=exp(-dT) , R=d-l[ l-exp(-d~)]  (5.2.10) 

5.3 Analytioal Methods of Spectral  Approximation and Model Iden t i f i ca t ion  

There are two methods fo r  the i den t i f i c a t i on  of models of time s e r i e s  
data. The time domain method is  based on the curves of autocorre la t ion func- 
t ions.  The frequency domain method i s  based on the curves of power spec t ra l  
densi t ies .  The commonly used time domain method of i den t i f i c a t i on  of general 
ARIMA models is quite complicated, except for simple autoregressive models. 
Therefore, it is of interest to study the frequency domain method for 
i den t i f i c a t i on  of models. For a non-stationary time s e r i e s  with s ta t ionary 
increment8 of n-th order,  one must a t  f i r s t  take the n-th order differences 
i n  order t o  obta in  s ta t ionary time se r ies .  Then one determines the curves 
of autocorre la t ion function and the curves of power spec t ra l  density.  One 
w i l l  i d en t i fy  the models from the power spec t ra l  density curves S ( w ) . 

5.3.1 Interpola t ion Method of  Spectral  Approximation 

For a given curve s(U) one w i l l  make the approximation by the following 
r a t i ona l  function w B, + B ~  + E = w ~ +  . - 

(u)= I + . A , U J ' + A ~ ~ + +  +AnUzn 



I n  o rde r  t o  determine the (n+rn) coefficients, one supposes that C3= and 
requires that ~*(4)= s ( w ~ )  f o r  i=1,2,3,*** , (n+m) (5.302) 

Then one obytains an 
4 

(I+A, b$+~,3; +.-. + ~ , a i  )s( w ~ ) - ( B , + B , ~ ~ + B ~ L s ~ +  +E,L~?)= 0 
f o r  i=l ,2 ,3, . . - , (n+m),  where ~ , ,=~(w) l ,= ,=  S, (5-3-3)  
From these (n+m) l i n e a r  equat ions  one can determine the  c o e f f i c i e n t s  
A,  , A z t A 3 , *  * * , A n  and BI ,Ba,B3 ,. ,B, . 
For example, one supposes t ha t  B,+B, dz 

whereB,=S, (5.3.4) 

One can determine the c o e f f i c i e n t s  A , , A 2  and B, from the  fo l lowing  equat ions 

( I + A , ~ ; + A ~ L ~ , ' )  S~-(S.+E,L$)= o f o r  i=1,2,3. ( 5 - 3 - 5 )  

5.7.2 Least-squares Eethod of Spec t r a l  Approximation 

For a given curve ~ ( w ) ,  one will make the approximation by two steps, 
The f i r s t  s t e p  i s  t h e  leas t - squares  approximation by a polynomial as 

n 
s(L~)= ,  aja2' =a,+a, wZ+alw4+. - +a, aan ( 5 . 3 0 6 )  
The s & k d  s t ep  is the u t i l i z a t i o n  of  the Pad6 approximation method, which 

A t  the f i r s t  s t e p  one ob ta ins  t he  e r r o r  -of approximation 
n 

d ( w  )=s(o )-F aiwzi . For the  minimization of the i n t e g r a l  
-0 

B D  D=P [s(w)- f a;azq ' d o n  ob ta ins  the necessary condition -= 0 
1=0 a a; 

f o r  j=C, 1 , 2 ,  . - ,n. Thus one ob ta ins  (n+l )equat ions  i n  o r d e r  t o  dktermine 
the c o e f f i c i e n t s  a,,a,,a,,-. . ,a,.  These equat ions  are the fo l lowing  : 

& a i [ ~ o n u ~ ( ~ + ~ ' d w ] = J O n ~ a j ~ ( ~ ) d o  f o r j = 0 , 1 , 2 , . - - , n  (5 .508)  
For example, one can o b t a i n  t h e  fo l lowing  approximation : 

- -  dY 
a, a, a,+: a, a, a, -al a2 a, a,-a: where B, =a, , R. =a. + A .  = A, = 

2-8; t a, a, -a; 

5.3.3 Determination of Parameters of  the Model by Spectral F a c t o r i z a t i o n  

I n  o rde r  t o  determine t h e  parameters of the  model, one must perform the 
spectral f a c t o r i z a t i o n  according t o  the  fo l lowing  formula : 

B, +Bl c3Z +B=W'+ +Bm U2" 
'(')' 1 +A, wz +A,o*+. . . +A,, uzn = ~ , ~ ( j w )  H ( - j ~ )  where j w  =s (5-3-10)  

* 
For example, i f  s(IJ)=* Bo +BI w2 

1+AId1+AatdY , one can o b t a i n  

(5*3.11) 

Then, by the 2-transformation method o r  by the  s t a t e  v a r i a b l e s  method, one 
can determine the  corresponding d i s c r e t e  model ARMA (2,1), expressed by the  
fo l lowing  formula : H(z)= b , z +  bo 

a,z2+a, z + a, (5-5.12) 



V I  . CONCLUSIONS 

I n  time and frequency metrology, the conventional used methods are essen- 
t i a l l y  non-recursive methods. They have been developed separately according 
t o  the envisaged problems, e i t h e r  f o r  the character izat ion,  o r  f o r  the pre- 
d ic t ion ,  o r  f o r  the approximation, o r  f o r  the modelization. The in te r re la -  
t i o n ~  between these problems and corresponding methods have not been clari- 
f ied .  One f inds  very l i t t l e  common points of these problems and these used 
methods . 

I n  t h i s  paper, an attempt t o  unify these problems and the corresponding 
methods i s  made. The pr incipal  ideas  a r e  based on the optimal estimation 
theory and the d i g i t a l  recursive processing methods, Also the mathematical 
methods of s t a t i s t i c s  and l i n e a r  systems theory have been extensively used. 
Several methods f o r  optimal recursive est imation of non-stationary time se- 
r i e s  have been used and developed, Two d i f f e r en t  modela of non-stationari- 
t i e s  have been supposed: the determinis t ic  polynomial models and the stochas- 
t i c  models with s ta t ionary increments. For these two types of models, one 
has synthesized optimal d i g i t a l  recursive estimators ( predictors,  f i l  t e ra  
and d i f f e r en t i a to r s ) .  One has applied these estimators to  the atomic time 
and frequency metrology. I t  i s  c l a r i f i e d  t ha t  the problems of characteriza- 
t ion ,  prediction,  approximation and modelization are par t i cu la r  casea of 
the general problem of optimal est imation of the  s t a t e s  and the parameters, 
Thus, one can resolve these problems by the unif ied theory and methods,Thia 
new approach allows us to  es tab l i sh  the fundamental problems of time and 
frequency metrology on a sound and rigorous mathematical bas is  regardless 
of the u se r ' s  applications.  It  can also provide much ins igh t  i n to  more com- 
pl icated problems. Then the i n t e r r e l a t i ons  between the proposed methods and 
the conventional methods can be ea s i l y  derived. 

From the viewpoint of the study of mathematical and s t a t i s t i c a l  methods, 
the main contributions of t h i s  work a r e  the following : 
(1 )  Ut i l i za t ion  of  the exponential weighting method t o  resolve the problem 
of optimal estimation f o r  the determinis t ic  polynomial models. This method 
allows us t o  avoid the d i f f i c u l t i e s  and drawbacks i n  the rea l iza t ion  of the 
f i n i t e  memory polynomial f i l t e r s  . 
( 2 )  Optimal synthesis  of  d i g i t a l  recursive est imators f o r  the s tochas t ic  
models of non-stationary time s e r i e s  with s ta t ionary increments. This i s  an 
extension of the c l a s s i ca l  Wiener f i l t e r i n g  theory t o  the non-stationary 
and d i s c r e t e  cases. 
(3)  Proposit ion of the design method of auboptimal d i g i t a l  f i l t e r s  according 
t o  the general theory of Kalman f i l t e r i n g .  For the non-stationary time se- 
ries with s ta t ionary increments and f o r  the case of steady-state optimiza- 
t ion ,  one has obtained some time-invariant d i g i t a l  f i l t e r s .  The t r ans fe r  
functions of these d i g i t a l  f i l t e r s  have been deduced. 
(4)  Synthesis of d i f f e r en t  optimal d i g i t a l  recursive estimators( predic tors ,  
f i l t e r s  and d i f f e r en t i a to r s )  by the unif ied methods. Though d i g i t a l  f i l t e r s  
a r e  widely used i n  many other  domains, the d i g i t a l  predic tors  and d i g i t a l  
d i f f e r en t i a to r s  a r e  more pa r t i cu l a r  and a r e  especia l ly  important f o r  time 
and frequency metrology. 

Warn the viewpoint of the appl icat ions  of s t a t i s t i c a l  methods t o  atomic 
time and frequency metrology, the main contributions of t h i s  work a r e  the 



fo l lowing  : 
(1 ) Appl ica t ion  of d i g i t a l  r e c u r s i v e  d i f f e r e n t i a t o r s  t o  c h a r a c t e r i z e  t h e  
frequency and phase i n s t a b i l i t i e s  of atomic clocks.  This  method a l l ows  us  
t o  e s t ima te  the  va r i ance  and power s p e c t r a l  d e n s i t y  func t ion  of frequency 
i n s t a b i l i t y .  Therefore one can c h a r a c t e r i z e  frequency i n s t a b i l i t i e s  both i n  
the  time and i n  t he  Four i e r  frequency domains. 
( 2 )  Applicat ion of  d i g i t a l  r e c u r s i v e  p r e d i c t o r s  t o  p r e d i c t  t h e  random var ia -  
t i o n s  of  atomic time scales. Two types of  d i g i t a l  p r e d i c t o r s  can be used : 
the optimal p r e d i c t o r s  f o r  d e t e r m i n i s t i c  polynomial models wi th  exponent ial  
weighting o f  d a t a ,  and the  optimal p r e d i c t o r s  f o r  s t o c h a s t i c  non-stat ionary 
models wi th  s t a t i o n a r y  increments.  
(3)  Appl ica t ion  o f  d i g i t a l  r e c u r s i v e  f i l t e r s  t o  smooth the  time series d a t a ,  
obtained from time comparisons of d i s t a n t  atomic c locks  via a s a t e l l i t e .  
This  method i s  b e t t e r  than  t h e  leas t - squares  method f o r  real- t ime d a t a  pso- 
ceasing.  
(4)  For t he  model izat ion of  t he  s t a t i s t i c s  of frequency and phase f luc tua-  
t i o n s ,  one has  deduced some t h e o r e t i c a l  models from t h e  s t r u c t u r e  of atomic 
clocks.  Then,two a n a l y t i c a l  procedures of s p e c t r a l  approximation and the  
s p e c t r a l  f a c t o r i z a t i o n  method are proposed, which al lows us t o  i d e n t i f y  t h e  
parameters of s t o c h a s t i c  models of atomic clocks,  

We have developed seve ra l  methods f o r  optimal e s t ima t ion  of non-station- 
a r y  time s e r i e s .  We have a l s o  appl ied  these  methods t o  atomic t i m e  and f r e -  
quency metrology, Several  new concepts and d e f i n i t i o n s  have been proposed. 
For t h e  l a t t e r ,  we have poin ted  out  t h e i r  s p e c i f i c  advantages i n  applica- 
tions. A t  p r e sen t ,  t h e  e x i s t i n g  models and methods f o r  time and frequency 
metrology a r e  wel l  documented, They provide a good background f a r  a c t u a l  
app l i ca t ions .  However, f u t u r e  researches  w i l l  c e r t a i n l y  inc lude  t h e  develop- 
ment o f  more s o p h i s t i c a t e d  approaches, t h a t  may poss ib ly  ivprove t h e  methods 
of time and frequency metrology. I n  t h i s  regard ,  i t  seems t h a t  t h e  optimal 
e s t ima t ion  theory can  play a key r o l e .  This i s  a very promising approach, 
because t h i s  theory has a r igo rous  mathematical basis, and i t s  concepts are 
q u i t e  general t o  cover t he  domain of time and frequency metrology. Many 
p r a c t i c a l  problems can be deduced from t h i s  theory as the  particular cases. 
Using t h e  optimal e s t ima t ion  theory,  we have t r i e d  t o  so lve  some fundamen- 
t a l  problems of time and frequency metrology, However, the  problems of time 
and frequency metrology a r e  q u i t e  d i v e r s i f i e d  and very  profound. This r i c h  
domain is st i l l  widely open f o r  f u r t h e r  researches ,  
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Appendices 

1 - NOTE : Processing has been made f o r  
data of comparison between 
clock (206) and clock (OP) 
from March 1 3 t o  March 19,  1981 . 
Sampling pe r iod  T=7.5 Min. 
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NOTE : 
The conditiona of d a t a  
processing are the same 
as f o r  the Fig. A1 
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NOTE: Processing has been made f o r  
data of  comparison between 
clock (195)  and clock (OP) 

sZ/6C 
in July, 1982. 

T=)O Min. T/T~PO.I, Gzj.2 ns 

Fig.A2- Power s p e c t r a l  density sy(f) 
Ftig.A3 - Variance of time prediction 

is determined by (4.2.5) 
is determined by (4.2.6) 



OUESTIONS AND ANSWERS 

None f o r  Paper 825. 




