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Abstract

Recently a new technigque for characterizing the noise processes affecting oscillators was
introduced {1] {2]. This technique minimizes the difference between the estimates of several
different variances and their values as predicted by the standard power law model of noise. The
method outlined in this paper makes two significant advancements: it uses exclusively time domain
variances so that deterministic parameters such as linear freguency drift may be estimated, and it
correctly fits the estimates using the chi-square distribution. These changes permit a more
accurate fitting at long time intervals where there is the least information. This technique has
been applied to both simulated and real data with excellent resulis.

1. Introduction

Stochastic noise processes are the dominant source of imprecision in high-performance
oscillators. Better information about these noise sources leads to an improved understanding
of the estimated stability of the oscillator. Furthermore, information about the level of
contribution from each noise type can improve their theoretical description. Some of these
processes are well understood (thermal noise, shot noise, etc.), but many are not adequately
described by theory. For some processes, when they are understood, there is greater
potential for their subsequent reduction. Rudimentary stability analysis of an oscillator is
fairly straight-forward. However, placing confidence limits on the stability estimates requires
detailed knowledge of the noise types affecting the precision. The processes being
characterized are stochastic, and therefore we can. only provide a rough statistical analysis.
Additionally there may be many contributing noise sources that can have a tendency to
obscure one another. Thus there has been a scarcity of good data on the precise contributions
of individual noise sources. Recently a new method in noise analysis was introduced. This
method, called multi-variance analysis [1], is capable of providing precise measurements of
dominant noise sources. '

Before examining the details of this new method, we must first understand how noise
affecting oscillator precision is measured. The output of an oscillator can be represented by

(3] [4]
Vity=[V,+e@®)]sin[2x vt + )]+ V,(t)

Vo and vy are the respective nominal amplitude and frequency of the output, £(¢) and (¢} are
amplitude and phase fluctuations respectively and V;(z) is additive noise. Provided £ and V;
are much smaller than V), the instantaneous frequency of the oscillator output can be written
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1 do@)
H=v,+——1"2
V=V, 2z dt

The instantaneous fractional frequency deviation from nominal may also be defined

vy =V, __ 1 de®
v, 2 v, dt

yi) =

1t is the stability of the output frequency that is of primary concern. Stochastic processes that
affect this stability will appear in y(t). Another useful quantity is the phase deviation, in
units of time,

o)

Xty = ——0
2 27V,

This quantity,'the time integral of y(7), is a measure of the time deviations of the oscillator.
Averaged values of y(#) can be obtained by differencing two phase measurements and
dividing the result by the time interval between the measurements.

The effects of these noise processes manifest themselves in both x{¢) and y(f). This
paper is concerned with the characterization of these effects rather than their physical cause.
Examining the disturbances to y(f) is one of the more common means of characterizing the
frequency stability of an oscillator. One method is to look at the power spectral density
(PSD) of y(¢). It has been observed that the PSD of y(#) often has integer slopes when
plotted on a log-log graph. Empirically, five slopes are commonly observed. This has led to
the standard power law model which may be written [3] [4]

S,(f)= hf"

where « is an integer that runs from -2 to 2 and the h4's are the noise intensity coefficients.
The five noise categories are respectively white phase modulation, flicker phase modulation,
white frequency modulation, flicker frequency modulation and random walk frequency
modulation.

This model adequately describes most of the observed noise processes. However the
frequency domain is not necessarily the best place for analysis. Forming a PSD estimate
from data discretely sampled in the time domain can lead to biases and distortions.
Additionally the data is often affected by systematic effects such as frequency offset and
linear frequency drift that, if not properly estimated and removed, will also distort the PSD
estimate.

The process y(¢) is not the most convenient measure because it is not possible to
measure the instantaneous frequency. Instead the frequency measurement takes place over
a finite time interval T. Also the measurement of y(¢) often involves some dead-time. This
causes a reduction in the amount of information obtained. Therefore, the frequency stability is
more easily specified through the characterization of x(¢) in the time domain.

414




II. Time Domain Variances

The most common time domain measure of oscillator stability is the Allan (or two-
sample) variance. For the process x(¢) it is defined by

ol(T)= %{[x(t-i— 27) - 2x(t+ 1)+ x(O]°)

The angle brackets denote an ensemble average or expected value. The Allan variance was
chosen because it forms a convergent measure of the fractional oscillator stability as a
function of time interval. It is possible to define other variances that meet this criterion. A
less familiar measure is the Hadamard variance with binomial coefficients [5]-[8]. T will use
a renormalized version given by

Hoj(r) = é([x(ﬁ.?r) - 3x(r+ 20)+3x(t+ 1) —x(t)]2>

This measure is convergent for & > -5, unlike the Allan variance which is convergent for
o >—3. Thus it would be possible to use the Hadamard variance to probe for noise beyond
random walk frequency modulation. Perhaps the most important feature of the Hadamard
variance is that it is unaffected by linear frequency drift. This makes it an excellent tool for
investigating noise types whose signatures are similar to and often confused with linear drift.

A new variance is introduced, which I call the alternate difference variance. It is

defined by

[x(t+37) = x(t+27) - x(t + ©) + x(8)))

1
.

pO(T)=

Its chief advantage is that it is
affected to a greater degree by
noise with ¢ below 0 although
it too is only convergent for
o>-3.

Table 1 shows the
functional dependence of each
variance on the different noise
types. In addition Figure 1
plots these three variances as
functions of a. Notice that for
o > 0 all three variances have
similar responses, although
the Hadamard variance is
slightly above and the alter-
nate difference variance is
101 ; : a : : : ; s ; below the Allan variance. At

2.5 2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5 o = 0 the variances are cqual
o by definition. For o < 0 the

Figure 1. The Allan, Hadamard and alternate difference variances three begin to diverge.
are plotted as functions of &t (hp= 1, 7=1)
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All three of these variances have difficulty distinguishing between white phase and
flicker phase noise. To aid in this resolution the modified Allan variance was created [4]. Tt
exploits the different dependencies of these two noise types on system bandwidth (). Just
as the modified Allan variance was created from the Allan variance it is possible to create the
modified Hadamard variance and the modified alternate difference variance from their
respective variances. :

The time domain variances, as for the PSD, can only be estimated from the observed
data. The noise processes will each have some underlying true variance that is unknown to
the observer. We use the discretely sampled data of finite length to estimate this true
variance. If we have N points each separated in time by 7y, so that x; = x(k7p + to), the
estimate of the Allan variance is given by

I N-2Im

2
2 2(xk+2m _2xk+m +xt)

O’yz(m’l.'o,N) = 2(N - Zm)(m'ra) k=1

The # specifically denotes the fact that this is only an estimate. This estimate has a specific
uncertainty associated with it. Clearly as m approaches N fewer points will be included in the
estimate and it will have greater uncertainty. For each specific noise type it is possible to
calculate the variance of the variance estimate [4] [9] [10]. Similar estimates and
uncertainties of estimates can be calculated for each of the other variances.

Noise Type Allan Variance Hadamard Variance Alternate Difference
White Phase 3 10 2 |
(sH=hr) | Bare" 3ear7 " e
Flicker Phase 3y —4n2 4+ 3tn(27 £, 7) 10y — 62n2 + 15¢n3 + 10£n(27 fh 7 | 2y+2m2-tn3+ 2n(2n g,
72 hy 7 2 & ‘ 72 "y
(S,(f)=hf) @n)’s 32w (2m)° ¢
White
Frequency hy o By
(Sy(f)=h0) 27 2T 27
Flicker
Frequency 2n2h_, (46n2 - 2én3)h_, (34n3 — 4én2)h_,
(S,(N=h,f)
Random Walk
Freq. 2n’t 't Snt
- 7 El E
(S,(H=h,17)
Linear ,
Frequency Drift Dr 2 0 2D
(x(t) =4Dr tz) 2

Table 1. The functional dependencies of the three variances under the assumption f5, T>> /
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ITII. Multi-Variance Analysis

The multi-variance method combines the power law model with the output of several
variance estimates. Thus many observations with different variances must all agree within
the predicted responses of the power law model. This greatly simplifies the analysis, as all of
‘these observations are used to estimate the five noise intensity coefficients. A single-
variance technique separates noise contributions by their differing dependencies on 7. The
multi-variance method exploits those 7 dependencies in addition to utilizing different
responses of each variance for each particular value of 7. Thus the multi-variance method
gains more resolution over analysis with a single variance. This powerful new technique was
introduced recently by Vernotte et al. {17 [2].

The estimates used in previous work {1] {2], correspond both to the time domain
(Allan and modified Allan variances) and to the frequency domain (Band-pass and High-pass
variances) [6]. The frequency domain variances are a powerful analytical tool, but, as
previously mentioned, they are more susceptible to biases and distortions. Systematic
effects such as frequency offset and drift, if not properly accounted for, will also bias the
spectral density estimates. We are interested in finding both the frequency offset and linear
drift in our analysis of the time series. In order to correctly form the PSD estimate these
effects must be subtracted from the time series. Often a least squares fit is performed on the
data to estimate these parameters. Unfortunately, the noise is non-white. Non-white noise
also has linear and quadratic components which will yield biased estimates and incorrect
confidence limits on those estimates [4]. When these false estimates are used to detrend
the data, some of the noise contribution will be subtracted out as well. A better approach
would be to incorporate these systematic effects in the fitting process, or to estimate the
parameters after the fitting process, so that the noise types will be known and can be
correctly taken into account.

[ have chosen to implement the multi-variance technigue using exclusively time
domain variances. The five variances used in this analysis are the Allan and modified Allan
variances, the Hadamard and modified Hadamard variances, and the alternate difference
variance. This change leads to a more robust estimator and allows systematic errors such as
linear frequency drift to be solved for as part of the fit. The frequency offset is estimated after
performing the fit when we have better knowledge of the noise shape. In the fit routine I
present here, 1 use the five variances at different values of T, to fit six parameters: the five
noise intensity coefficients and linear frequency drift.

IV. Chi-Square Probability Distribution

Standard least squares fit methods return the maximum likelihood solution for
estimates that are distributed normally. However, the variance estimates used in oscillator
noise analysis follow a chi-square distribution. Therefore fit routines using the standard least
squares method will not yield the best solution, particularly when the estimates have few
degrees of freedom. Figure 2 shows the chi-square distribution for two different values of the
number of degrees of freedom (v). It is evident from this figure that for low degrees of
freedom the distribution i quite different from a normal distribution.

The mechanics of performing a fit on chi-square distributed variables are similar to
fitting normally distributed variables. One possible source of confusion is that least-squares
fitting of data with normally distributed noise is often referred to as chi-square fitting. This is
because the cost function (parameter to be extremized) is chi-square distributed (the sum of
the squares of normally distributed variables). I define a new fitting routine, for chi-square
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distributed variables, in which

02— e A S m the cost function will have a
PP I R IS NN SRR SRS N S S different distribution. I have
termed this type of fit xi-

oy 014 b oo N i . The variance estimate
a A __ ; contains both stochastic and
8 orzbd i N deterministic effects. It is the
A ; , stochastic contribution which
L e T O follows the chi-square distri-
= 008 bution. We must subtract out
3" U the systematic effects and
E B8 e then properly scale the esti-
mate. The subfraction of sys-

0.04 ternatic components takes
0.0z place as part of the fit. They

’ ..l do not have to be estimated

|| S PR SN S i : : i and subtracted before the
62 4 &6 B “’2 2 ¥ 1 B 20 yariance estimates can be

X formed, as in the case of the

Figure 2. The chi-square probability distribution is plotted for two frequency c!omain measurcs.
different values of the number of degrees of freedom (v). The ver- After the fit, when the sys-
tical lines indicate the mean value or 50% point tematic effects have been es-

timated, they can be sub-
tracted from the raw data and this detrended version can be refit for comparison.
In order to perform the fit we must construct our chi-square variables. Just as in the
case of the PSD, the expected value of the k™ variance at time interval 7; can be treated as
the sum of five noise contributions

oUTY= Y By o92(T)

The functions ,¢;(t,) are the known functlonal dc,pendenc:les for a specific noise type (see
Table 1). The uncertamty for each noise type (}'[ ¢ ( z.)] is also calculable [10] and can be
used to construct the variance of the variance estimate

LR EDW s RHCA)

This variance of the variance estirnate permits us to calculate the number of degrees of
freedom for that variance estimate [4]

B ACYS
A T ACAT

The number of degrees of freedom is important for two reasons: the definition of our chi-
square variable depends explicitly upon it and it determines the shape of the probability
distribution.
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With the number of degrees of freedom and the fit function in hand we have only to
subtract off the systematic effects to create our chi-square variable. It is defined in the
following manner [4)

L=V G.(7,)~[Dr (v)Y
TR oiT,)

Dri(t) is the contribution from deterministic effects on the variance estimate. xfi is a
random variable that is distributed according to the standard chi-square distribution.

Figure 2 shows the standard chi-square dlsmbutlon for two different degrees of
freedom. 1t is evident that although the expected value of xh 18 Vv, ;, the estimate is more
likely to be found at the distribution peak that occurs at v, , - 2. For small degrees of freedom
this 1s a significant difference. The estimates of the variances at longer values of 7 are formed
with fewer data points and consequently have lower degrees of freedom. Thus the most
likely estimate will be biased below the true value of that variance. Xi-square fitting correctly
accounts for this effect.

Another result apparent from Figure 2 is that the distribution is skewed about this
maximum likelihood point. The estimate is more often found to the right of the peak than to
the left. This can be corrected by multiplying the cost function by an appropriate factor when
the estimate is found to be to the left of the peak. Also chi-square distributed variables have
zero probability of being zero or negative. The variance of a chi-square distributed variable is
twice the number of degrees of freedom. Thus, lower degrees of freedom lead to narrower,
steeper peaks. Putting these ideas together leads to the following definition of the cost
function.

52 = Z [Xf,i ~ Vi +2]2

ki 2 Vk,i

Now it is £2 that must be minimized. It is a non-linear function of the five Ahy's and any
deterministic parameters we choose to mclude One must remember that not only is xk,
function of kg, but v, ; is as wcll (note that x,“ is also a function of v, ;). The deterministic
parameters are found only in xh . The minimization of & can be accomplished in nearly the
same fashion as for a non-linear least squares problem.

Non-linear fitting routines require initial values of the parameters being fit. They
attempt to step from one set of values to a better set in an effort to minimize the cost
function. The fitting routine described in this paper is not excessively sensitive to the initial
guesses. It will converge to the same solution as long as the initial guesses are roughly of
the right order of magnitude. It has been observed that it is better to overestimate the
magnitude of the parameters and have the routine shrink their value down than to start at too
small of a value and try to have it grow out to the correct solution. Thus, to initialize this
routine, assume that certain variance estimates are caused entirely by one noise source.
Because we know the functional dependencies of the variances on the noise sources we can
then estimate the noise intensity coefficients. The same can be done for deterministic
parameters. This insures that the guesses are exaggerated but not exceedingly distorted.
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V. Results

‘The method outlined in this paper was first tested against simulated data. With real
data there is no way of knowing the true parameters. The routine might consistently
converge on the wrong answer without our knowledge. It is therefore crucial to test routines
such as this one with computer simulated data with a known truth model. Correctly
simulating power law noise can be a difficult task. It is not enough for the noise to have the
correct shape (e.g., 1/f), but it must be distributed about that shape in the correct fashion.
The criteria by which simulated noise is judged and generated is beyond the scope of this
paper. There are, however, several good references on the subject [11]. The noise generated
for the truth models used in this analysis came from a routine described in [12].

The routine is able to
fit the data very quickly. It of- P
ten takes more time to form '
the estimates than to fit them.
The one drawback is that the
calculation of the variance of
the variance estimates is very
time intensive (roughly an
hour for N on the order of a
thousand). Fortunately these
values need only be calculated
once and then can be stored
for subsequent use. When . flicker frequency
taking data, one can attempt r
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Clearly, an area that warrants F NS

to take the same number of
points from run to run.

further investigation is finding 100 Y
simpler functional approxima- 10 107 10t 1oz 10
tions for these uncertainties
as has been done for the Allan  Figure 3. The Allan variance estimates are fit for a particular

variance [4]. These approxi- simutated data set of 1024 points. The solid line is the fit
mations would permit faster variance. The 90% confidence limits correspond to the fit results.
calculation and more flexibility The dashed lines represent the true noise levels and the dash dot
in data taking. line is the true confribution from frequency drift.

Va. Simulated Noise

Various magnitudes of the noise intensity coefficients and linear drift were simulated
in combination. There are many combinations in which the contribution of a noise of a certain
type is overwhelmed by other noise sources. Also, some noise types may not be observable
because a sufficiently long data record was not taken or because the sampling rate was not
sufficiently fast. These effects cause such noises to fall below the limits of measurability.
Unless one takes an inordinately large amount of data, and none of the noise types
completely obscure each other, it will not be possible to precisely determine each noise
intensity coefficient and each deterministic parameter. Thus the routine is not always able to
resolve each parameter. Obscuration effects are also discussed by Vernotte et. al (1] [2].
When one of these situations occurs, it is important to determine that the parameter has not
been well estimated. In these cases, the confidence limits on the estimate are orders of
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magnitude larger than the estimate itself. Thus the routine correctly identifies those noise
types that have little or no contribution and weights them accordingly. When a noise type is
observable, this routine is often capable of correctly estimating the values to within 10% or
better.

By 0.00693 352 0 100%
o 75.7 103 0 100%
7.1 0.95 6.17 10 0.5%
h 0.0917 0.0662 0.1 8.3%
Dr 0.0752 0.0623 0.08 6.0%
Yo 22.5 5.95 25 10.0%
X0 151 171 150 0.667%

Table 2. Best fit coefficients and parameters for the simulated data.

For one particular example of simulated noise, Table 2 lists the estimated parameters,
uncertainties, truth model and percent error. Notice that for the two absent noise types
(flicker phase and white frequency) the estimated parameters are low and the uncertainties
are high. For the noise types that were present, the parameters were well estimated. The
comparatively large error for the white phase coefficient is a result of not sampling often
enough. This can be seen in Figure 3. More estimates at shorter time intervals are
necessary to better resolve this parameter. The fit variance is in excellent agreement with
both the estimates and the true variance within the observed time intervals.

~ Unfortunately, the con-
fidence intervals on the
parameter estimates are

10-12 S —— ——— T Ty T

o 3 excessively large_. They are
P 93 (’t)' 1 nearly a factor of five too large
E y 1 in the example of Table 2.
— Gy (T ) Some of this error is because

the xi-square residuals of the
. ] fit are treated as though they
are chi-square distributed.
“While this is a reasonable
approximation, more study
needs to be done on the true
statistics of the residuals to
i obtain better, stricter esti-
mates of the uncertainties.
Another factor is that the dif-

10

Hoy(T)

T T T7TrTT
| I N N oy W'}

1

1 ferent variances are not sta-

N tistically independent. Prob-
107 104 105 106 107 ably the best way to place
T reasonable confidence limits

. . . . on the parameter estimates
Figure 4. This plot shows the Hadamard variance estimates and fit would bg through computer

values from the raw rubidium data. Again the error bars : : : .
correspond to 90% confidence limits obtained from the fit. simulation. By simulating
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